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Abstract

We define reduction of locally conformal Kahler manifolds, considered as conformal Hermitian manifolds,
and we show its equivalence with an unpublished construction given by Biquard and Gauduchon. We show
the compatibility between this reduction and Ké&hler reduction of the universal cover. By a recent result
of Kamishima and the second author, in the Vaisman case (that is, when a metric in the conformal class
has parallel Lee form) if the manifold is compact its universal cover comes equipped with the structure
of Kahler cone over a Sasaki compact manifold. We show the compatibility between our reduction and
Sasaki reduction, hence describing a subgroup of automorphisms whose action causes reduction to bear a
Vaisman structure. Then we apply this theory to construct a wide class of Vaisman manifolds.
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1 Introduction

Since 1974 when the classical reduction procedure of S. Lie was formulated in modern terms by J. Marsden
and A. Weinstein for symplectic structures, this technique was extended to other various geometric structures
defined by a closed form. Extending the equivariant symplectic reduction to Kéahler manifolds was most
natural: one only showed the almost complex structure was also projectable. Generalizations to hyperkéahler
and quaternion Kéhler geometry followed. The extension to contact geometry is also natural and can be
understood via the symplectization of a contact manifold. In each case, the momentum map is produced by
a Lie group acting by specific automorphisms of the structure.

A locally conformal Kdhler manifold is a conformal Hermitian manifold (M, [g], J) such that for one (and
hence for all) metric g in the conformal class the corresponding Kéahler form  satisfies dQ2 = w A €2, where w
is a closed 1-form. This is equivalent to the existence of an atlas such that the restriction of ¢ to any chart
is conformal to a Kahler metric.

The 1-form w € QY(M) was introduced by H.-C. Lee in [Lee43], and it is therefore called the Lee form of
the Hermitian structure (g, J).

It was not obvious how to produce a quotient construction in conformal geometry. The first published
result we are aware of belongs to S. Haller and T. Rybicki who proposed in [HRO1] a reduction for locally con-
formal symplectic structures. Their technique is essentially local: they reduce the local symplectic structures,
then glue the local reduced structures. But even earlier, since 1998, an unpublished paper by O. Biquard
and P. Gauduchon proposed a quotient construction for locally conformal K&hler manifolds [BG98]. Their
construction relies heavily on the language and techniques of conformal geometry as developed, for example,
in [CP99]. The key point is the fact that a locally conformal Kéhler structure can be seen as a closed 2-form
with values in a vector bundle (of densities).

Our starting point was the paper [HRO01]. Following the lines of the Kahler reduction, we verified that the
complex structure of a locally conformal Kéhler manifold can be projected to the quotient. In section 3 of this
paper we construct the momentum map associated to an action by locally conformal Kéhler automorphisms,
lying on the notion of twisted Hamiltonian action given by I. Vaisman in [Vai85]. In section 4 we extend
Haller-Rybicki construction to the complex setting. Then, in section 5 we present, rather in detail, due to
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its very restricted previous circulation, the Biquard-Gauduchon construction. The main result of this section
proves the equivalence between the Biquard-Gauduchon reduction and ours.

The universal cover of a locally conformal Kéhler manifold has a natural (global) homothetic Kéahler
structure. We exploit this fact in section 6 in order to relate locally conformal Kéahler reduction to the Kéahler
reduction of its universal cover.

The study of locally conformal Kéahler manifolds started in the field of Hermitian manifolds. Most of
the known examples of locally conformal Kéhler metrics are on compact manifolds and enjoy the additional
property of having parallel Lee form with respect to the Levi-Civita connection. Locally conformal Kahler
metrics with parallel Lee form were first introduced and studied by I. Vaisman in [Vai79, Vai82], so we call
Vaisman metric a locally conformal Kéhler metric with this property. Manifolds bearing a Vaisman metric
show a rich geometry. Such are the Hopf surfaces H, 3 described in [GO98], all diffeomorphic with S 1% 83 (see
also [Par99]). More generally, I. Vaisman firstly showed that on the product S' x S?"*1 given as a quotient
of C™ \. 0 by the cyclic infinite group spanned by z — «z, where z € C" \. 0 and || # 1, the projection of
the metric |2|72 Y dz’ ® dZ’ is locally conformal Kihler with parallel Lee form —|z|~2 > (2dZ; + Zidz;). The
complete list of compact complex locally conformal Kéahler surfaces admitting parallel Lee form was given by
F. Belgun in [Bel00] where it is also proved the existence of some compact complex surfaces which do not
admit any locally conformal Kéahler metric.

The definition of Vaisman metric is not invariant up to conformal changes. A conformally equivalent
notion of Vaisman manifold is still missing, but a recent result by Kamishima and the second author in
[KOO01] provides one in the compact case, generalizing the one first proposed by Belgun in [Bel00] in the case
of surfaces. We develop this notion in section 7 where we analyze reduction in this case.

Vaisman geometry is closely related with Sasaki geometry. In this case the picture turns out to be the
following. The category of ordinary locally conformal Kéhler manifolds can be seen as the image of the
category of pairs (K, I') of homothetic Kéhler manifolds with a subgroup I' of homotheties acting freely and
properly discontinuously, with morphisms given by homothetic Kéhler morphisms equivariant by the actions.
What we prove in section 6 is that under the functor associating to (K,I") the locally conformal Kéhler
manifold K /T" Hamiltonian actions go to twisted Hamiltonian actions, and vice versa, see Theorem 6.5. So
the images of subgroups producing Kéhler reduction actually are subgroups producing locally conformal
Kahler reduction (up to topological conditions), and vice versa. The same way the category of (compact)
Vaisman manifolds can be seen as the image of the category of pairs (W,T'), with W a Sasaki manifold and
I’ a subgroup of (proper) homotheties of the Ké&hler cone W x R acting freely and properly discontinuously,
with morphisms given by Sasaki morphisms equivariant by the actions. The functor associating to (W, T") the
Vaisman manifold (W x R)/I" is surjective on objects but not on morphisms: we call Vaisman morphisms
the ones in the image. What we prove in section 7 is that, up to topological conditions, subgroups of Sasaki
automorphisms producing Sasaki reduction go to subgroups producing Vaisman reduction, and vice versa.
This is particularly remarkable since, up to topological conditions, Sasaki reduction applies to any subgroup
of automorphisms, that is, the momentum map is always defined. So we obtain that reduction by Vaisman
automorphisms is always defined (up to topological conditions) and produces Vaisman manifolds.

This allows building a wide set of Vaisman manifolds, reduced by circle actions on Hopf manifolds, in
section 8.
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2 Locally conformal Kahler manifolds

Let (M, J) be any almost-complex n-manifold, n > 4, let g be a Hermitian metric on (M, J). Let Q be the

Kéhler form defined by Q(X,Y) o g(JX,Y). The map L: QY(M) — Q3(M) given by the wedging with  is

injective, so that the g-orthogonal splitting Q3(M) = ImL @ (ImL)o induces a well-defined w € Q!(M) given
by the relation dQ) = w A Q + (dQ)o. The 1-form w € Q' (M) is called the Lee form of the almost-Hermitian
structure (g, J).

A relevant notion in this setting is that of twisted differential. Given a p-form 1) its twisted differential is

the (p + 1)-form
def

d“y = di —w NP
Remark that d* o d¥ = 0 if and only if dw = 0.

A Hermitian metric g on a complex manifold (M, J) is said to be locally conformal Kdhler if g is (locally)
conformal to local Kahler metrics. In this case the local forms day coming from the local conformal factors
e*U paste to a global form w satisfying d€) = w A 2. Vice versa this last equation together with dw = 0
characterizes the locally conformal Kéahler metrics. In other words a Hermitian metric is locally conformal
Kahler if and only if

d“od’ =0 and d“Q = 0. (1)

Definition 2.1 A conformal Hermitian manifold (M, [g], J) of complex dimension bigger than 1 is said to be
a locally conformal Kdhler manifold if one (and hence all of) the metrics in [g] is locally conformal Kéhler.

Remark 2.2 If, in particular, the Lee form of one (and hence all) of the metrics in [g] is exact, then
the manifold is said to be globally conformal Kdhler. This is in fact equivalent to requiring that in the
conformal class there exists a Kéhler metric, that is, any metric in [g] is globally conformal to a Kéhler
metric. From [Vai80] it is known that for compact manifolds possessing a Kahler structure forbids existence
of locally non-globally conformal Kéahler structures, so the two worlds are generally considered as disjoint. In
this paper, however, the two notions behave the same way, so we consider the global case as a subclass of the
local case.

From now on, let (M, [g],J) be a locally conformal Kéhler manifold.

Not unlike the Kéahler case, locally conformal Kéhler manifolds come equipped with a notable subset of
X(M): given a smooth function f the associated Hamiltonian vector field is the Q-dual of df , and Hamiltonian
vector fields are vector fields that admit such a presentation. But the notion that works for reduction, as
shown in [HRO1], is the one given in [Vai85] obtained by twisting the classical. Given f its associated twisted
Hamiltonian vector field is the Q-dual of d“f. The subset of X(M) of twisted Hamiltonian vector fields is
that of vector fields admitting such a presentation.

Remark 2.3 If M is not globally conformal Kéahler the function associating to f its twisted Hamiltonian
vector field is injective. Indeed d¥ f = 0 implies w = dlog |f| on f # 0, so either f =0 or w is exact.

