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Abstract

A classical theorem of Kervaire states that products of spheres are parallelizable if
and only if at least one of the factors has odd dimension. The versor field given by the
complex multiplication on the odd-dimensional factor gives explicit parallelizations
B (if the odd dimensions is n = 1, 3), P (for any odd n). In this paper we use B, P to
obtain orthogonal and symmetric orbits of B, P-invariant G-structures on 5™ x S™,
where G = U((m+n)/2), Sp((m+n)/4), Ga, Spin(7), Spin(9). This approach leads
to an alternative description of classical structures as well as to new structures on
products of spheres.

1 Introduction

In the classical paper [Berb5], M. Berger showed that the holonomy group
of a not locally symmetric Riemannian manifold must act transitively on a
sphere. Together with the isomorphisms Go/SU(3) ~ S% Spin(7)/Gy ~ S7,
this theorem gave rise to the problem, recently solved by D. Joyce, of finding
examples of compact manifolds with holonomy Gy and Spin(7) (see [Joy00],
[Joy02]).

From a general point of view, given any Riemannian manifold M? and a Lie
group G that is the stabilizer of some tensor  on RY, that is, G = {g €
SO(d) : gn = n}, a G-structure on M defines a global tensor n on M, and
it can be shown that V7 (the so-called intrinsic torsion of the G-structure)

is a section of the vector bundle W % 7+ & g+, where so(d) = g @ g+. The
action of GG splits W into irreducible components, say W = W; @ --- & W.
G-structures on M can then be classified in at most 2* classes, each class being
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given by the G-structures on M whose intrinsic torsion lifts to some subspace
Wi, ®--- & W, of W:

Wz.l @...@Wil(_>w
AN

o v
M

In this framework, the holonomy condition is the most restrictive, since M
has holonomy group contained in G if and only if its intrinsic torsion is zero.

A. Gray and L. Hervella in [GH80] have considered the case G = U(n), that
is, almost Hermitian structures. The space W splits in this case into four
U(n)-irreducible components, that give rise to exactly sixteen classes of al-
most Hermitian manifolds. Afterwards, M. Fernandez and Gray in [FG82]
have treated the case G = Ga, and Fernandez in [Fer86] the case G = Spin(7).
In the former case, the Go-irreducible components of W are four, giving rise
to at most sixteen classes of Gy-manifolds, of which only nine was shown in
[FG82] to be distinct; in the latter case, the Spin(7)-irreducible components of
W are two, giving rise to exactly four classes of Spin(7)-manifolds. F. Cabrera
(see [Cab95a] and [Cab96]) completed and refined the Gy and Spin(7) classi-
fication: in particular, he showed that there are exactly fifteen distinct classes
in the Gy case (for connected manifold), and using the fact that the intrinsic
torsion depends only on dn and d  n, for the Gy case, and only on dn, for the
Spin(7) case (see [Sal89]), he gave an alternative characterization of each class.
For instance, a Go-structure belongs to the class W, if and only if there exists
a closed 1-form 7 such that dn = 37 An and d+n = 47 An; a Spin(7)-structure
belongs to the class W, if and only if there exists a closed 1-form 7 such that
dn = 7 A n (these are the locally conformal parallel structures).

The following table (compare with [Sal00]) summarizes the situation (the
weird Gy and Spin(7) forms depend on the choice of the representation of
Gy and Spin(7) on R” and R? respectively):

d P G |k|# of classes
2n Kahler form U(n) |4 16
7 locally: ) ehithits Gy, |4 15
1€L7
8 |locally: AA Y et hitd — N " phit2it3it4 | Qpin (7)] 2 4
i€l 1€707

At first, also Spin(9) appeared in Berger’s list; but D. Alekseevskij proved (see
[Ale68]) that any complete 16-dimensional Riemannian manifold with holon-
omy group contained in Spin(9) is either flat or isometric to the Cayley plane



F4/Spin(9) or its noncompact dual. The study of Spin(9)-structures has been
then neglected until December 1999, when T. Friedrich in [Fri01] pointed out
that this is one of the three cases in which there is a notion of weak holon-
omy different from the classical notion of holonomy, the other two being U(n)
and Gs. He started then to study such weak holonomy structures, developing
a classification of Spin(9)-structures on sixteen-dimensional manifolds. This
classification starts from the remark that the intrinsic torsion of a Spin(9)-
structure can be replaced by a 1-form T' taking values in A?(V?), for a suitable
defined vector bundle V? locally spanned by 9 auto-adjoint, anti-commuting
real structures. The key point is that with this replacement one does not lose
any information about the geometric type of the original Spin(9)-structure.
The same point of view could be used to study Gy and Spin(7)-structures,
but it is especially useful for Spin(9)-structures, since the definition of the
Spin(9)-invariant 8-form given in [BG72] is not easy to handle.

Since a product of spheres is parallelizable whenever one of its factors has odd
dimension, it can in that case be equipped of any G-structure compatible with
the dimension, and the properties of this structures depend on the choice of
the parallelization.

In this paper the parallelizations B and P on S™ x S™, odd n, defined in
[Par0la], are used to obtain G-structures where G = U((m + n)/2), if both
the dimensions are odd, G = Sp((m + n)/4), if both the dimensions are odd
and m +n = 0 mod 4, G = Gs, Spin(7), Spin(9) on the 7-dimensional, 8-
dimensional, 16-dimensional products S™ x S™ respectively. Their orbits by
the symmetric group &,,+, and by the orthogonal group O(m + n) are then
studied.

These results were announced in [ParQ1b].

Theorems 26, 28 show that isotopic almost complex structures are not neces-
sarily isomorphic.

