Contemporary Mathematics

Old and New Structures on Products of Spheres

Maurizio Parton

Abstract. A classical theorem of Kervaire states that products of spheres are parallelizable if and only if at least one of the factors has odd dimension. In this note an explicit parallelization is given, and it is then used to describe G-structures on products of two spheres, for G = U(n), Sp(n), G_2, Spin(7), Spin(9). This approach gives an alternative description of the classical Calabi- Eckmann structures, and of some G_2, Spin(7), Spin(9)-structures on S^6 × S^1, S^7 × S^1, S^{15} × S^1 respectively. In other products of spheres some new Gstructures are obtained.

1. Introduction

It is a classical result in Algebraic Topology that spheres S^n are parallelizable only in dimension n = 1, 3, 7. As for the products of two or more spheres M. Kervaire proved in the fifties the following:

Theorem 1.1 ([Ker56]). The manifold S^{n1} ×· · ·×S^{nr} , r ≥ 2, is parallelizable if and only if at least one of the n_i is odd.

The paper [Bru92] is the only reference the author knows to provide explicit parallelizations B on some products of spheres, namely, whenever one of the factors is S^1, S^3, S^5, S^7.

The aim of the present note is to define significant G-structures on products of spheres of suitable dimension (section 3 and 4), and this is done by writing explicit parallelizations for all parallelizable products of spheres (section 2, in particular theorem 2.2).

The never-vanishing vector field on the odd-dimensional sphere is used to write an explicit isomorphism between T (S^m × S^n) and S^m × S^n × R^{m+n}. Pulling back the standard basis of R^{m+n} one obtains explicit orthonormal parallelizations P on S^m × S^n.

The G-structures considered here are: G = U((m+n)/2), if both the dimensions are odd (almost-Hermitian structures on S^m × S^n); G = Sp((m + n)/4), if both

2000 Mathematics Subject Classification. Primary 53C10; Secondary 57R25. Key words and phrases. Products of spheres, parallelization, G-structures, Calabi-Eckmann structures.

This note contains some results from my PhD thesis, that was partially supported by the national project Proprietà Geometriche delle Varietà Reali e Complesse of M.U.R.S.T., Italy. A special thanks is due to my advisor Paolo Piccinni for his constant help.

©0000 (copyright holder) 1

Table 1. Properties of structures. References are those where the structures were originally introduced.

spheres G frame orbit type S^{2n−1} × S^1 U(n) B O_{2n}I_B Hopf Hermitian^∗ S^{4n−1} × S^1 Sp(n) B O_{4n}H_B Hopf hyperhermitian^∗ S^6 × S^1 G_2 B O_7φ_B locally conformal parallel^∗ [Cab97] S^7 × S^1 Spin(7) B O_8ϕ_B locally conformal parallel^∗ [Cab95] S^{15} × S^1 Spin(9) B O_{15}Φ_B locally conformal parallel^∗ [Fri99] S^m × S^n_{m+n≡ 20} U(^{m+n}_2 ) P S_{m+n}I_P integrable if and only if. . .^{∗∗} S^m × S^n_{m+n≡ 40} Sp(^{m+n}_4 ) P S_{m+n}H_P non-integrable S^m × S^n_{m+n=7} G_2 P S_7φ_P general type S^m × S^n_{m+n=8} Spin(7) P S_8ϕ_P general type S^m × S^n_{m+n=15} Spin(9) P S_{15}Φ_P ? ∗ all structures in the orbit are isomorphic.

∗∗ see theorem 3.2. All integrable structures are isomorphic to Calabi-Eckmann.

the dimensions are odd and m + n = 0 mod 4 (almost-hyperhermitian structures on S^m × S^n); G = G_2, Spin(7), Spin(9) on the 7-dimensional, 8-dimensional, 16- dimensional products S^m × S^n respectively.

The results obtained are summarized in Table 1. It refers to the frames B and P already mentioned, to their associated G-structures I_B, H_B, . . . , Φ_P and to the orbits of these structures by the standard action on R^{m+n} of the orthogonal and the symmetric group O_{m+n}, S_{m+n}.