Define a twisted Poisson bracket on C*°(M) by

{f1, f2} © Qtd” f1, 40 fo) (2)

The relation

{{f1, fo}, fa} + {{fo, f3}, fi} + {{f3, [1}, fa} = d*Q8d” f1,8d” f2,8d f3) = 0 (3)

proves that this bracket turns C°°(M) into a Lie algebra. Remark that the first equality in (3) holds generally
on any almost-Hermitian manifold (M, g, J) under the only assumption dw = 0.

Remark 2.4 Remark that the notion of Hamiltonian vector field is invariant up to conformal change of the
metric, even though the function (possibly, the functions) associated to a Hamiltonian vector field changes
by the conformal factor. A straightforward computation shows in fact that, if Q' = e*Q and W’ = w + dao is
the corresponding Lee form, the following relations hold

df = e d (e f)
tad f = tod” (e*f)
{e® fr, e 2} = e{ f1, fo}?
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so that multiplication by e yields an isomorphism between (C*°(M), {, ¥%) and (C=(M), {, }¥) commuting
with the corresponding maps fiod*“ and ﬁg/d“’/ in the space of twisted Hamiltonian vector fields. In particular
if M is globally conformal Kahler, then the twisted Hamiltonian vector fields of M coincide with the ordinary
Hamiltonian vector fields, since the Lee form of a Ké&hler metric is 0.

Definition 2.5 Given two locally conformal Kahler manifolds (M, [g],J) and (M’,[¢'],J) a smooth map
h from M to M’ is a locally conformal Kdahler morphism if h*J" = J and [h*¢'] = [g]. We denote by
Aut(M, [g],J), or briefly by Aut(M), the group of locally conformal Kahler automorphisms of (M, [g], J).

The group Aut(M) is a Lie group, contained as a subgroup in the complex Lie group of biholomorphisms
of (M,J). However, unlike the Riemannian case, the Lie algebra of Aut(M) is not closed for the complex
structure. This will be used in the sequel.

3 The locally conformal Kahler momentum map
In this paper we consider (connected) Lie subgroups G of Aut(M).

Remark 3.1 It follows from [MPPS97] that whenever a locally conformal Ké&hler manifold M is compact,
the group Aut(M) coincides with the isometries of the Gauduchon metric in the conformal class, that is, the
one whose Lee form is coclosed. Hence, in particular, Aut(M) is compact. More generally if a subgroup G of
Aut(M) is compact then by using the Haar integral one obtains a metric in the conformal class such that G
is contained in the group of its isometries. So the case when G is not constituted by isometries of a specific
metric can only happen if both M and G are non-compact.

Throughout the paper we identify fundamental vector fields with elements X of the Lie algebra g of G,
so that if z € M then g(x) means T, (Gx).

Imitating the terminology established in [MS95], we call the action of G weakly twisted Hamiltonian if the
associated infinitesimal action is of twisted Hamiltonian vector fields, that is, if there exists a (linear) map
p:g— C%®°(M) such that 1xQ = d*u”™ for fundamental vector fields X € g, and twisted Hamiltonian if p
can be chosen to be a Lie algebra homomorphism with respect to the Poisson bracket (2). In this case we
say that the Lie algebra homomorphism p is a momentum map for the action of G, or, equivalently, with the

same name and symbol we refer to the induced map pu: M — g* given by (u(z), X) def pwX(x), for X € g and
carets denoting the evaluation.

Remark 3.2 Note that the property of an action of being twisted Hamiltonian is a property of the conformal
structure, even though the Poisson structure on C°°(M) is not conformally invariant, see Remark 2.4. If
g = e%g then ,uw’ = e“p”. In particular the preimage of 0 is well-defined.

Remark 3.3 Remark that u is not equivariant for the standard coadjoint action on g*. It is known from
[HRO1] that by modifying the coadjoint action by means of the conformal factors arising from h*g ~ g one
can force p to be equivariant.

On p~1(0) the twisted differential of the associated twisted Hamiltonian functions z(g) coincides with the
ordinary differential, since d*u~ = d,u* — pX(z)w, for X € g, x € p~1(0). Thus, if the action is twisted
Hamiltonian, then the functions in j(g) vanish on the whole orbit of x € p=1(0), since for = € p=1(0) and
Y € g(z)

dop™ (V) = dzpX (V) = Qa1 1dpY ) (@) = {p”, " Y (@) = pM (@) =0,

that is to say, £~ 1(0) is closed for the action of G.
Moreover, if 0 is a regular value for u, then T(u~'(0))*2 = g, since for any = € p~1(0), X € g,V €
X(u=1(0)) we have
X, V(@) = dip™ (V) = dop™ (V) = 0.

Thus we say that u~1(0) is a coisotropic submanifold of M.

In the next section we show how to obtain a locally conformal Kihler structure on p~'(0)/G under the
additional hypothesis of it being a manifold. But we remark here that, due to the missing equivariance of p,
a non-zero reduction is not straightforward.



Remark 3.4 We give a brief description of the existence and unicity problem for momentum maps. Suppose
the action is weakly twisted Hamiltonian, and choose a linear map p': g — C°(M). Denote by N the kernel
of d“: C*®°(M) — QY(M). The obstruction for x4 to be a Lie algebra homomorphism is given by the map
7:gx g— N sending (X,Y) into {u~,nY} — plY) which can be shown to live in H?(g,N), and this
cohomology class vanishes whenever the action is twisted Hamiltonian. If this is the case, then momentum
maps are parameterized by H'(g, N). If (M,[g],J) is non-globally conformal Kihler, then N = 0, see
Remark 2.3. Then, in particular, a weakly Hamiltonian action on a compact non-Kéhler locally conformal
Kahler manifold always admits a unique momentum map.

In the following we will often need a technical lemma we prove here once and for all. If g and ¢’ are
tensors on the same manifold we write g ~ ¢’ if they are conformal to each other.

Lemma 3.5 Let M be a manifold, let {U;}icr be a locally finite open covering. Let {p;} be a partition of
unity relative to {U;}. The following three facts hold.

i) Let g and g be two tensors globally defined on M and such that for any i
glu, ~ d'lvys
then g and g’ are globally conformal.

i) Let {g;} be a collection of local tensors, where g; is defined on U;, such that whenever U; NU; # ()
gilvinu; ~ gjluinuy;

then the tensor g def > i pigi is globally defined on M and g|y, is locally conformal to g;.

i) Let {gi} and g be as in ii). If ¢’ is a global tensor such that ¢'|u, is locally conformal to g;, then g and
g’ are globally conformal.

Proof: First prove i). Let e be the conformal factor such that
glu, = e g'lu;

then recalling that ), p; = 1 one obtains
g=0_pie*)g.
i

Now turn to 4i). For any € M let U, be a neighborhood of = which is completely contained in any
U; that contains x, let U;, be one of them and e“=¢ be the conformal factor between g;, and g;, defined on
U;, NU; which contains U,: then the following holds

glo, = O pie™)gi,.
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Finally 4) and 4i) imply #i3). [

Remark 3.6 Using a more sophisticated argument it is proved in [HRO1] that in case i) one obtains g|y, ~ g;.

4 The reduction theorem

Theorem 4.1 Let (M, [g],J) be a locally conformal Kdhler manifold. Let G be a Lie subgroup of Aut(M)
whose action is twisted Hamiltonian and is free and proper on u=1(0), 0 being a regular value for the momen-
tum map p. Then there exists a locally conformal Kdhler structure ([g],J) on u~1(0)/G, uniquely determined
by the condition 7*g ~ i*g, where i denotes the inclusion of p=1(0) into M and @ denotes the projection of
p=1(0) onto its quotient.



Proof: Since pu~1(0) is coisotropic, and its isotropic leaves are the orbits of G, the [g]-orthogonal splitting
T.M = E, @ g(z) ® Jg(x) holds, where E, is the [g]-orthogonal complement of g(z) in T, (x~1(0)). This
shows that F is a complex subbundle of T'M and, since J is constant along g, it induces an almost complex
structure .J on ~!(0)/G. This is proven to be integrable the same way as in the Kihler case, by computing
the Nijenhuis tensor of J and recalling that 7, [V, W] = [r.V, m.W] for projectable vector fields V, W.

Take an open cover U of ~1(0)/G that trivializes the G-principal bundle 7: p~1(0) — p~1(0)/G and for
each U € U choose a local section sy of .

Fix an open set U. On its preimage we have two horizontal distributions: the (global) already defined
distribution F, [g]-horizontal, and the tangent distribution Sy to sy (U), translated along the fibres by means
of the action of GG to give a distribution on the whole preimage of U. Remark that Sy cannot be chosen to
coincide with E in general, since Sy is obviously a (local) foliation, whereas E is not integrable in general.

Given a vector field V on U denote by V its [g]-horizontal lifting. Then for any V the vector fields V'
and J(V) are projectable and J(V) = m.J(V). Moreover denote by V + vy the lifting of V tangent to Sy,
so that dsy (V) =V +vy.(V) Remark that vy is a vertical vector field on #~1(U), and that clearly V + vy is
projectable itself: more explicitly, for a generic z € 7= (U),

(V + V\/)w = (hazl)*dﬂ'(x)SU(Vfr(x))

where by h, we denote the element of G that takes z in sy (mw(x)).

Now define a local 2-form €y def si*on U. Since vertical vector fields are {2-orthogonal to any vector
field on 7=1(U), this definition implies that for any pair (V, W) of vector fields on U

Qu(V, W) = sii*Q(V, W)
=0"QV + vy, W+ vy)
— *Q(V,W).