The symmetric orbits &,,,3(I5, Jz, Kg) on S™ x S3 and &,,,(Ip, Jp, Kp) on
S"xS™ m+n =0 mod 4, provide examples of non-integrable hyperhermitian
structures (corollary 29), and the symmetric orbits Grpp, Sgpp on S* x S3,
S®x §3 respectively, Grpp, Ggdp on S™xS™, (nodd) m+n = 7, 8 respectively,
provide examples of Gy and Spin(7)-structures of general type (theorem 30).

The following theorems were conjectured using experimental data obtained by
a computer calculation, and then proved by classical arguments: 3, 16, 26, 28,
34.

Since #(67 N Gy) = 21 and #(Sg N Spin(7)) = 168, the symmetric orbits
S7p and Gg¢ contains both 7!/21 = 8!/168 = 240 different structures. This
remark is useful to obtain an efficient implementation of all the computation



involved in theorems 17, 30.

spheres (n odd) G frame orbit see
S™ox Sh i | U B O(m+ 1)1z theorem 32
S™x Stz | Sp(ZEY) | B | O(m+1)(Is, Js, Kp) theorem 33
S6 x St Ga B O(7)ps theorems 11, 22, 33
ST x St Spin(7) B O(8)¢5 theorems 11, 22, 33
S15 xSt Spin(9) B 0(16)®5 theorems 23, 24, 33
S™ox S3 e | U(TR) B Gmisls theorem 28
S™ox S3 a0 | Sp(ZE2) B Somrs(Is, Jg, Kg) corollary 29
54 x S8 Go B Srpn theorems 17, 30
S5 x S8 Spin(7) B Gsdp theorems 17, 30
S™ X SE o | U(ER) P Sminlp theorems 3, 26, 27
S™ xS0 | Sp(PER) | P SmanIp, Jp, Kp) corollary 29
S™x S) Ly Go P Grop theorems 17, 30
S™ X SP s | Spin(7) P Ggop theorems 17, 30
S0 x St Ga P O(7)pp theorems 16, 34

An index of the results in the paper.

2 Preliminaries

Recall the definitions of the frames B and P on S™ x S™, odd n (see [Par0la]
for more details). Denote by x = (x;), y = (y;) the coordinates on R R™+!
and let S™, S™ be the unit spheres in R™*! R"*! respectively. Look first to
the cases n = 1, 3. The frame {|z|0y, }i=1, m+1 on R™1 0 is projectable for
the universal covering map R™'\ 0 — S™ x S! given by p(x) = (x/|z|,log |z|
mod 27), hence it defines a parallelization B on S™ x S'. The Hopf fibration
of S3 then gives a frame on S™ x S3, that is still denoted by B.

In the general case the complex multiplication in C™+1/2 = R+ induces
a tangent versor field T % Yt t0,, on S Also, let {M;}i—y

-----



{N;}j=1,. nt1 be the meridian vector fields on S™ and S™ respectively, i. e.

M; ef orthogonal projection of 9,, on S™ 1=1,...,m+1,

N; o orthogonal projection of 9,, on S™ j=1,...,n+1.

Denote by P the parallelization on S™ x S™ given by the vector fields

pzdéfMZ—i—iL'lT izl,...,m—l,

def .
Pm—1+5 = yJMm + tij+1 + (tj.fljm_;,_l + YiTm — t])T + Nj ] = 1, o, n A+ 1.

The frames B and P (the first defined only for n = 1, 3) are orthonormal with
respect to the product metric on S™ x S™. Since we are going to consider only
subgroups of the orthogonal group, then all the G-structures we look at in
this paper are compatible with this metric.

The following table gives the relation between P and B when n = 1, 3:

n=1 n=3

0 0 0 0
0 0 I
I, . 0 0 0 0
P=nB 0 0 [/P=B|0 - 0w v ys s 2

0 -+ 0] y1 2 0 - Ol—y2 y1 —ys 3
0 -« 0|—y2 11 0 - Ol—ys va v1 —Y2
0 - Ol—ya —ys y2 W

The following are the structure equations, where 7 is given by

m—+1 m—1
T=Y ab =Y 2ip + (Tmyr — T ¥2)D™ + (TmY2 + Trgay1)p

i=1 i=1

m+1

Note that the general formulas for P, n > 3, are really complicated also to



write down, and are therefore put at the end of the paper.

n=1 n=23

db' = b AT+ 2 b"TEAVTE =1, ...
Bl db =7Ab,i=1,....m+1 [d"?=20"3 AT
dbm+3 — _2bm+2 AT

,m—+1

dp' =p'ATi=1,....,m—1
Pl dpm =p" ATHPTIAT see the general formula (A.1)
dp™t = p"T AT —p AT

(3)

3 Almost Hermitian and hyperhermitian structures

Let m, n be odd. Let C o {c1,.. ., Cmin} be an ordered orthonormal basis of
an Euclidean vector space V1", The Hermitian structure Ic on V associated
to C is given by Ie(cai 1) & ¢y, =1,..., (m+n)/2. One thus obtain almost
Hermitian structures Iz and Ip on S™ x S™, the former only defined when
n=1,3.

The same way, if m, n are odd and m +n = 0 mod 4, there are besides I
the Hermitian structures Je, K¢ given by

f f
JC(C4¢—3) « Cqi-1 Kc(%-s) « Cq4

i=1,...,(m+n)/4
ef ef ’ )

Je(Caina) € —cy; Ke(caio) = ey
The identity IoJe = —Jele shows that (I, Je, K¢) is a hyperhermitian struc-
ture on V| that is referred to as the hyperhermitian structure associated to C.
One thus obtain almost hyperhermitian structures (I, Jg, Kz) and (Ip, Jp, Kp)
on S™ x S§", the former only defined when n =1, 3.