In some cases, the orbit contains classical structures, some of which were originally defined in a non-elementary way: this approach provides then a straightforward encoding of these classical structures (theorem 3.3 and remark 4.2). In the other cases, this construction provides new structures on products of spheres (theorem 4.3). The last part of this note is devoted to explain Table 1, that henceforth will be referred to as the table. More details can be found in [Par00].

2. Explicit parallelizations on S^m × S^n Let n = 1. The vector fields {x_i∂_{xi} }_{i=1,...,m+1} on R^{m+1} \ 0 are Γ-equivariant, where Γ is the infinite cyclic group generated by multiplication by e^{2π} . Hence, they define a parallelization B = {b_1, . . . , b_{m+1}} on S^m × S^1 = (R^{m+1} \ 0)/Γ. Denoting by T = −y_2∂_{y1} + y_1∂_{y2} the never-vanishing versor field on S^1, it is easy to see that b_i = (orthogonal projection of ∂_{xi} on S^m) + x_iT, i = 1, . . . , m + 1;

hence in particular B is an orthonormal frame.

Let now n be any odd integer. Denote by T the never-vanishing vector field on S^n given by the complex multiplication, and by t_j its coordinates: T = n+1∑ j=1 t_j ∂_{yj} = −y_2∂_{y1} + y_1∂_{y2} + · · · − y_{n+1}∂_{yn} + y_n∂_{yn+1} .

A key role here is played by the meridian vector fields (see [Bru92]):

M_i = orthogonal projection of ∂_{xi} on S^m ∈ X(S^m), i = 1, . . . , m + 1, N_j = orthogonal projection of ∂_{yj} on S^n ∈ X(S^n), j = 1, . . . , n + 1, and by the following:

Lemma 2.1. Let α, β be vector bundles, and let ε^k be the trivial rank k vector bundle. Then α × (β ⊕ ε^k) ≃ (α ⊕ ε^k) × β.

Split T (S^n) in η ⊕ ⟨T ⟩, then use the lemma 2.1 to shift on the left the trivial summand. Since T (S^m) ⊕ ε^1 is a trivial vector bundle, a rank 2 trivial summand can be shifted on the right: now remark that η ⊕ ε^2 is trivial. This argument gives an isomorphism (actually an isometry) between T (S^m ×S^n) and ε^{m−1} ×ε^{n+1}. Then pull back the sections {∂_{x1} , . . . , ∂_{xm−1} , ∂_{y1} , . . . , ∂_{yn+1} } of ε^{m−1} × ε^{n+1} to obtain the explicit parallelization P given by the following:

Theorem 2.2. The vector fields {p_1, . . . , p_{m+n}} ∈ X(S^m × S^n) given by p_i = M_i + x_iT, i = 1, . . . , m − 1, p_{m−1+j} = y_j M_m + t_j M_{m+1} + (t_j x_{m+1} + y_j x_m − t_j )T + N_j , j = 1, . . . , n + 1. define an orthonormal frame P of S^m × S^n, for any odd n.

Proof. Once observed that M_i = ∂_{xi} − x_iM, i = 1, . . . , m + 1, N_j = ∂_{yj} − y_j N, j = 1, . . . , n + 1, where M and N denote the normal versor field of S^m ⊂ R^{m+1} and S^n ⊂ R^{n+1} respectively, the proof follows from a direct computation. □

3. Hermitian and hyperhermitian structures The following statement is a consequence of the definition of B. It gives lines 1 and 2 of the table.

Theorem 3.1. The almost-Hermitian structure I_B on S^{2n−1} ×S^1 coincide with the Hopf Hermitian structure given by the identification S^{2n−1} × S^1 = (C^n \ 0)/Γ. The same way, the almost-hyperhermitian structure H_B on S^{4n−1} × S^1 coincide with the Hopf hyperhermitian structure given by the identification S^{4n−1} × S^1 = (H^n \ 0)/Γ.