Since i*Q) is compatible with J and positive, the local form Q easily turns out to be compatible with .J,
since

Qu(J(V), J(W)) = spriQ(J(V), J(W))

and the same way one shows that Qs is positive.
Denote by gy the corresponding local Hermitian metric, which is then locally conformal Kéahler.
We want now to show that 7*Qy is conformally equivalent to i*Q on 7~ 1(U).

So consider a pair of generic (that is, non necessarily projectable) vector fields (V, W) on = '(U). For

any z € 7 }(U) denote by V® the projectable vector field such that V. coincide with V.., that is Vi def

(h;é/)*f/h;lsU(ﬂ(y)), where by h, we denote the element of G that takes y in h, sy (m(y)). Similarly define
W?, and call (V*, W?*) the projected vector fields on U. We then have
T Qu (Ve, W) = Qu(m VE, m W)
= Qu (Vi) Waw)
= POV (r@) We rtan))-

By evaluating the projectable vector field V* in the point y = sy (7(x)) one obtains the following

— B2V, W),

Now remark that h, is a conformal map, hence there exists a smooth function o, such that h;‘;i*Q(VI, V~Vx) =
o (2)i*Q(V,, W,). But by construction the function z — a, () is smooth, so the two 2-forms are conformally
equivalent.

MTo be precise we should write this expression in the form dsU(V) =Vosy +vyosy.



Then, if U, U’ € U overlap, we obtain on their intersection that 0y is conformally equivalent to Q:
QU’ = SE/’L.*Q ~ S*U/W*QU = QU-

We use a partition of unity {py} to glue all together these local forms, obtaining a global 2-form

Q= Z puu
veu
on 1~ 1(0)/G which, by Lemma 3.5, is locally conformal to any Q.

This implies that € is still compatible with J and positive, and therefore induces a global Hermitian metric
gon 1~ 1(0)/G which is locally conformal Kihler because it is locally conformal to the locally conformal Kéhler
metrics gy on U. This ends the existence part.

If ¢’ is any locally conformal Kéhler metric on p~1(0)/G such that 7*¢g’ ~ i*g, then for any = € u~*(0)/G
on U, C U we obtain ¢'|y, = s;;7*¢'|v, ~ s{;i*9lv, = gulu, ~ §lu,. So the globally defined metrics g and ¢/,
being locally conformal, are in fact conformal, by Lemma 3.5. The claim then follows. |

Remark 4.2 If 171(0)/G has real dimension two then reduction equips it with a complex structure and a
conformal family of Kéhler metrics.

Remark 4.3 Let us note by passing that the zero level set offers a natural example of CR-submanifold of
M (see [DO98]). Indeed, the tangent space in each point splits as a direct orthogonal sum of a J-invariant
and a J-anti-invariant distribution: T,(1~1(0)) = E, @ g(z). A result of D. Blair and B. Y. Chen states that
the anti-invariant distribution of a CR-~submanifold in a locally conformal Kéahler manifold is integrable. In
our case, this is trivially true because the anti-invariant distribution is just a copy of the Lie algebra of G.

5 Conformal setting and the Biquard-Gauduchon construction

In defining the reduced locally conformal Kihler structure on px~1(0)/G we used a specific metric in the
conformal class [g], to obtain a conformal class [g]. In this section we present a more intrinsic construction
for the locally conformal Kéahler reduction, due to O. Biquard and P. Gauduchon, which makes use of the
language of conformal geometry. To this aim we mainly fill in details and reorganize material contained in
[CP99] and in the unpublished paper [BG98].

Moreover we prove that the two constructions are in fact the same, by showing in Lemma 5.2 and its
consequences the correspondence between representatives and intrinsic objects.

Let V' be a real n-dimensional vector space, and t a real number. The 1-dimensional vector space L%,
of densities of weight t on V is the vector space of maps I: (A"V) \ 0 — R satisfying I(Aw) = |A|7%/"I(w) if
A€ RN0and we (A"V) 0. We say that a density [ is positive if it takes only positive real values. For
positive integers ¢ we have L{, = Li, ® - - - ® Li, and for negative integers ¢ we have L{, = (L1,)*®---® (L,)*.
Thus, given an element [ of L‘l/, we denote by ' the corresponding element of L!{, under these canonical
identifications, for any ¢ integer.

Remark that A"t4(V @ R?) ~ A"V, and this gives a canonical isomorphism between L;@Rd and L

l € LY v sgn(l)ln+d € Lt, ... (4)

To any Euclidean metric g on the vector space V we associate the positive element lg of L!, which sends
the length-one element of (A"V) .0 to 1. Then under a homothety e“g of the metric we have lla, = —te/ 2[;,
and the positive definite element g ® lg of S?V ® L%, only depends on the homothety class ¢ of g.

Conversely, given an element ¢ of S?V ® L?,, we can associate to any positive element [ of L%/ the element
c® 172 of S’V ® L%, ® L‘_/2 = S?V, and if ¢ is positive definite so is ¢ ® {72, which therefore defines a
Euclidean metric on V. If, moreover, c¢ satisfies the normalization condition l?@l% = [? for one (and hence
for all) positive element [ of Li,, then the correspondence between such ¢’s and the homothety classes of g is
bijective.

For any vector bundle E — M, define the associated density line bundle L, — M as the bundle whose
fiber over x € M is the 1-dimensional vector space L’jEz. If n is the rank of E, then L%, can be globally defined
as the fibred product P(E) xg L., where P(E) denotes the principal bundle associated to E with structure
group G C GL(n), and an element A of G acts on Lk, by multiplication by |det AJY/". Remark that, in
particular, LfE has the same principal bundle as F, for any ¢t € R.
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The above construction identifies conformal classes of metrics on E with normalized positive defined
sections of S2F @ L2E. In particular, if £ = T'M, the conformal class of a Riemannian metric can be thought
of as a normalized positive defined section ¢ of S?M ® L?W, where we denote L%, by L.

A trivialization (usually positive) of L}w is called a gauge or also a length scale.

This way, on a conformal manifold (M, ¢), we have a Riemannian metric whenever we fix a gauge. As a

terminology, instead of saying “...take a gauge [, and let ¢ df . ®@172...” we shall say “...let g be a metric

in the conformal class c...”.

Since a connection on M means a connection on GL(M) and GL(M) is also the principal bundle of Lf,,
a connection on M induces a connection on Lf,, for any ¢ € R. Vice versa, suppose a connection V on L]l\/[
is given. Then we can use a conformal version of the six-terms formula to define a connection on M, still
denoted by V, which is compatible with c:

20(VxY,Z)=Vxc(Y,Z)+Vyce(X,Z) = Vze(X,Y)+ c([X,Y],Z) — c([X, Z],Y) — c([Y, Z], X), (5)

where both members are sections of L?w.
This way one proves the fundamental theorem of conformal geometry:

Theorem 5.1 (Weyl) Let (M,c) be a conformal manifold. There is an affine bijection between connections
on L}w and torsion-free connections on M preserving c.

Torsion-free compatible connections on a conformal manifold are called Weyl connections. In contrast
with the Riemannian case, the previous theorem says in particular that on a conformal manifold there is not
a uniquely defined torsion-free compatible connection.

In this setting a conformal almost-Hermitian manifold is a conformal manifold (M, c) together with an
almost-complex structure J on M compatible with one (and hence with all) metric in the conformal class.

Let (M,c,J) be a conformal almost-Hermitian manifold. We then have a non-degenerate fundamental

form Q taking values in L3,, that is, Q(X,Y) & c(JX,Y) € T(L3,), for X,Y € X(M). For any metric g
defining ¢, with corresponding fundamental form €y, we have 1 = Q, ® lg. The notion of Lee form w, of the

almost-Hermitian metric g on (M, J) is clearly dependent on the metric, but a straightforward computation

shows that the connection V on L}, given by Vxl, def (—1/2)wy(X)ly does not depend on the choice of g in

the conformal class c.

The fundamental theorem of conformal geometry gives then a torsion-free compatible connection on M,
which is called the canonical Weyl connection of the conformal almost-Hermitian manifold (M, ¢, J). We
denote simply by V this connection on M, and we use the same symbol for the induced connection on LY,
for any ¢ € R. In particular, the constant —1/2 in the definition of V was chosen in order that Vl; = —wyg ®l§.

Thus, given any LY ,-valued tensor i on a conformal almost-Hermitian manifold, we can differentiate it
with respect to the canonical Weyl connection, and any choice of a metric g in the conformal class ¢ gives a
corresponding real valued tensor v,. The following Lemma links this intrinsic point of view with the gauge-
dependant setting of almost-Hermitian manifolds. We state it only for L3 ,-valued differential forms, because
this is the only case we need.

Lemma 5.2 (Equivalence lemma) Let (M,c,J) be a conformal almost-Hermitian manifold, with canon-
ical Weyl connection V. Let 1 be a p-form taking values in L%\/l. Then for any metric g in the conformal
class ¢ we have
v 2
d¥p = d*py @ 1.

Proof:
AV = d¥ (Y, ® 12) = dipy @ 12 + (—1)1Vslypy A VI
= dipg @17 — (—1)V9lhy Awy @12 = dipy ® 12 — wy Aty ® I; = dsepy @ 17

Using the equivalence Lemma we obtain in particular .
dVQ = dsQy @12, (6)

Since the Weyl connection is compatible with ¢, we have also
0=Ve=V(gRE)=VgL+gaVE=VgRl2-gow,®1>=(Vg—w,®g) Q1. (7)



Theorem 5.3 Let (M,c,J) be a conformal almost-Hermitian manifold, and let ¥V be the canonical Weyl
connection. Let g be any metric in the conformal class c. Then:

i) V preserves J if and only if J is integrable and (dSg)o = 0;
ii) the curvature RY = Vixy) — [Vx,Vy] of V is given by vag =dwy ® lg.