We shall often forget to state “[...]where m, n are odd and m +n = 0
mod 4[...]” and other similar conditions. Thus we here agree that whenever
we write a statement about a product of two spheres then: (1) the right sphere
has odd dimension, also if not specified; (2) all conditions necessary to make
sensate the statement hold. For instance, the statement in proposition 4 “The
almost hyperhermitian structures [...] on S™xS? [...]” become “Let m+3 = 0
mod 4. The almost hyperhermitian structures [...] on S™ x S3 [...]".

The definition of B on S™ x S gives the following remark:



Remark 1 The almost Hermitian structure Ig and the almost hyperhermitian
structure (Ig, Jg, Kg) on S™ x St coincide respectively with the Hopf Hermi-
tian structure I.2= and with the Hopf hyperhermitian structure (Izx, Jozr, Ko2r)
induced by the multiplication by e*~.

Since the left-side matrix in formula (2) belongs to U((m + 1)/2), but not to
Sp((m +1)/4), the following remark does not hold in the almost hyperhermi-
tian case:

Remark 2 The almost Hermitian structure Ip on S™ x S coincide with the
Hopf Hermitian structure I induced by the multiplication by ™.

On each product §™ x S™ of two odd-dimensional spheres is defined a family of
Calabi—Eckmann complex structures, parametrized by the moduli space of the
torus S x S! (see [CE53]). The Calabi-Eckmann complex structure on S™x S™
given by the non-real complex number 7 is defined as follows: denote by S, T’
the versor field given by the complex multiplication on S™, S™ respectively,
and remark that the complex Hopf fibration induces a complex structure on
their orthogonal complement (with respect to the product metric); then map
S into Re 7S + Im71T.

Only 7 = =+i gives thus Calabi-Eckmann Hermitian structures: here and
henceforth, denote by I™" the Calabi—Eckmann Hermitian structure on S™ X
S™ given by T = —i. Therefore, I"™™(T) = S. It is well-known that Calabi-
Eckmann complex structures are a generalization of Hopf complex structures:
in particular, using our notation, I"™! = I 2-.

The following theorem was already proved in [Par01b]:

Theorem 3 Let m, n > 1 be odd. Then the Calabi—Eckmann Hermitian
structure I™™ on S™ x S§™ coincide with the almost Hermitian structure Ip on
S™ x S™ associated to P.

Using the previous theorem and the fact that the right-side matrix in formula
(2) belongs to U((m + 3)/2) and also to Sp((m + 3)/4), one obtains:

Proposition 4 The almost Hermitian structure Iz on S™ x S? coincide with
the Calabi-Eckmann Hermitian structure I™3. The almost hyperhermitian
structures (Ig, Jg, Kg) and (Ip, Jp, Kp) on S™ x S3 coincide.

The following theorem is a particular case of corollary 29 and is stated here
for completeness:

Theorem 5 On S™ x S™, for m, n odd and m +n = 0 mod 4, the almost
hyperhermitian structure (Ip, Jp, Kp) is non-integrable.



1le | ey |es|es|es5 | eg | e7
1|1 €1 €9 €3 €4 €5 (& €7

€1]€1 —1 €4 | €7 |—€E9| € |—€E5|—€3
€9 |€Eo|—€4 -1 €y | €1 |—€3| €7 |—€
esles|—er|l—es| —1| e | ea |—eq| €1
esles| €9 |—e1|—eg| —1| e7 | e3 |—es
esles|—eg| e3 |—ea|l—er| —1| e1 | ea
€gl€e| €5 |—€7| €4 |—€3|—€1 —1 €9

€rler| €3 € |—€1| €5 |—€4|—€2 —1

Fig. 1. Multiplication table of the Cayley numbers.

4 Algebraic preliminaries: structures related to the octonions

Call {ey, ..., er} the standard basis of R7, and {e!,...,e"} the corresponding
dual basis. Let R® = R & R”. Then the standard basis of R® is {1,e1,...,e7}.
Call {\,e!,... €7} the corresponding dual basis, with an obvious misuse of
notation. Let O be the non-associative normed algebra of Cayley numbers, that
is, R® equipped with the standard scalar product (-, -), and with multiplicative
structure defined by (see [BGT2]) e = —1, eie; = —eje; and e;e;11 = €43 for
all cyclic permutation of {i,7 + 1,7 + 3}, where indices run in Z.

The multiplication table of O is given in figure 1.

Remark 6 The standard quaternion subalgebra H of O s generated by 1, ey,
ey, 4. This choice is made (following for instance [BG72], [Gra77], [Mar81a],
[FG82] or [Cab97]) in order to have a simpler definition of the forms asso-
ciated to the Gy and Spin(7)-structures, to be considered on our products of
spheres. An orthonormal basis {1,e1,...,e7} of O satisfying the previous rela-
tions is called in many different ways: a Cayley basis (see [FG82], [Cab95a),
[Cab95b], [Cab96] or [Cab97]), or also an adapted basis (see [Mar81la] or
[Mar81b]) or again a canonical basis (see [BG72]). Last, some authors use the
more classical (though more asymmetric) multiplication table given by choos-
ing {1,4,7,k, e, ie, je ke} in place of {1,e1,...,e7} (see [Mur89], [Mur92],
[CMS96] or [FKMS97]).

The 3-form ¢ on R7 = Jm(Q) defined by o(z,y,z) & (z,yz) can be computed
using the table in figure 1:

o= Z it Lit3 (4)

€L

Remark that Gq is the stabilizer in GL(8) of ¢. Thus, if C is any ordered
orthonormal basis on an Euclidean vector space V' of dimension 7, the above
equation defines a Go-structure ¢c on V' associated to C.