As for the frame P, the following statement gives line 6 of the table. Theorem 3.2. An almost-Hermitian structure I on S^m × S^n in the symmetric orbit S_{m+n}I_P , m, n odd, is integrable if and only if (3.1) I(p_{m−1+j} ) = ±p_{m+j} , j odd, 1 ≤ j ≤ n + 1, where the sign is the same for all j.

Proof. The “if” part relies on the following fact: there exists a covering of S^m × S^n by submanifolds whose tangent spaces span all T (S^m × S^n) and on these submanifolds I is integrable.

The “only if” part is given by a case by case computation here sketched. Suppose that the condition of the theorem is not satisfied. Then, taking −I in case, there exists an odd j ∈ {1, . . . , n + 1} such that one of the following conditions holds true:

(1) there exist i, k ∈ {1, . . . , m − 1}, i ≠ k such that I(p_{m−1+j} ) = p_i and I(p_{m+j} ) = ±p_k;

(2) there exist i ∈ {1, . . . , m − 1}, k ∈ {1, . . . , n + 1}, k ≠ j, j + 1 such that I(p_{m−1+j} ) = p_i and I(p_{m+j} ) = ±p_{m−1+k} ;

(3) there exist i ∈ {1, . . . , n + 1}, k ∈ {1, . . . , m − 1}, i ≠ j, j + 1 such that I(p_{m−1+j} ) = p_{m−1+i} and I(p_{m+j} ) = ±p_k;

(4) there exist i, k ∈ {1, . . . , n + 1}, i, k ≠ j, j + 1, i ≠ k such that I(p_{m−1+j} ) = p_{m−1+i} and I(p_{m+j} ) = ±p_{m−1+k} .

The torsion tensor can then be computed in each case and, in particular, one obtains:

(1) ⟨N(p_{m−1+j} , p_{m+j} ), p_k⟩ = 2(±x_i(1 − y^2_j − y^2_{j+1}) + x_k(1 − 2(y^2_j + y^2_{j+1}))) ≠ 0 (2) ⟨N(p_{m−1+j} , p_{m+j} ), p_i⟩(y_j = y_{j+1} = y_k = 0, t_k = 1) = 2(x_i ∓ x_{m+1}) ≠ 0 (3) ⟨N(p_{m−1+j} , p_{m+j} ), p_k⟩(y_j = y_{j+1} = y_i = 0, t_i = 1) = 2(x_k ± x_{m+1}) ≠ 0 (4) ⟨N(p_{m−1+j} , p_{m+j} ), p_{m−1+i} ⟩(y_j = y_{j+1} = t_i = x_m = 0, y_i = x_{m+1} = 1) = ∓2t_k ≠ 0 □ Since an almost-hyperhermitian structure H cannot fix a 2-dimensional distribution, the previous theorem gives also line 7 of the table.

Let now S be the never-vanishing vector field given by complex multiplication on S^m. Denote by I^{m,n} the Calabi-Eckmann Hermitian structure given by I^{m,n}(T ) = S.

Theorem 3.3. The Calabi-Eckmann complex structure I^{m,n} on S^m × S^n coincides with the almost-Hermitian structure I_P , namely I^{m,n}(p_i) = p_{i+1}, if i is odd, I^{m,n}(p_i) = −p_{i−1} , if i is even.

Proof. Using the Hopf fibrations of S^m and S^n, one is left to show that I_{P |Sm×S 1} = I^{m,n}_{|Sm×S 1} , I_{P |S1×S n} = I^{m,n}_{|S1×S n} ,

and formulas b_m =

∑_{n+1}

j=1 y_j p_{m−1+j} , b_{m+1} =

∑_{n+1} j=1 t_j p_{m−1+j} gives I_{P |Sm×S 1} = I_B = I^{m,1} = I^{m,n}_{|Sm×S 1} . The same way, using the frame B on S^1 × S^n given by b_j = N_j − y_j S, j = 1, . . . , n + 1, one gets I_{P |S1×S n} = I_B = I^{1,n} = I^{m,n}_{|S1×S n} , and this completes the proof. □

The following corollary proves the second footnote in the table. Corollary 3.4. All integrable almost-Hermitian structures on S^m × S^n in the symmetric orbit S_{m+n}I_P , m, n odd, are biholomorphic to the Calabi-Eckmann Hermitian structure I^{m,n}.