Proof: For any complex connection V the following formula holds, linking the torsion 7" of V with the torsion
N of J:
TJX,JY)-JT(JX,Y)) - JT(X,JY)) —-T(X,Y)=—-N(X,Y).

Since Weyl connections are torsion free, if we find any complex Weyl connection then J is integrable. We
want to show that, if the canonical Weyl connection is complex, then also (d€24)o = 0. Denote by A the
alternation operator and by C' the contraction such that Q4 = C(J ® g), then

10, = A(VQ,) = A(VC(J ©9)) = A(C(J & V) = A(C(J & w,  g))
= Awyg ® C(J ® g)) = Alwg ® Q) = wg A€y,

where we have used formula (7) to obtain Vg = w, ® g.
Suppose now that (df2y)g = 0 and that J is integrable. Then using the conformal six-terms formula (5)
we obtain the following conformal version of a classical formula in Hermitian geometry (see [KN69, p. 148]):

4c((Vx )Y, Z) = 6dVQX, JY,JZ) — 64" QX,Y, Z),

and this shows that ¢((VxJ)Y, Z) = 0 if dVQ = 0. But this last condition is equivalent, by formula (6), to
(dQg)o = 0, and the claim then follows from the non-degeneracy of c. As for the curvature RY of V, using
equivalence Lemma we obtain

RV = —dY(VI2) = —dY (~wy ® I2) = d'wy @ 12 = dwy ® 1.

|

Since a locally conformal K&hler manifold is a conformal Hermitian manifold (M, ¢, J) such that (d€y)o =

0 and dwy = 0, for one (and then for all) choice of metric g in the conformal class ¢ (compare with formula
(1)), we can give the following intrinsic characterization of locally conformal Kéhler manifolds:

Corollary 5.4 Let (M,c,J) be a conformal Hermitian manifold. Denote by Q the L?V[—valued fundamental
form, and let V be the canonical Weyl connection. Then (M,c,J) is locally conformal Kdhler if and only if
V is flat and Q is dY -closed.

Moreover, Theorem 5.3 gives also the following

Corollary 5.5 On a locally conformal Kdhler manifold the canonical Weyl connection preserves the complex
structure.

Unless otherwise stated, from now on we consider locally conformal Kéhler manifolds (M, ¢, J).

A locally conformal Kéahler manifold (M, ¢, J) comes then naturally equipped with a closed 2-form €2, the
only difference from the Kihler case being that {2 now takes values in L2,. We want go further with this
analogy.

Define the pairing §: Q'(L3,) — X(M) by t40Q = «, and use it to define a Poisson bracket on I'(L%,) by

{f1, fo} def Q(tV f1,8V f2). Using Lemma 5.2 and formula (3), one shows the relation

A, o) f3y + o, 31, i} + s i} o} = dVQUEV f1, 8V f2, 8V f3) = 0, (8)

proving that this bracket turns T'(L3,) into a Lie algebra. Remark that, as formula (3), the first equality in
(8) holds generally on conformal almost-Hermitian manifolds such that the canonical Weyl connection is flat.

We finally describe the intrinsic version of Aut(M). If [ is a section of L}, and h is a diffeomorphism of
M, then the section h*l of L}, is given by

* def
(K" Da = ln@) © (he)a, (9)



that is, if z € M and w € A™(T,M) ~ 0, we have (h*l)z(w) of ln(z)((hs)zw). Recall that for any x

the differential induces the map (hi)z: A™(T:M) — A" (T}, ) M) which is in fact a linear map between 1-
dimensional vector spaces. Whenever a metric g is fixed, a trivialization w9 of A"(T'M) associating to x the
length-one element w3 is defined, hence one can associate to any diffeomorphism A a never-vanishing smooth
function dj defined by

so the following derivation rule holds for I:

(W1 (w) = <>h<x>< )
(I)na) (A (@] )
= |d <>| () na < 1) = @),

that is, in short, h*I} = |d} | ™=,

For any diffeomorphism of M we then define h*c in the obvious way, that is, h*c = h*g ® h*I>

g+ Since
4’9 = e/ fohe(-n/2)f g3

this definition does not depend on the choice of the gauge g, and gives the intrinsic notion of Aut(M) as
follows.

Proposition 5.6 A diffeomorphism h of a conformal manifold (M,c) preserves c if and only if it is a
conformal transformation of one (and hence of all) metric g in the conformal class c.

Proof: Indeed, h*g = e“g implies dj = e"/2 g0 h*l2 =e alz, and then h*c = h*(g ® l2) =h'g® h*l2 =
g®l§ = ¢. Vice versa h*c = ¢ implies h*g@h*lg = g®lg, hence (|df |~ R )®l§ = g®l that is h*g = |d}, | ng.
|

Lemma 5.7 The Weyl connection of a conformal almost-Hermitian manifold (M,c,J) is invariant for
Aut(M), that is, ha VyW = VyW whenever h,V =V and h,W = W.

Proof: This is because Aut(M) preserves ¢ and J, and V is defined just using these ingredients. More
formally, we want to show that, if h € Aut(M) and V, W, Z are h-invariant vector fields, then ¢(Vy W, Z) =
c(h VyW, Z). But we have

(Vv W, Z) = (h*e) (Vv W, Z) = h*(c(h Ny W, 7 Z)) = h* (c(ho Vv W, Z)),

where we used the general property that if ) is any tensor field of type (r,0) and Xi,...,X, are vector
fields, then A*(¢(heX1,. .., heX;)) = (K*Y)(X1,...,X,). We are therefore only left to show that ¢(Vy W, Z)
is h-invariant for all h € Aut(M ), that is, we are left to show that the second side of the conformal six-terms
formula (5) is h-invariant for all A € Aut(M). But it turns out that each summand of (5) is h-invariant. We
show this only on its first and fourth summand, the others being similar: the first summand
KN ye(W,Z) = h*Vy(g(W, Z)l;)

= h*(Vg(W, 2)I2) + h*(9(W, Z)Vvi})

= W*Vg(W, 2)h*lg — ™ (g(W, Z))h* (wy (V) D15

= V((h*g)(W, Z))lpg — (h*g)(W, Z)wpsg(V)lj-

= Vv ((h*9)(W, 2)lg) = Vv (W, Z),

where we have used that V' and h commute on C*°(M), since V is h-invariant, that h*l; =12, , and that
h*wy = wp+g. The fourth summand is

W (c([V, W], 2)) = h*(g([V, W], 2)12) = h*(g([V, W], Z))h*I = (W*g)([V, W], Z)l3., = c([V, W], Z),

where we have used the already cited properties and that the Lie bracket of invariant vector fields is invariant.
|
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Corollary 5.8 Let (M,c,J) be a conformal almost-Hermitian manifold with Weyl connection V, and let
G C Aut(M). If V, W, Z are G-invariant vector fields on M, then c¢(NyW, Z) is G-invariant.

Let G be a Lie subgroup of Aut(M), as in section 3. The momentum map can then be defined as a
homomorphism of Lie algebras y": g — F(L%w) such that 1 xQ = dV X, We also denote by j the corresponding
element of I'(g* ® L2,) given by (u(z), X) = uX(z), carets denoting the evaluation.

Remark 5.9 In [BG98] the existence of such a homomorphism of Lie algebras is shown to imply the condition

1 1

on any fundamental vector field X. This is equivalent to the condition
ﬁxgg — wg(X)Qg =0
one finds in [HRO1], since LxQ, = ((2/n) divy X)Q,.

If we choose a metric g in the conformal class ¢, then u* = ug( l;, where p,: g — C>(M).

Theorem 5.10 The map p': g — I'(L3,) is @ momentum map if and only if iy g — C°°(M) is a momentum
map as in section 3.

Proof: Use Lemma 5.2 to compute d¥ X with respect to the fixed gauge:
v, X _ X o 72
d¥p” =duy; @1,

so that d¥ u* = 1x(Qy ® lg) =1xQy® l; if and only if 1xQy = d“’guf. We then have to check that pu is a Lie
algebra homomorphism if and only if u, is. But this is a direct consequence of Lemma 5.2, and of the fact
that fo = fg04:

{fl; f2} = Q(ﬁvfla ﬁva) - Qg(ﬂvflv ﬁva) ® lg = Qg(ﬁgdwgfl,m ﬁgdwgflg) b2y lf] = {fl,g7 f2,9}9 ® l;'
|

Remark 5.11 The previous theorem allows using all proofs of section 3 as proofs in this conformal setting,
just fixing a gauge. In particular, the zero set p~1(0), where 0 denotes the zero section of g* ® L2/, is the
zero set of any 4, and it is therefore closed with respect to the action of G and coisotropic with respect to
2. Moreover, the assumption of 0 being a regular value for 1, translates into the assumption that the zero
section be transverse to u, and under this assumption the isotropic foliation is given exactly by fundamental
vector fields g.

Theorem 5.12 (Biquard & Gauduchon, [BG98|) Let (M,c,J) be a locally conformal Kdhler manifold.
Let G be a Lie subgroup of Aut(M) whose action admits a momentum map p: g — I'(L%,). Suppose that G
acts freely and properly on u=1(0), O denoting the zero section of g* ® L2,, and suppose that i is transverse
to this zero section. Then there exists a locally conformal Kihler structure (¢,J) on u=1(0)/G.