Denote by * the Hodge star operator on (R, (- -)), where the positive ori-
entation is given by {1,e;,...,e7}. Since {1,e1,...,e7} is orthonormal, one
obtains
SN @) = — 3 eHRIHAIRIA0 S piit2idBitd (5)
€% 1€ZL7

Define the 4-form ¢ on R® by ¢ LA @ +*(AAyp). Using (4) and (5) one gets
qﬁ = \A Z ehitlitd Z ei,z’+2,i+3,i+4. (6)

€77 i€

The Lie group Spin(7) is the stabilizer of ¢, thus if C is any ordered orthonor-
mal basis on an Euclidean vector space V' of dimension 8, the above equation
defines a Spin(7)-structure ¢pc on V' associated to C.

5 Gs and Spin(7)-structures

A Gy-structure on a seven-dimensional manifold M is a reduction of the struc-
ture group GL(7) to Gs. Since Go C SO(7), a Go-structure induces a metric.

Since Go is the stabilizer of ¢, a Gy-structure gives a canonical identification
of each tangent space with R”, in such a way that the local 3-form defined by
(4) is actually global. Vice versa, if there exists on M a global 3-form that
can be locally written as in (4), then M admits a Go-structure. Hence, the
Go-structure is often identified with the 3-form.

Analogous statements hold for Spin(7)-structures: a Spin(7)-structure on an
eight-dimensional manifold M is a reduction of the structure group GL(8) to
Spin(7) € SO(8). Since Spin(7) is the stabilizer of ¢, a Spin(7)-structure on
M is often identified with a global 4-form that can be locally written as ¢.

Definition 7 Let M be a seven, eight-dimensional manifold with a G, Spin(7)-
structure respectively. Let ¢ be its structure differential form and ¥V the Levi—
Cwita connection of the metric defined by . The structure is then said to
be: parallel if Vi = 0; locally conformal parallel if ¢ is locally conformal
to local structures o, which are parallel with respect to the local Levi-Civita
connections they define.

A Gg-structure is parallel if and only if dp = d* = 0, and a Spin(7)-structure
is parallel if and only if d¢ = 0 ([Sal89]). This facts can be used to characterize
locally conformal parallel Gy and Spin(7)-structures:

Theorem 8 A Gy-structure o on M7 is locally conformal parallel if and only
if there exists a closed 7 € QY (M) such that dp = 37 A, d* @ = 4T A .



A Spin(7)-structure ¢ on M® is locally conformal parallel if and only if there
exists a closed T € QY(M) such that dp =1 A .

PROOF. Let ¢ be a locally conformal parallel Go-structure. Then for each
x € M, there exist a neighborhood U of z and a map o: U — R such that
the local Go-structure ¢y def e‘30g0|U is parallel with respect to its local Levi—
Civita connection. One then obtains dypy = d *y py = 0, where %y is the
local Hodge star-operator associated to ¢y, and using these relations together
with 7%, = €37x, one obtains dy), = 3do A ¢, d * @), = 4do A *p|,. The
closed 1-form 7 locally defined by do is easily seen to be global. The reverse
implication is obtained the same way, once observed that since 7 is closed
then there exist local maps o: U — R such that 7, = do. A similar argument
proves the Spin(7) case. O

Remark 9 Let ¢ be a Gy or a Spin(7)-structure. Using the local expression
of v, it can be shown that o A ¢ = 0 if and only if « = 0, for any 2-form
a on M. This means that the requirement of T to be closed in the previous
theorem can be dropped. Moreover, one can also modify the statement: in the
Gy case “[...] if and only if there exist o, 3 € QY (M) such that dp = a A o,
dxp = [ A*p”, and then prove that —4a = —3 = *(xdp A p); in the Spin(7)
case “[...] if and only if there exist « € QY (M) such that dp = a A ¢” and
then prove that —Ta = *(xdp N\ ¢).

Remark 10 A parallel Gy or Spin(7)-structure on a compact M gives a non-
trivial element in 3 or 4-dimensional cohomology respectively (see [Bon66]).

Let g, ¢p be the Gg, Spin(7)-structure on S x S, S7 x S! respectively
associated to B, that is,

def i,i4+1,i+3 def ;8 i,i+1,i+3 i,i42,i+3,i+4
D S I S e D By -

1€l 1€L7 1€L7

Theorem 11 @i and ¢ are locally conformal parallel. The local parallel
structures are induced by @, ¢ by p: R0 — S™ x S, for m = 6, 7 re-
spectively.

PROOF. The 3-form ¢ = 3,5 dx; ANdx; 1 A dxys is parallel, and on R7~0
it is globally conformal to the p-invariant 3-form

, 1

@ = W Z dl’l A d$i+1 A\ dCL’H_g.

1EL7

Observe that R” \ 0 is locally diffeomorphic to S¢ x S!, and that ¢’ induces
©B, to end the proof in the Go case. The Spin(7) case is similar. O

10



Remark 12 By remark 10, S® x S' and S7 x S' have no parallel Gy and
Spin(7)-structures.

Remark 13 Since B is orthonormal, the metric induced on S x S, 87 x S1
by means of pg, ¢p is the product metric.

The same construction can be applied to seven and eight-dimensional products
of spheres equipped with the frame P. On S* x S3, % x S? also the frame B is
available. One obtains Gy and Spin(7)-structures of general type. The rest of
this section is devoted to recall what Gy and Spin(7)-structures of general type
are. We do the discussion in the Go case, pointing out the main differences
with the Spin(7) case.