Proof. Given any permutation π of {1, . . . , m + 1}, the automorphism f_π of S^m × S^n given by (x_1, . . . , x_{m+1}, y) → (x_{π(1)} , . . . , x_{π(m+1)} , y) satisfies df_π (p_{π(i)} ) = p_i, i = 1, . . . , m − 1.

If I is an integrable almost-Hermitian structure in S_{m+n}I_P , then a permutation π = π(I) can be defined such that f_π is a biholomorphism between I and I_P . □

4. Special structures

Theorem 4.1. The G_2-structure φ_B on S^6 × S^1, the Spin(7)-structure ϕ_B on S^7 × S^1 and the Spin(9)-structure Φ_B on S^{15} × S^1 are locally conformal parallel.

Proof. Denote by B̃ the frame {x_i∂_{xi} }. The proof follows from the fact that the G_2-structure φ_{B̃} on R^7 \ 0, the Spin(7)-structure ϕ_{B̃} on R^8 \ 0 and the Spin(9)- structure Φ_{B̃} on R^{16} \ 0 are globally conformal parallel. □

Remark 4.2. The previous theorem partially proves lines 3, 4, 5 of the table. That φ_B, ϕ_B and Φ_B actually coincide with the structures defined in [Cab97], [Cab95] and [Fri99] respectively is a more ticklish question, and it is here just stated.

Only lines 8 and 9 are then left over. Recall that a G-structure of general type, for G = G_2 or Spin(7), means a structure which does not belong to any proper subclass of W in the classifications given in [FG82] and [Fer86]. Using structure equations for B and P, the problem of checking that a fixed structure belongs to a particular subclass can be translated in a linear algebra problem, and can be solved by a computer calculation. Since the symmetric group is finite, symmetric orbits can be tackled this way, and this is how the following theorem was proved:

Theorem 4.3. The G_2-structures in S_7φ_P on S^4 × S^3 and S^2 × S^5 are all of general type. The Spin(7)-structures in S_8ϕ_P on S^7 × S^1, S^5 × S^3, S^3 × S^5 and S^1 × S^7 are all of general type.

References

[Bru92] M. Bruni, Sulla parallelizzazione esplicita dei prodotti di sfere, Rend. di Mat., serie VII 12 (1992), 405–423.

[Cab95] F. M. Cabrera, On Riemannian manifolds with Spin(7)-structure, Publ. Math. Debrecen 46 (1995), 271–283.

[Cab97] F. M. Cabrera, Orientable Hypersurfaces of Riemannian Manifolds with Spin(7)- Structure, Acta Math. Hung. 76 (1997), no. 3, 235–247 (English).

[Fer86] M. Fernández, A Classification of Riemannian Manifolds with Structure Group Spin(7), Ann. di Mat. Pura e Appl. 148 (1986), 101–122.

[FG82] M. Fernández and A. Gray, Riemannian manifolds with structure group G_2., Ann. Mat.

Pura Appl., IV. Ser. 132 (1982), 19–45 (English).

[Fri99] Th. Friedrich, Weak Spin(9)-Structures on 16-dimensional Riemannian Manifolds, 1–35 (English), electronic preprint: math.DG/9912112 15 Dec 1999.

[Ker56] M. Kervaire, Courbure intégrale généralisée et homotopie, Math. Ann. 131 (1956), 219– 252 (French).

[Par00] M. Parton, Hermitian and special structures on products of spheres, tesi di dottorato, Pisa 2001.

Dipartimento di Matematica, Università degli Studi di Pisa, via F. Buonarroti 2, 56127 Pisa (Italy).

E-mail address: parton@dm.unipi.it