Proof: Due to Lemma 5.2 and to Theorem 5.10, this theorem can be viewed at as a translation of Theorem
4.1 in the conformal language. From this point of view, the theorem was already proved.

We want here to give an intrinsic proof, using the characterization of locally conformal Kahler manifolds
given by corollary 5.4.

Take the c-orthogonal decomposition T, M = E, @ g(x)® Jg(x), where E, is the c-orthogonal complement
of g(z) in T,(u~1(0)). We obtain a vector bundle E — p~1(0) of rank n — 2dim G.

First we need to relate LZ_I(O)/G with L%,. Remark that E/G — p~1(0)/G is isomorphic as a bundle to the
tangent bundle of x~1(0)/G, by means of m.|g. On its side L%, /G is isomorphic to GL(E/G) X GL(n—2dim G)
LfRn,zdimG, since the actions of G and of GL(n — 2dim G) on GL(E) commute, that is, if g € G, v €
GL(n —2dimG) and p € GL(E), then g.(py) = (g«p)7. This means that Lfrl(o)/G is isomorphic to Lt /G,
the isomorphism being explicitly given by sending an element [ of Li,l ©0)/G.z 0 [l o 7y 2], where 7(z) = Z,
and the action of G on L%, being given by (9).

Now remark that the canonical splitting TM = E @ g @& Jg gives an isomorphism of L%\/[| u—1(0) With LQE,
by formula (4), and this isomorphism is G-equivariant.
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We therefore think of elements of L,zrl(o) /G as equivalence classes of elements of L3, 5=1(0)-

During the proof of this theorem, we denote by V,W,... vector fields on x~!(0)/G, and by V,W,...
their lifts to E. Note that V,W,... are G-invariant vector fields.
Define ¢(V, W) to be the projection to L?\4|M_1(0)/G of the section ¢(V, W), that is

&V, W)z € [e(V.W)a] € (L4lu-1(0)2/G = (L1 (0yc)z

where z is an element in 7=1(Z). The choice of z is irrelevant, since h*(c(V,W)) = h*(c(h.V,h,W)) =
(B*)(V, W) = e(V,W).

We have thus defined an almost-Hermitian conformal manifold (u=1(0)/G,¢,J). In order to show that it
is locally conformal Kahler we compute its canonical Weyl connection, and then use corollary 5.4.

Let V¥ be the orthogonal projection of V from T'(u~1(0)) to E. Since by Lemma 5.7 the Weyl connection
V is invariant for Aut(M), we have that VEW is a projectable vector field. Define

VoW & VEW. (10)

The torsion T; w of V is just W*T‘Y 5[, = 0. Moreover, V is compatible with J:
(V)W = Vi (JW) — TV
= . VE(JIW) - Jr.VEW
= 1 (VE(JW) = IVEW) = n.(VyJ)EW = 0.

Eventually, Theorem 5.3 proves that J is integrable.
Look at the Weyl connection V on L2, as a map Vy: F(L?w|#—l(0)) — F(L%\J|u—l(0)), and remark that
the Aut(M)-invariance of V' implies that Vy is G-equivariant, thus defines a connection on Lz_l 0)/G" We

denote it again by V:
def

?V[l] = {VVZ] S L?\ﬂu—l(g)/G.

Using the conformal six-terms formula (5) and corollary 5.8, we see that the connection V on x~*(0)/G
defined by (19) is the associated Weyl connection, which is therefore the canonical Weyl connection of
(u=1(0)/G,e,J).

The curvature RV is given by

RY ] = —d VIV, W) = —[d VIV, W)] = [RY,] = 0.

Finally, denoting by € the Li,l(o)/G—valued fundamental form of (¢=1(0)/G,¢,J), we have 7*(dVQ) =
dVQ =0, thus dVQ = 0, and corollary 5.4 says that (u~1(0)/G, ¢, J) is locally conformal Kihler. [

6 Compatibility with Kahler reduction

In this section we analyze the relation between locally conformal Kéhler reduction of a manifold and Kéahler
reduction of a covering. We refer to [Fut88] for the K&hler reduction.

As a first step we show that the two notions of reduction on globally conformal Kéhler manifolds are
compatible.

Proposition 6.1 Let (M, [g],J) be a globally conformal Kdihler manifold and denote by g a Kéhler metric.
Let G C Aut(M) a subgroup satisfying the hypothesis of the reduction theorem and which moreover is composed
by isometries with respect to g. Denote by (u=1(0)/G,[g],J) the reduced locally conformal Kdhler manifold.
Then the action of G is Hamiltonian for g, the submanifold ;~1(0) is the same as in the Kdihler reduction
and the conformal class of the reduced Kdhler metric is [g]. So, in particular, the reduced manifold is globally
conformal Kdhler.

Proof: As the action of G is twisted Hamiltonian for [g] Remarks 2.4 and 3.2 imply that it is Hamiltonian
for g. Moreover, the subspace p~1(0) is the same for both notions. The construction of the almost-complex
structure on the quotient is the same in the two cases, so J is defined. Denote by Q the Kahler form that
the Kihler reduction provides on p~1(0)/G. Then 7*Q = i*Q, so the claim follows by the uniqueness part of
the reduction theorem. [ ]

12



Example 6.2 If (M, [g], ]) is a globally conformal Kéhler manifold the reduced structure is not necessarily
globally conformal Kéhler. Actually, any locally conformal K&hler manifold (M, [g], J) can be seen as a
reduction of a globally conformal manifold. Indeed, consider the universal covering M of M equipped with
its pulled-back locally conformal Kéhler structure, which is globally conformal Kahler since M is simply
connected. This covering manifold can be considered to be acted on by the discrete group of holomorphic

conformal maps G def m1(M), which, having trivial associated infinitesimal action, is clearly Hamiltonian,
with trivial momentum map: hence p=1(0) = M and p~1(0)/G = M.

We now concentrate our attention to the structure of the universal cover M of a locally conformal Kéhler
manifold (M, [g], J).

Remark 6.3 The pull-back by the covering map p of any metric of [g] is globally conformal Ké&hler since M
is simply connected. It is easy to show that on any complex manifold Z such that dimg(Z) > 2 if two Ké&hler
metrics are conformal then their conformal factor is constant. In our case remark that the pull-back of any
metric in [g] is conformal to a Kéhler metric g by

g=ep'g

where 7 satisfies d7 = wz = p*w, and is then only defined up to adding a constant. What is remarkable is
that the action of 71(M) on M is by homotheties of the Kihler metrics (we fix points in M and in M in
order to have this action well-defined). Moreover any element of Aut(M) lifts to a homothety of the Kéhler
metrics of M, if dim¢ (M) > 2. This is in fact an equivalent definition of locally conformal K&hler manifolds
(see [Vai82] and [DO9S]).

With this model in mind, we define a homothetic Kihler manifold as a triple (K, (g), J), where (K, g, J)
is a Kéhler manifold and (g) denotes the set of metrics differing from g by multiplication for a positive factor.
We define H(K) to be the group of biholomorphisms of K such that f*g = Ag, A € R, and we call such a
map a homothety of K of dilation factor X\. The dilation factor does not depend on the choice of g in (g),
so a homomorphism p is defined from H(K) to R, associating to any homothety its dilation factor (see also
[KOO01]). Note that ker p is the subgroup of H(K) containing the maps that are isometries of one and then
all of the metrics in (g). If K is given as a globally conformal K&hler manifold (K, [g], J), then H(K) can be
considered as the well-defined subgroup of Aut(K) of homotheties with respect to the Kéhler metrics in [g].
We now give a condition for a locally conformal Kéahler manifold covered by a globally conformal one to be
globally conformal Kéhler.

Proposition 6.4 Given a globally conformal Kdihler manifold (M, [g],.J) and a subgroup T' of Aut(M) acting

freely and properly discontinuously, the quotient M f o /T (with its naturally induced complex structure)
comes equipped with a locally conformal Kdhler structure [g] uniquely determined by the condition [p*g] = [g],
where p denotes the covering map M — M.

Assume now that I' C H(M) Then the induced structure is globally conformal Kdhler if and only if

p(T) =1.

Proof: The action of I' can be seen as satisfying the hypothesis of the reduction theorem, so the first claim
follows. However we give a straightforward construction.

Let § be one of the Kéhler metrics of the structure of M. Given an atlas {U;} for the covering map p,
induce a local Kéhler metric g; on any U; by projecting § restricted to one of the connected components
of p~1(U;). Then g; and g; differ by a conformal map on U; N Uj, hence by a partition of unity of {U;}
one can glue the set {g;} to a global metric g which is locally conformal the g;’s, see Lemma 3.5, hence is
locally conformal Kéahler. The conformal class of g is uniquely defined by this construction. Moreover, p*g
is conformal to g, as they are conformal on each component of the covering {p*(U;)} and again Lemma 3.5
holds. If ¢’ is a Hermitian metric on M such that p*¢’ is conformal to g, then on each U; the restricted metric
¢'|u, is conformal to g; hence to g|y,, so g and ¢’ are conformal, again see Lemma 3.5.