Look at V¢ as belonging to Q' (A3M) = T(T*M @ A3M). The Gy-structure
allows one to identify each tangent space with the standard 7-dimensional
orthogonal representation of Gs. The induced action of Gy splits each fiber
of T*M ® A3M into irreducible components, giving rise to a splitting of
T*M ® A3M, and if Vo lifts to a particular component of this splitting,
one says that ¢ belongs to the corresponding particular class. Actually, due to
special properties of ¢, it can be shown that Vo lifts always to a Go-invariant
subbundle W of T*M ® A3 M:

W ——T*M e A>M

AN

As a consequence, the above splitting must be done on fibers of W. The irre-
ducible components of W turn out to be four, and they are classically denoted
by Wi, Wy, W5, W, for the components of rank 1, 14, 27, 7 respectively. The
Go-structure ¢ is then said of type W;, @ - -®W,, it Vo lifts to W;, ©---dW,:

Wil @...@Wilc_>w

R

In the Spin(7) case the irreducible components are only two, of rank 48 and
8. The Spin(7)-structure ¢ is said of type Wi, Wy if Vo lifts to Wy, W;
respectively:
VK1C—>%/V<—)KV2
R

For more details, see [FG82] and [Fer86].

Definition 14 If Vo does not lift to any between Wy & Wo & W3, W1 & Wo ®

11



Wy, Wi @ W3 @ Wy, Wy @ W3 @ Wy then the Go-structure o is said to be
of general type. If V¢ does not lift to neither Wy nor Wy then the Spin(7)-
structure ¢ s said to be of general type.

In [FG82], [Fer86] the irreducible components of W are explicitly given, but
the defining relations are rather complicated. These relations can be simplified
by looking at opportune Gy and Spin(7)-equivariant maps. This is done in
[Cab95a], [Cab96]. Here is a list of the resulting simplified relations restricted
to the ones that will be useful in the following:

Theorem 15 ([Cab95a], [Cab96]) A Ga-structure ¢ on a manifold M is
of type:

o W, if and only if there exist o, 3 € QY (M) such that dp = a A ¢ and
d*p = [ N*xp (this class is needed in section 6);

o W, & Wy @ Ws if and only if (xdp) A ¢ = 0;

o W, ® W, ®W, if and only if there exist a € QY(M), f € C>®°(M) such that
dp=aNe+ fxp;

o Wi &WsdW, if and only if there exists 3 € QY (M) such that dxp = B Axp;

o Wy & W5 @& W, if and only if dp N\ p = 0.

A Spin(7)-structure ¢ on a manifold M is of type:

o W, if and only if (xdp) N ¢ = 0;
e W if and only if there exists o € QY (M) such that dp = o A ¢.

Therefore, to check that a given Gy or Spin(7)-structure is of general type,
one must verify that none of the above relations is satisfied.

Theorem 16 The Gy-structure pp associated to the frame P on S® x S' is
of general type.

PROOF. The 3-form ¢p and the 4-form *xpp are given by

_ ii+1,i+3 _ i,i+2,i+3,i+4
ep=>p ., kpp=—>p :
i€ZLr 1€27

Using formulas (3) for P and n = 1 one obtains
dpp = 3pp AT — (P93 4 phB6 _ AT _ STy A 1
A% pp = —dx op AT — (pFI3 4 p5T P46 4 pB60Y A g2 A 7

A computation then shows that no relation of the previous theorem is satisfied,
and @p is of general type. O

The same result holds for seven and eight-dimensional product of spheres

12



equipped with the frame P, and for S* x S3, S® x S? with the frame B; but
computation, being based on the general formulas (A.1), is much harder than
before. Therefore, the following theorem was proved by a computer calculation:

Theorem 17 The Go-structures associated to the frames B and P on S* x S®
and to the frame P on S?* x S° are of general type. The Spin(7)-structures
associated to the frame P on ST x S, to the frames B and P on S® x S® and
to the frame P on S® x S° are of general type.

6 Relations among the structures

A unified treatment of Gy and Spin(7)-structures can be done by means of the
vector cross product notion. A beautiful reference is [Gra69).

Definition 18 Let (V,(-,-)) be an n-dimensional Fuclidean vector space. An
r-linear map P: V" —V (1 <r <mn) is an r-fold vector cross product on V'
if P(vy,...,v,) is orthogonal to vy, ..., v, and (P(vy,...,v,), P(v1,...,0.)) =
det((vs, v;)).

In [BG67] vector cross products together with their automorphism groups
are classified. Two of the four classes are strictly related to Gy and Spin(7)-
structures:

Proposition 19 ([Gra69, Proposition 2.2]) A manifold M has a vector
cross product of class (III), (IV) if and only if it has a Gy, Spin(7)-structure
respectively.

In what follows we need the following corollary of theorems 8, 15:

Corollary 20 A Gs-structure ¢ is of type Wy if and only if ¢ is locally con-
formal parallel. A Spin(7)-structure ¢ is of type Wh if and only if ¢ is locally
conformal parallel.

The following theorem defines new vector cross products from old:

Theorem 21 ([Gra69, Theorem 2.6]) Let M be an oriented hypersurface
of M, and let N be its unit normal vector field. Let P a differentiable (r + 1)-

Jfold vector cross product on M. Then the map P given by P(X,,..., X,) &

P(N,Xy,...,X,) where Xy,..., X, € X(M), defines a vector cross product
on M.

Let us now describe how all these pieces collect together to give a Spin(7)-

structure on S” x S' and a Go-structure on S® x S'. Firstly, use previous
theorem with the Spin(7)-structure ¢ on R® to obtain a Ga-structure pgr on
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ST, that is described in [FG82]. Then the 4-form ¢gry g1 on S7 x S defined

by ¢g7y g1 Lt g0 A 57+ *pgr is a locally conformal parallel Spin(7)-structure.
(see [Cab95a] and use corollary 20). Using theorem 21 and proposition 19 one
obtains a Gy-structure pgs, g1 on S% x St € S7 x S, which turns out to be
locally conformal parallel ([Cab97, Theorem 4.4] and corollary 20).

We now prove that pgey g1 and ¢g74 g1 are structures associated to B:

Theorem 22 The locally conformal parallel structures ¢grys1, ©s6xst COIN-
cide with ¢p, pp respectively.

PROOF. Since p: R® \ 0 — S7 x S is a local diffeomorphism and p*(¢5) =
|z|~1¢, we are left to prove p*(¢grxs1) = |r|7%¢. Consider the versor field
N Y |2 2210, + - + 2505,) on R < 0 and its dual 1-form n € Q'(RS \
0). Then a straightforward computation gives p*(¢grxs1) = || (n A iy +
*(n Aing)), and since the action of Spin(7) on S7 is transitive, one obtains
nAing + x(n Aiyg) = ¢. This completes the proof of the statement about
Spin(7). To complete the proof, choose the embedding S® x S' c S7 x S*
given by xg = 0. The normal vector field is then 0,, = bg, and one obtains
Psox 51 = 19, PsTxs1 = by = pp. O

7 Spin(9)-structures

A Spin(9)-structure on a sixteen-dimensional manifold M is a reduction of the
structure group of M to Spin(9) C SO(16).

In [BGT72] it is shown that Spin(9) is the stabilizer of a Spin(9)-invariant 8-form
® € A3(R'0). This allows one to think a Spin(9)-structure on M'¢ as a global
8-form that can be locally written as ®. In particular, on any parallelizable
M6 an explicit parallelization gives such a global 8-form. Therefore one can
define Spin(9)-structures on S x St S13 x §3 S x §5 59 x §7 ST x S9,
S5 x S 83 x §13 Gl x 815 associated to the frames P, B and denoted by
Op. Dy

Theorem 23 The Spin(9)-structure on S x S given by ®p is locally con-

formal parallel. The local parallel Spin(9)-structures are induced by ® by p :
R0 — S5 x St

PROOF. Tt follows by the fact that |z|™3® is p-invariant, globally conformal
to @, and induces 5. O
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Unfortunately, the 8-form ® is not easy to handle, and this is probably one of
the reasons why a Gray—Hervella-like classification of Spin(9)-structures was
lacking until [Fri01].

In what follows, the construction given in [Fri01] is briefly described. Let R be
a Spin(9)-structure on a 16-dimensional Riemannian manifold M'® and de-

note by F (M) the principal orthonormal frame bundle. Then R is a subbundle
of F(M):

R~ F(M

\/

The Levi-Civita connection Z : T(F(M)) — s0(16) = spin(9) & spin(9)+
restricted to T(R) decomposes into Z* @ I', where Z* is a connection in
the principal Spin(9)-fibre bundle R, and T' € QYR Xgpin(9) spin(9)*) =
QA3(V)), where V = VO ¥ R xgi0) RY. The irreducible components of
AY(M) ® A3(V) are described in [Fri01]. In particular, one component is the
16-dimensional representation A'(M), that defines the nearly parallel Spin(9)-
structures. The action of Spin(9) on S is transitive, with isotropy subgroup
Spin(7), and this allows to define the principal Spin(7)-fibre bundle Rg1s, g1
Spin(9) x S' — S5 x 8! that in [Fri01] is shown to be actually a nearly
parallel Spin(7) C Spin(9)-structure on S x S*.

Theorem 24 The nearly parallel Spin(9)-structure Reisys1 and the locally
conformal parallel Spin(9)-structure ®5 on S x S! are the same.

PROOF. Consider the following diagram of Spin(7) C Spin(9)-structures:

9

S
. 5 Spin(9)
Spin(7) <R Spin(7) x5

where a(z) = (x/|z|,|z|) and B([g],p) = ([¢g],logp mod 27). Then foa =
p: R0 — S xS and the map a™'oR : Spin(9) x RT — R0
is a Spin(7) C Spin(9)-structure on R\ 0. The pull-back (5o a)* @y €
Q3(R'® \ 0) gives by definition the admissible frame {|z|0y,, ..., |7|0s} A
direct computation shows that this frame is admissible also for a ' o R/. O
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8 Orthogonal and symmetric orbits

The representations of &,,,, and O(m + n) on R™*™ give symmetric and
orthogonal orbits of G-structures on S™ x S™. In this section we describe the
following orbits:

° 6m+n]797 6m+n([p, Jp, Kp) on S™ x Sn; 67307) on S% x Sl, S4 % 53, 52 x 85;
Ggpp on ST x St S% x §3, 83 x S5 St x ST,

o G,.:315, S,,43(Ip, Js, Kg) on S™ x 53, Grpp on St x S3; Ggip on S x S3;

o O(m+1)Iz, O(m+1)(Ig, Js, Kg) on S™ x S1; O(7)pp on S¢ x St; O(8)¢s
on S7 x S1; O(16)®5 on S'° x S*;

e O(7)pp on S x St

8.1 The symmetric orbit

The following is a particular case of theorem 32:

Lemma 25 All almost Hermitian structures on S™ x S' in &,,,113 are bi-
holomorphic to the Hopf Hermitian structure I.x.

The following theorem splits the symmetric orbit of almost Hermitian struc-
tures associated to P in integrable and non-integrable ones:

Theorem 26 Let m, n be odd. An almost Hermitian structure I € S, Ip
on S™ x S™ is integrable if and only if

I(pm—1+j) = £DPm+; jodd, j=1,...,n+1, (7)

where the sign is the same for all j.

PROOF. Firstly, the if part. Taking —I in case, one can suppose all signs
in (7) to be positive. Suppose I = 7wilp for an element 7 of &,,,. Then
there exist a set of (n + 1)/2 pairs of elements of {1,...,m + n} of the form
(odd, odd+1) which is invariant for 7, and this gives T € &,,,41, where 7(m) =
m, 7(m + 1) = m + 1. Let S! be the fiber of the Hopf fibration of S™, and
consider the frame B = {by,...,byy1} on S™ x S'. Writing B in the basis P
we obtain wIp(by,) = b1, hence wlp coincide with 71z on S™ x S'. Then
lemma 25 implies that 7wIp is integrable on S™ x S*.