Now assume that I' C H(K), and that p(I') # 1. Then I is not contained in the isometries of any Kéhler
metric of M. If in the class of [g] there existed a Kahler metric g then its pull-back p*g would belong to
(g). But p*g being a pull-back implies that T acts with isometries with respect to it, which is absurd since
p(I') # 1. Conversely, if p(I') = 1 then p is a Riemannian covering space and g itself is Ké&hler. Hence the
induced locally conformal Kéhler structure is globally conformal Ké&hler if and only if p(T') = 1. |

This allows, under a natural condition, to compute locally conformal Kéhler reduction as having a Kéahler
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reduction as covering space. First remark that any group G C Aut(M) lifts to subgroups G C H(M) all
having the property that po G = G.

Theorem 6.5 Let (M, [g],J) be a locally conformal Kdhler manifold, let G C Aut(M) be a subgroup satisfying
the hypothesis of the reduction theorem, and admitting a lifting G such that p(é) = 1. Then the Kahler
reduction is defined, with momentum map denoted by p;, G commutes with the action of m (M), and the
following equality of locally conformal Kdahler structures holds:

pH0)/G = (uy (0)/G) [ (M). (11)

Conversely, let G be a subgroup of isometries of a homothetic Kihler manifold (M, (g),J) of complex
dimension bigger than 1 satisfying the hypothesis of Kahler reduction and commuting with the action of a
subgroup T’ C H(M) acting freely and properly discontinuously and such that p(T') # 1. Moreover, assume
that T' acts freely and properly discontinuously on u;j (0)/G. Then G induces a subgroup G of Aut(M), M

being the locally conformal Kdhler manifold M/F, which satisfies the hypothesis of the reduction theorem, and
the isomorphism (11) holds.

Proof: To show that Kéhler reduction is defined, one has to show that the action of G is Hamiltonian with
respect to the globally conformal Kéhler structure of M. First remark that the Lie algebra of G coincides
with that of G, that we denote by g as usual, and that the fundamental vector field associated with X € g
on M is p* X, where, as we claimed, we identify X with its associated fundamental field on M. Fix a metric
g € [g] with Lee form w and fundamental form  and let x4 be the momentum map for g. Then we claim
that -
py: 8 — C%(M)
X — p*MX
is a momentum map for the action of G on M with respect to the globally conformal Kéhler metric p*g.
Indeed

*w X * X
&y =d"C(p'p”)
— p* deX
=p xQ
= lp* Xp*Q.
The same way one shows that u; is a homomorphism of Poisson algebras, since such is ;. But now recall
that from Remark 3.2 the property of an action to be twisted Hamiltonian is a conformal one, so the action
of G is also twisted Hamiltonian for the K&hler metrics conformal to p*g, and is then ordinarily Hamiltonian
for these Kédhler metrics from Proposition 6.1. This in turn implies, since p(G) = 1, that Kéhler reduction is
defined and p~1(0) is diffeomorphic to /1;41 (0)/m1(M).
As the action of G is induced by p, it commutes with the action of m1(M), so the following diagram of
differentiable manifolds commutes:

=, i (0)/G

lp |

p=H(0) — (17 (0)/G) /i (M) = = (0)/G.

Moreover the locally conformal Kihler structures induced on p~!(0)/G, as covered by the Kihler reduction
u}j (0)/G and as locally conformal Ké&hler reduction, are easily seen to coincide, and this ends the first part
of the proof.

Conversely note that, as in Remark 6.3, if 7 is such that p*w = d7, then e "p*¢g is Kéahler, hence conformal
to g. So I' acts as isometries of €7g. We claim that e”puy; is I'-invariant, where by . y; we denote the Kéhler

momentum map. Postponing for the moment the proof, this defines the locally conformal K&ahler momentum

map as j1~ def (e” ,uf\%) /T, where we identify the Lee algebra of G with that of G. This induced momentum map

T

is easily shown to be a homomorphism with respect to the Poisson structure. Moreover py; (0) =~ /1]}41 (0)/T.
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Finally since the action of " on ,u]EII(O) /G is free and properly discontinuous, (,LL]_\;(O) /G) /T is a manifold,
and since the diagram

i (0) i (0)/G

1t (0) — (1 (0)/G) /T = 1y} (0)/G

commutes, the action of G on ,u]_V[l(O) is proper and free, that is, G satisfies the hypothesis of the reduction
theorem. So the first part of the theorem implies the second.

We are left to prove the claim. For simplicity we write u instead of ;. First we show that for any v € T’
and X € g we have v~ = p(y)u~. Indeed, recalling that v*X = X

X = X
=v"1xQ
= 1x7*Q
= p(7)ex$
= p()dp™,

hence v* X — p(7) X is constant on M, and is equal to 0 since it is so on p~1(0). So v*(e™uX) = 7 "p(y) .

But now recall that, from one side, the formula v*e¢™Q = e'V*Tp(’y)Q holds true, from the other that I' acts as
isometries of 7§, hence €’ "p(y) = 1, so the claim is true. [

7 Reduction of compact Vaisman manifolds

7.1 A conformal definition of compact Vaisman manifolds

The original definition of Vaisman manifold is relative to a Hermitian manifold: the metric of a Hermitian
manifold (M, g,J) is a Vaisman metric if it is locally conformal Kéhler with w non-exact and if V9w, = 0,
where V9 is the Levi-Civita connection.

Definition 7.1 A conformal Hermitian manifold (M, [g], J) is a Vaisman manifold if it is a locally conformal
Kéhler manifold, non globally conformal Kahler and admitting a Vaisman metric in [g].

The condition on the parallelism of the Lee form is not invariant up to conformal changes of metric, and
there is not in the literature a conformally invariant criterion to decide whether a given locally conformal
Kahler manifold is Vaisman.

Such a criterion was recently given in [KOO01] in the case of compact locally conformal Kéahler manifolds.
Here we shall use it to derive a presentation for compact Vaisman manifolds that behaves effectively with
respect to reduction.

The construction strictly links Vaisman geometry with Sasaki geometry. We start with the following
definition-proposition, which is equivalent to the standard one. On this subject see [Bla02, BG99).

Definition 7.2 Let (W, gw,n) be a Riemannian manifold of odd dimension bigger than 1 with a contact
form 7 such that on the distribution n = 0 the (1, 1)-tensor J that associates to a vector field V' the vector
field #,0ydn satisfies J2 = —1. Call ¢ the Reeb vector field of 1. Define on the cone W x R the metric
g = eldt ® dt + e!m*gy and the complex structure that extends .J associating to dt the vector field 7*(,
7w being the projection of W x R to W. This is equivalent to assigning to W x R the same J and the

compatible symplectic form 2 def d(e'r*n). Then we say that (W, gw,n) is a Sasaki manifold if its cone
(W x R, eldt ® dt + elm*gw, J) is Kihler.

The standard example is that of the odd-dimensional sphere contained in C" \ 0, with n > 2. The
usual Kahler metric ) dz; ® dz; associated to the complex structure of C™ ~\ 0 restricts to the sphere to a
Riemannian metric and a CR-structure, respectively, that give to S?*~! the Sasaki structure whose cone is
C" . 0 itself, via the identification (z,t) s e*/?x.

It is well-known that the conformal metric |z|~2 Y dz; ® dZ; has parallel Lee form. This property extends
to every Kéahler cone, as is implicit in [KOO01].
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Lemma 7.3 The Kdihler cone (W xR, g,J) of a Sasaki manifold admits the metric § = 2e™tg in its conformal
class such that Vgcug = 0. In particular the Lee form of g is —dt.

Proof: Recall that the fundamental form § of g is Kahler, so the fundamental form Q = 2¢7tQ of § is such
that dQ = —2e~tdt AQ = —dt A Q. So —dt is the Lee form of §. Remark that

g = 2dt @ dt + 27" gw
This shows that 0; is twice the metric dual of —dt. Recall that for any 1-form o the following holds
2§(V%0". 2) = (Ls9)(X, Z) + do (X, 2)

where £ denotes the Lie derivative. So, in our case, since dt is closed, we only have to show that 9, is Killing.
But this is true since L5, = 2Lp,dt @ dt, and Ly, dt = drp,dt = 0. |
The following also follows from computations developed in [KOO1].

Proposition 7.4 Let (W, gw,n) be a Sasaki manifold, let I' be a subgroup of H(W x R) acting freely and
properly discontinuously on W x R, in such a way that p(I') # 1 and for any v € T

Yo dt=¢to,
that is, I' commutes with the real flow generated by O;.

Then the induced locally conformal Kahler structure on M % (W x R)/T is a Vaisman structure, not
globally conformal Kdahler.

Proof: Since I' C H(W x R) and p(I") # 1 the quotient has a locally non globally conformal Kéahler structure,
recall Proposition 6.4.

To show that the structure is Vaisman we show that I' acts by isometries of the metric § = 2e~ gy xRk,
where by gy «xg we denote the cone metric on W x R. This is equivalent to show that I' acts by symplecto-
morphisms of the conformal Kéhler form 2e~td(e!r*n).

We claim that for any v € I' the following properties hold:

vt =T

vt = p(y)e'.
For this, first note that v commuting with the real natural flow implies v.0; = 0, it being holomorphic implies
Y+ JOy = JO; and it being conformal implies . (d;, JOy)* = (0, JO;)*. Now remark that for X € (9;, Jo;)*
m.X € Null n, so

Y rn(X) = n(myX) = 0.

Moreover 1 = 1(¢) = n(m(J0%)) = n(ma(v:JO) = v*1*n(J0;) and this implies the first claim. Now recall
that 7*n = e 15,9, so

(NP )ia =7 (e "15,9)
=7
=mT*x7N
=e 15,0

which shows the second claim.
Then it follows

v (2e7td(e T n)) = 2p(7) et dy (e 7 )
= 2p(y) e p(y)d(ey T )
= 2e td(e'r*n).