Define the versor field 7(S) on S™ by 7(S) def —%72)02,) + T7(1) Oz T
— Tt(m11) Oz ) + Tit(m) s s, - L St be the orbit of 7#(S) in S™, and let

B = {bi,...,bns1} be the frame on S* x S given by b; o N; —y;w(S), j =
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1, R ,n—i— 1. One obtains Nj —yﬂ?(S) = Pm—1+j —yjbm —tjlszrl +tJT—y]ﬁ(S)
Then, using the fact that 7lp(T) = 7(S), we get wlp(b;) = b4 for odd
Jj=1,...,n+1. Namely, 7/p coincide with Iz = I.2» on S* x 5™, and it is thus
integrable on S* x S™. A straightforward computation show that the torsion
of wlp is zero when evaluated on (b;, b;), and since B U B spans T(S™ x S™),
the proof of the if part is completed.

Secondly, the only if part: it is given by a case by case computation, here
sketched, which uses formulas (A.1). Suppose that condition (7) is not satis-
fied. Then, taking —1I in case, there exists an odd j € {1,...,n+ 1} such that
one of the following conditions holds:

(1) there exist 4, k € {1,...,m — 1}, i # k such that
I(pm—1+45) = pi and I(pim+j) = Epi;

(2) thereexisti € {1,...,m—1}, k €{1,...,n+ 1}, k # j, 7 + 1 such that
I(Pm-145) = pi and  I(Pmij) = £Pm-144;

(3) thereexistie {1,...,n+ 1}, ke {l,...,m—1}, i # j, j+ 1 such that
[(pm—1+j) = Pm—1+i and I(pm+j) = *py;

(4) there exist i, k € {1,...,n+ 1}, i, k # j, 7+ 1, i # k such that

I(pm-1+j) = Pm-1ei and  I(pmij) = EPm—11k-

The torsion tensor can then be computed in each case, using formulas (A.1),
and in particular one obtains (¢; are the coordinates of T'):

N (Pm—14js Pmri)s Pr) = 2(£2:(1 =97 — 2 ) + (1= 2057 + 3 11))) # 0;
N(Pm—-14j>Pmts): Pi) (Y5 = Yjr1 = Yo = 0,tp = 1) = 2(2; F Tpy1) # 0;
N (Pm—14> Pmts)s ) (Y5 = Yjr1 = ¥i = 0,t; = 1) = 2(wp £ 2y 41) # 0;
(NPm—14j,Pmtj)s Pm-14i) (Y5 = Yjr1 = ti = Ty = 0,y; = Tppyy = 1) =

(1)
(2)
(3)
(4)

which concludes the proof. O

Theorem 27 Allintegrable almost Hermitian structures on S™xS™ in S, 1nlp
are biholomorphic to the Calabi—Eckmann Hermitian structure I™"™.

PROOF. Let 7lp € &,,.,Ip be integrable. Let @ be the element of &,,;
built in proof of theorem 26. Then the map (1, ..., Tmi1,Y) — (Ta1)s - - Trmt1): Y)
is a biholomorphism between wlp and Ip, and theorem 3 ends the proof. O
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Theorem 28 An almost Hermitian structure I € &, 3lg on S™ x S3 is

integrable if and only if I(ba,_1) = *£bay,. In this case, it is biholomorphic to
Im3.

PROOF. Suppose that (bs,_1) # £ba,. Then there existi # j € {1,...,2n—
2} such that I(ba,—1) = b;, 1(ban) = £b;. Then N(ba,—1, ban) = 2(E2;b;Fx;b;+
2 222_12 xRbp—2x;0;—2x;b;) # 0, showing that [ is non-integrable. To prove the
reverse implication, suppose that 7wlz € &,,, 315 satisfies Tlg(ba,—1) = Fbap.
Then 7wlp satisfies the hypothesis of theorem 26 for n = 3, and using the
right-side matrix in formula (2) we obtain that 7P and nB differ by a unitary
matrix, which implies 7lg = nlp. O

Corollary 29 All almost hyperhermitian structures on S™ x S™, S™ x S3 in
Sman(Ip, Jp, Kp), Spnis(Ip, Jg, Kg) respectively are non-integrable.

PROOF. It follows by theorems 26, 28 once observed that a 2-dimensional
distribution cannot be invariant for a hyperhermitian structure. O

It should be here remarked that, since an explicit expression for the Spin(9)-
invariant 8-form is still lacking, it was not possible to apply the Gy and Spin(7)
techniques to the symmetric orbit of Spin(9)-structures.

Theorem 30 The symmetric orbits S7pp of Go-structures on S® x S, S x
S3,82x 8%, Sgpp of Spin(7)-structures on ST x S, S5 x §3, §3x 85, S x ST,
Srop of Ga-structures on S* x S3, Ggop of Spin(7)-structures on S° x S3
are of general type.

PROOF. Use theorem 15 together with the structure equations (3). O
8.2  The orthogonal orbit

This section is devoted to prove results about the orthogonal orbits O(m+1)/z,
O(m + 1)(IBa ‘]37 KB)7 O(7>SOB7 0(8)¢B7 0(16)(1)57 0(7)9077 on S™ X Sl'

The following lemma is trivial to prove but useful:

Lemma 31 Let A € O(m+1). Then A : R™ N0 — R™ N0 is p-invariant,
and the induced diffeomorphism fa: S™ x ST — S™ x St is given by (z,0) —
(A(z),0). Moreover, the matriz of df 4 with respect to the basis B on S™ x S!
is A.
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Theorem 32 All almost Hermitian structures on S™ x S in the orthogonal
orbit O(m + 1)Ig are biholomorphic to the Hopf Hermitian structure I ..