So g factors through the action of I', hence inducing gp; on M which, by Lemma 7.3, is Vaisman, and
belongs to the locally conformal Kéahler structure of M since p*gpr = § ~ gw xR- |

The characterization given in [KOO01] shows in fact that any compact Vaisman manifold is produced this
way. We briefly recall this construction, since some details which are less relevant in that work become
necessary in this one, so we need to express them explicitly.

Remark that a vector field V' generating a 1-parameter subgroup of Aut(M) does not imply that the flow
of JV is contained in Aut(M). If this happens, the set of the flows of the subalgebra generated by V' and
JV is a Lie subgroup of Aut(M) of real dimension 2 that has a structure of complex Lie group of dimension
1. This motivates the following definition:
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Definition 7.5 ([KOO1]) A holomorphic conformal flow on a locally conformal Kéhler manifold (M, [g], J)
is a 1-dimensional complex Lie subgroup of the biholomorphisms of (M, J) which is contained in Aut(M).

Remark 7.6 The field 9; on a K&hler cone of a Sasaki manifold generates a holomorphic conformal flow.
Its flow ¢g(w,t) = (w,t + s) is in fact contained in H(W x R), and satisfies p(¢s) = €°, since mp, = 7 and

$x(d(e'*n)) = d(e"*dim™n)
= e*d(eln*n).

The flow of J0O;, which is a vector field that restricts to the Reeb vector field of W, which is a Killing vector
field of W, generates isometries of W x R. We call the real flow generated by 0; the natural real flow and the
holomorphic conformal flow generated by d; the natural holomorphic flow of the Kahler cone.

Finally remark that for a biholomorphism A of a Hermitian manifold to commute with the flow of a vector
field V it is necessary and sufficient that it commutes with the whole holomorphic flow, since A*V = V is
equivalent to h*JV = JV. So if a holomorphic conformal flow C is defined on a locally conformal Kahler
manifold saying that it is preserved by an automorphism h is equivalent to saying that h preserves a real
generator of C.

Theorem 7.7 (Kamishima & Ornea, [KOO01]) Let (M, |g],J) be a compact, connected, non-Kdahler, lo-
cally conformal Kdhler manifold of complex dimension n > 2. Then (M,]g],J) is Vaisman if and only if
Aut(M) admits a holomorphic conformal flow.

Proof: For the technical lemmas we refer directly to the cited paper.
First, if M is a Vaisman manifold, then the dual vector field fw of its Vaisman metric generates a
holomorphic conformal flow, that is, both the flow of w* and the flow of Jw* belong to Aut(M), see [DO9S].
On the opposite direction let C be the holomorphic conformal flow on M. Fix a lift C of C to M. One
proves (Lemma 2.1) that p(C) = Ry. Choose a vector field € on M such that the flow {1;} of —J¢ is contained
in ker p|s. Remark that the flow {¢;} of & is also contained in C, since C is a holomorphic conformal flow,
and that ¢t — p(¢;)) is surjective. Choose Q) in the homothety class of Kéhler forms on M in such a way that

this homomorphism is ¢ + ef, that is for any ¢

oiQ =€ PrQ=10Q.

In particular the subgroup {¢;} of C is isomorphic to R.
At this step the hypothesis of compactness of M is crucial: using this fact one proves that the action of
{4} is free and proper (Lemma 2.2). In particular £ is never vanishing.
Define the smooth map
s: M — R

and remark that 1 is a regular value of s, that s~!(1) is non empty, hence is a regular submanifold of M that
we denote by W (Proposition 2.2). Note that W is the submanifolds of those points where £ has unitary
norm. In particular one proves that if z is in W then d,s(§,) = 1, so £ is transversal to .

Denote by ¢ the inclusion of W in M. It turns then out that (W, i*LgQ, i*g) is a connected Sasaki manifold,
and that ~

H: WxR — M
(w,t) — Gilw)

is an isometry with respect to the Kéahler cone structure on W x R.

One is left to show that (M) satisfies the conditions of Proposition 7.4. Indeed p(m(M)) # 1 since M
is non Kéhler, and 71 (M) commutes with the real flow generated by 0, since this last factors to M. |

The proof of this theorem proves in particular the following fact.

Corollary 7.8 Any compact Vaisman manifold (M, [g],J) can be presented as a pair (W,T") where W is
a compact Sasaki manifold and T' C H(W x R) such that M is isomorphic as a locally conformal Kdhler
manifold to (W x R)/T. Moreover W can be chosen to be simply connected, hence W x R is the universal
covering of M and T is isomorphic to w1 (M).
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Remark 7.9 This can be reformulated in the following way. Consider the collection of pairs (W,I') as in
the previous corollary. Given a Sasaki morphism one naturally induces a morphism on the K&hler cones
by composing with identity on the factor R. So define the category S of pairs (W,I') by considering as
morphisms between (W,T') and (W’,T”) those Sasaki morphisms (i.e. isometries preserving the contact form)
which induce between W x R and W’ x R morphisms which are equivariant with respect to the actions of
I' and I”. Define a functor between this category and the category of Vaisman manifolds (with morphisms
given by holomorphic, conformal maps) by associating to (W, I") the manifold (W x R)/T" and to a morphism
the induced morphism between the quotients. This functor is surjective on the objects of the subcategory of
compact Vaisman manifolds, but not on the morphisms.

We say that (W,T) is a presentation of M if M is in the image of (W, T") by this functor. This construction
suggests the following definition.

Definition 7.10 Let (M, [g],J) be a compact Vaisman manifold. A locally conformal Kahler morphism is
a Vaisman morphism if it belongs to the image of the functor from S to Vaisman manifolds. In particular
Vaisman automorphisms are a subgroup of Aut(M, [g], J).

Remark that Vaisman morphisms are the set of locally conformal Kéhler morphisms £ that commute with
the Vaisman real flow, that is, the real flow generated by the Lee field, and that admit a lifting h € H(M)

such that p(h) = 1.

Remark 7.11 It must be noted that whenever (M, [g], J) is Vaisman and compact the Gauduchon metric is
the Vaisman metric (well-defined up to homothety). This implies that Aut(M) coincides with the holomorphic
isometries of the Vaisman metric in this case. So Vaisman automorphisms coincide with the set of those h
being isometries of the Vaisman metric that commute with the Vaisman real flow and admitting a lifting
h € H(M) such that p(h) = 1.

Remark 7.12 In passing we remark that the categories we are talking about all admit a forgetting functor
in corresponding “symplectic” categories, respectively locally conformal symplectic manifolds, homothetic
symplectic manifolds and contact manifolds (with the functor given by symplectic cone construction). By
associating to the pairs (W, T") the locally conformal symplectic manifolds (W xR)/T" one obtains a subcategory
that might represent the symplectic version of Vaisman manifolds. See [Vai85] as a leading reference on locally
conformal symplectic manifolds, in particular see the notion of locally conformal symplectic manifolds of first
kind.

7.2 Reduction for compact Vaisman manifolds

It is noted in [BG98] that G acting by isometries with respect to a Vaisman metric g does not imply that the
reduced metric is Vaisman, since w, being parallel with respect to the Levi-Civita connection of g does not
imply its restriction to p~1(0) being parallel.

We prove that our reduction is compatible with Sasaki reduction, see [GOO01], and thus show in The-
orem 7.15 that reduction of compact Vaisman manifolds by the action of Vaisman automorphisms (whose
action results to be always twisted Hamiltonian) produces Vaisman manifolds. Given a Sasaki manifold
(W,n, J) we call Sasaki isomorphisms and denote by Isom(W) the diffeomorphisms of W preserving both the
metric and the contact form.

Theorem 7.13 Let (W,n,J),I") be a pair in the category S and denote by M the associated Vaisman
manifold. Let G C Isom(W) be a subgroup satisfying the hypothesis of Sasaki reduction. Then G can be
considered as a subgroup of H(W x R). Assume that the action of G commutes with that of I, and that T’
acts freely and properly discontinuously on the Kdahler cone (,u;vl (0)/G) x R.

Then G induces a subgroup of Aut(M) satisfying the hypothesis of the reduction theorem, and the reduced
manifold is isomorphic with (115} (0)/G) x R)/T. In particular the reduced manifold is Vaisman.

Proof: We first prove that the induced action satisfies the hypothesis of the Kéhler reduction. The momentum

map pw is
pw: g — C*(W)
X — xn.
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Remark that the fundamental field associated to X € g on W x R is projectable, so we can define NWxR def

elm*1,, xn. To show that this is a momentum map for the action of G on W x R we directly compute

dM)V([;XR = d(etﬂ'*men)

=d(e'vxm*n)

= d(ixe'n*n)

= uxd(e'mn) — Lx(eln*n)
= [,XQ

where Lx (e!m*n) = 0 comes from the properties of the action. So the action of G is weakly Hamiltonian.
Moreover

{M%(/XR7M%XR} =Q(X,Y))
= d(e'm"n)(X.,Y)
=Y (e'm* (X)) = X (' n(Y)) + tpx yie'm™n
=0+ 0+ elr*um X, Y]n
[X,Y]
/"LWXR
where Y (elm*n(X)) = X(el7*n(Y)) = 0 is due to the properties of the action. The action of G is then
Hamiltonian, and Kéahler reduction is defined.
S0 131}, (0) = (113} (0) xR), and the action of G being proper and free on y;;} (0) implies it having the same
properties on piy;/,z(0). Moreover the action of I' being free and properly discontinuous on (i (0)/G) x

R = ,uWXR( )/G implies one can apply Theorem 6.5, so the isomorphism is proven. Then by applying
Proposition 7.4 one sees that the reduced manifold is Vaisman. The theorem then follows. |

Remark 7.14 The previous theorem also applies to non-compact Vaisman manifolds of the form (W xR)/I.