PROOF. Let I43) € O(m+1)Iz. Then the matrix of 145 odfa with respect
to the basis B is [Iagyodfalg = AIA™'A = Al = [dfaolp]s, and the conclusion
follows by remark 1. O

Clearly, the proof does not rely on properties of U((m + 1)/2), and it works
fine for all the other G-structures:

Theorem 33 All almost hyperhermitian structures on S™ x S! in the or-
thogonal orbit O(m+1)(Ig, Jg, Kg) are equivalent to the Hopf hyperhermitian
structure (Lax, Joor, Keox). The Go, Spin(7), Spin(9)-structures on S° x S?,
ST x St S x St in the orthogonal orbits O(7)es, O(8)¢s, O(16)Ps are
isomorphic to g, ¢, P respectively.

Since the lemma does not hold for the frame P on S™ x S!, because of the
twisting of p,,, pmi1, the following theorem is not trivial:

Theorem 34 The Gy-structures on S® x S' in the orthogonal orbit O(7)ep
are of general type.

PROOF. Let A = (a;;) € SO(7), and denote by {¢',...,¢"} the coframe on

S x St induced by A, that is, ¢ def 237':1 a; jp’. Let 7 = —yadys +y1dys be the
usual 1-form on S® x S, and w; its coordinates with respect to {¢*,...,q"}.
Then
()OA(P) _ Z qz,z+1,z+3’ *SOA(’P) — Z qz,z+27z+3,z+4,
1E€7L7 €27

and using the structure equations (3) one obtains

dpaipy = 3pap) N T

+ Z ((%6297 - ai,7P6)qi+1’i+3 - (Gi+1,6p7 - ai+1,7p6>q
1€L7

+ (ai+3,6p7 — az‘+3,7p6)qi’i+1) NT
dxpap) = —4*xpap) NT

4 Z ((%’,6]77 . ai’7p6>qi+2,i+3,i+4 . (ai+276p7 . a/i+2,7p6>qi’i+3’i+4
€Ly

+ (ai+3,6p7 - az‘+3,7p6)q

,1+3

1,042,144 7 6\ 1,i+2,i+3
T — (aiga6p" — Aiyap®) " JAT.

The 3-form *dp a¢py is not so easy to write. Let a; ; def ;6057 — @i 70;6. Then
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by a long calculation one obtains

s dpapy = Y|

i€L7

(—3uito — Ui(—Quivo + Qigaips + Qigsitt) + Uirs(—Qigeir1 + Qg ivo + Qigay)
+ Uip1 (Qige,ir3 + Qig1i42 + ai+5,i))qi+4’i+5’i+6

+ (Bwira — wi(Qita + Qivoits + Qigeit1) + Uit1 (—Qit1,i4a — Qivsits + Qives)
— Uip3(—Qigsi01 — Qigai + ai+3,i+4>)qi+27i+57i+6

+ (=3uits + Uirs( Qa1 + Qg + Qigsirs) + Wil QGigs + Qi1 — Qiteits)
— W1 (igo; + Qitaivs — Oé¢+1,i+5))qi+2’i+4’i+6

+ (3Ui+6 - Uz‘+3(—04z‘+5,i + Qo1 + ai+3,i+6) - ui(ai+5,i+3 + Qv — az‘+4,z‘+1)
Ui (— g4 — Qigtivs + Qipoig))g T

+ (Uire(—ite + Qitaivs + Qirsiv) — Wirs(Qigsive + QGiv1 + Qitaite)

i,i+4,i+5
+ ui+2(ai+5,i+3 + Q16 — ai+4,i+1) - Ui+1(—0ﬁ,z‘+3 — Qiy442 T Oéi+5,i+6))q ]

Now use theorem 15 to check which classes ¢ 4(p) belongs to. As for the class
Wy @ W5 @& Wy, one obtains

0=doap) Noap) =0 AT

where ¢ is a 6-form on S® x S! with constant coefficients with respect to P,
and this is easily seen to be impossible. The existence of a 1-form 3 on S% x S*
such that d * @ 4(p)y = B A @a(p) implies that

Qi1+ Qiysite — Qigeiva =0 i € L.

But this system has no solution, hence ¢4y does not belong to the class
Wi ® W5 @ W,. The above system comes out also requiring the existence of a
1-form o and a function f on S®x S such that dpapy = € A@ap) + f*pap),
hence @ 4(p) does not belong to Wi @ W, @ Wj. Finally, xdpapy A paepy # 0
by a direct computation.

If det A = —1, some signs in formulas are reversed, but the same impossible
conditions are obtained. O
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A Structure equations for P on 5™ x S™

Using the following abbreviations:

def n+1

€

X = Zyjpm—1+j7
J=1
n+1

def
Xmt1 = thpm—1+ja
=1

def .
C’M:yjtk—yktj j,kzl,...,n—l—l,
def .
Dng = QOj,k $5k7ji1 :i:éj,kil 7, k= 1, N S 1.
——— ——
it R e

one can write down the general formulas:

[pivpm71+j] = _(ijm + tjmerl)pi

FXiPm—1+5+1 +IL‘Zy]Xm + xithm—&—l 1= ]_, oo, m = 17] = 1, Ce
j odd
T
[Pm—1+45, Pm—1+%] = D Z TiPi T YiPm—1+k — YkPm—1+j
=1

+ (@mDjkr — Tms1C5 k) Xon + (Xmg1 — 1) Dk + 2,C ) X
+ (FYjTm F tiTme1 £ ) Pm—14kt1

odd
even

+ (EYeTm £ LTt F ) Pm—14j+1 Jk=1,...,n+1

- odd
J oven

(A1)
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