But now recall that Sasaki reduction, as contact reduction in fact, does not need a notion of Hamiltonian
action, that is, the action of any subroup of Sasaki isometries lead to a momentum map, hence to reduction,
up to topological conditions, that is x~'(0) being non-empty, 0 being a regular value for i, and G acting
freely and properly discontinuously on p~1(0). This implies the main result of this section.

Theorem 7.15 Let (M, [g],J) be a compact Vaisman manifold. Let G C Aut(M) be a subgroup of Vaisman
automorphisms. Then the action of G on M is twisted Hamiltonian. If p=1(0) is non-empty, 0 is a reqular
value for i and G acts freely and properly on p=1(0), then the reduced manifold is Vaisman.

Moreover for any (W,T') presentation of M and for any G subgroup of isometries of W in the preimage
ofG the group G induces a Sasaki reduction MW( /G and the Vaisman reduced manifold is isomorphic to

(' (0)/G) x R)/T.

Proof: The automorphisms of M lift to a subgroup G of H(W x R) of maps commuting with the natural
flow and such that p(G) = 1. By definition of Vaisman automorphisms G is contained in Isom(W). So the
compatibility between Sasaki and Kihler reduction of [GO01] applies, hence puy?, 5 (0)/G is isomorphic with
the Kéahler cone (,u;Vl(())/G’) x R.

Moreover I' acts freely and properly discontinuously on it, since the quotient /641 (0)/G is a manifold, and
commutes with its natural real flow. Then Theorem 7.13 applies, and this proves the theorem. |

8 A class of examples: weighted actions on Hopf manifolds

We apply the theorem in last section to the simple case when I' = Z is contained as a discrete subgroup of
the natural holomorphic flow of W x R. In particular the Vaisman manifold topologically is simply W x S*.
This nevertheless covers much of the already known examples of Vaisman manifolds, as was shown in [KOO01].
We briefly review the definition of those manifolds.

First consider S?"~! equipped with the CR structure J coming from C". The action on C" \. 0 of the
cyclic group I'y, generated by z — az (for any a € C such that |a] > 1) produces the so-called standard

Hopf manifolds. For any {ci,...,c,} € (S')" and any set A def {a1,...,a,} of real numbers such that 0 <
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ap < -+ < a, the action of the cyclic group T'y., . .14 C C generated by (21...2,) — (e®c121, ..., €% cpzn)
produces the complex manifolds usually called non-standard Hopf manifold.

To endow the complex Hopf manifolds with a Vaisman structure let 19 be the Sasaki structure coming
from the differential 2-form Q = —i )" dz; A dz; of C". The action of any I',, is by homotheties for the cone
structure, hence induces Vaisman structures ((S%"~1, 79, J),T's) on standard Hopf manifolds. More generally,
for any A = {ai,...,a,} of real numbers such that 0 < a; < --- < a, let n4 be defined the following way:

def 1

Fixed A one obtains that for any {ci,...,c,} € (S!)" the action of Lyc,....en},A 18 by homotheties of the
corresponding cone structure on C” ~\ 0, hence inducing Vaisman structures

(5”14 7). Ty onyon)

on the non-standard Hopf manifolds (see [KOO01]).

We now analyze reduction of Hopf manifolds by means of circle actions: in fact by acting on (S2"~ 1,54, J)
by a circle of Sasaki isometries, if n > 2, we generate, for every single I't¢,  ..1,4, @ Vaisman reduced manifold
of dimension 2n — 2, whose underlying manifold is the product of the Sasaki reduced manifold with S*.

Remark that the contact structures of the Sasaki manifolds (S?"~' n4,.J) all coincide. Denote by
Cont (527~ 1) the set of contact automorphisms of S?"~1, which coincide with restrictions of biholomorphisms
of C™.

For any A = (A1,...,\,) € Z" such that A\;...\, # 0 let Gy C Cont(S?"~1) be the subgroup of those
maps ha, t € R, such that

hat(21, .-y 2n) = (€MPzy, . etz

Remark that any G, is composed by holomorphic isometries of the standard Kahler structure. Moreover a
direct computation shows that its action on S$?"~! is by isometries for any of the 74. We call the action of
G weighted by the weights (A1,...,\,). It is easy to see that G is isomorphic to the circle R/27Z.

The corresponding momentum map for the Sasaki manifold (S2"~1 54, J) is defined by:

def 1
/’L/l\(z) = HA(Z) = 2(2 ai‘zi|2)

So a Sasaki reduction is defined whenever the weights are such that x~1(0) is not empty and the action on
©~1(0) is free and proper. The condition that x~1(0) is not empty is equivalent to requiring that the signs of
the \; are not all the same.

Let k = k(A) € {1,...,n — 1} be the number of negative weights of A, and assume the negative weights
are the first k. Without loss of generality we might assume that k& < n/2. Then there is a diffeomorphism

Azi]® + -+ Ml za?).

O, : G2k—1 y g2n—2k—1 s uY0)
((glw“a{k)a(glw"agn*k)) — (\/517)\1""’\/%’\/)(\1?“""’%;\7:)

equivariant with respect to the action

wA,t((€17 cee 7£k)7 (<-1> DRI Cn—k)) = ((ei/\ltfla ey ei)\ktgk)7 (ei)\kJrltgl) ey ei)\ntcn—k))

from one side and the action of G on x~1(0) from the other: hato®p = Ppowpy.
Call S(A) the quotient of this action. Since Gp is compact for any A, this will generally be an orbifold.
The following holds.

Proposition 8.1 The circle Ga acts freely on S?=1 x S?=2k=1 if and only if
ged(Am, Aj) =1
for allm <k and all j > k+ 1, that is, if and only if the positive weights are coprime with the negative ones.

Then Theorem 7.13 implies the following.

Corollary 8.2 For any A as in Proposition 8.1, for any (ai,...,a,) € R™ such that 0 < a; < --- < a, and

for any (ci1,...,cn) € (SH™ there exists a Vaisman structure on S(A) x S, each being the reduction by the
action of G of the complex Hopf manifold associated to ((a1,...,ay),(c1,...,¢cn)) endowed with its Vaisman
structure.

20



Quite surprisingly we were able to find very little information in literature on the topological type of the
reductions S(A), even though the weighted circle actions on C" \ 0 are natural examples of Hamiltonian
circle actions. In the following examples we list the topological type of some cases.

Example 8.3 Assume that n > 2, k = 1, that is, A\; < 0, \; > 0,i = 2,...,n. Then the space u~1(0) is
diffeomorphic to S* x §?n3,

One easily shows that S(—1,1,...,1) is $?*73. One can also show that the Sasaki structure reduced
from the standard is again the standard one, so any standard Hopf manifold comes as a reduction of the
corresponding Hopf manifold of higher dimension. This is also shown in [BG98].

In turn, as shown in [GOO01], for any positive integer p, S(—p,1,...,1) is diffeomorphic to S?"~3/Z,, so
we obtain a family of Vaisman structures on (S?"~3/Z,) x S!. In particular for n = 3 we obtain Sasaki
structures on lens spaces of the form L(p,1), hence Vaisman structures on complex surfaces diffeomorphic
with L(p,1) x S*.

Example 8.4 If n = 4, k = 2, then .~ !(0) is diffeomorphic to S x S3. In particular S(—1,—1,1,1) is known
to be S3 x 5%, see [GOO1]. So we obtain a family of Vaisman structures on S x S? x S1. Tt is interesting
to note that reducing from the standard structure one obtains a manifold that also bears a semi-Kahler
structure, when seen as twistor space of the standard Hopf surface.

Example 8.5 More generally if n = 2k = 4s, u~1(0) is diffeomorphic to S*~! x §45~1. In analogy with the
case n = 4 treated in [GOO01] apply the diffeomorphism

SQk—l % SQk—l S2k:—1 % SQk—l

(&1 &)y Gty G)) —((G1Gk + &2Ch—1,&1Ck-1 — E2Cky - -+, Ekm1Co + &Gy Eu1 G — E6C2), (Cty -, Ck))

and remark that it is equivariant with respect to the action of Gy _11 . 1) on the first space and the
action on the second space given by the product of the trivial action on the first factor and the Hopf action
on the second factor. This proves that S(—1,...,—1,1,...,1) is diffeomorphic to S**~! x CP?*~1. Thus we
obtain families of Vaisman structures on S*~1 x CP?~! x §1.

Example 8.6 If the weights on one of the spheres coincide, then the action factors through the corresponding
projective space. For example for any positive integer p the manifold S(—p, —p, —p, A4, \5) is a fiber bundle
over CP?.

The general tools one might use to investigate the manifolds S(A) are the homotopy exact sequence and
the (co)homology Thom-Gysin sequence of the fibration S < S2k=1 x §2n=2k=1 _, G(A).

From the homotopy exact sequence it is easy to obtain that for £ > 1 the manifolds S(A) are simply
connected. In the case of Example 8.4 the manifolds S(A) are then simply connected 5-manifolds, which
we recall were completely classified up to diffeomorphism in [Bar65]. As for the case of n = 5, k > 1, an
important class of simply connected 7-manifold is described in [CE00].
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