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The variational Problems

M"™ a Riemannian manifold
f: M" — N™P jsometric immersion of a closed manifold M into
N.

e /1 - the mean curvature vector of the immersion
e o - the second fundamental form of the immersion;

If du = dupys denotes the Riemannian measure on M, we define the
following functional

(M) =/ el dpe, (1)
M

and view 1t as functionals defined over the space of all isometric 1m-

mersions of M into M.
Remark 1.

1. A totally geodesic submanifold of /V 1s an minimizer for (1).

2. ¢ 1s a measure of how far the submanifold is to be totally geodesic.

We also considerer the Wilmore functional given by

v = [ HIdp )
M

and also view it as functionals defined over the space of all isometric

immersions of M into M.
Remark 2.

1. A minimal submanifold of /V is an minimizer for (2).

2.V 1s a measure of how far the submanifold is to be minimal.

In the case when the background manifold 1s the space form of cur-
vature ¢, we introduce for consideration a third functional given by

Oc(M) = /M<n<n e+ [|H|?) dps. 3)

When ¢ = 1, we denote O, simply by ©.

Critical points

e f: (—a,a)M — N be a one parameter family of deformations of
M.

o My = f(t,M)fort € (—a,a),and My = M.
e Given apointp € M, welet {x1,...,zy,,t} be a coordinate system

of M x (—a, a), valid in some neighborhood of (p, 0), and such that
{x1,...,z,} are normal coordinates of M at p.

e /' the variational vector field of the deformation.

We would like to compute the ¢-derivative of ®(M;) att = 0. The next
result gives the Euler-Lagrange equation for (1). For convenience, we
use the standard double index summation convention.
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Theorem 3. Let f : (—a,a)M — N be a deformation of an iso-
metrically immersed submanifold f : M — f(M) C N into
the Riemannian manifold (N,q). We set My = f(t, M), have
My = M, and let {ey, ..., en} be an orthonormal frame of My
forallt € (—a, a). Then the infinitesimal variation of

(M) = /M\IOéHQdu,

is given by
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M is a a critical point of the functional

v = [ HIdp
M
if, and only if,
2Ah = 2cnh — QhHVZZ,VlHZ — h? + 2h trace A%l :
and for all m in the range 2 < m < p, we have that
0 = 4de;(R){Ve1, vm) + 2hei(V e, vm) — 20{Vev1, Vivm)

+2h trace Ay, Ay,

And M is a critical point of the functional (3) if, and only, if, the
last p—1 equations above hold, and the one before these is replaced
by

2Ah = (3n — n?)ch — QhHVZiylHQ — h3 + 2h trace A12/1 .

- J

In particular, a hypersurface M 1n S?H 1s a critical point for the
functional

(M) = /MH&HQdu,

if, and only if, its mean curvature function A satisfies the equation
OAh = 2ch — hla||* + 20k + - + k),

while M 1s a critical point of the functional

2
v = [ HIdp
M
if, and only if, its mean curvature function A satisfies the equation

2Ah = 2enh + 2h||o||* — B

Gap Theorems in spheres

Let us begin by recalling the gap theorem in a form suit-
able to our work (see [Theorem 5.3.2, Corollary 5.3.2](Simons)
[Main Theorem](Chern-do Carmo-Kobayashi),[Corollary 2](Law-
son).):
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Theorem 4. Suppose that M" < S P is an isometric minimal im-
mersion. Assume that the pointwise inequality ||a||> < np/(2p — 1)
holds everywhere. Then

1. Either ||a||* = 0, or

2. ||e||? = np/(2p — 1) if. and only if, either p = 1 and M" is the
minimal Clifford torus S™(\/m/n) x S"~"(y/(n —m)/n) C
S"H 1 < m < n, with ||a||? = n, orn = p = 2 and M is the
real projective plane embedded into S by the Veronese map with
le|* = 4/3.
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For an immersion M < M, we let 77 denote the normal vector in the
direction of the mean curvature vector , and denote by A, and V¥
the shape operator in the direction of vz and covariant derivative of
the normal bundle, respectively. We consider immersions that satisfy
the estimates

2 2 2 2
—MH[" = n < trace A, — [|[H|” = [[V7 vyl

9 9 9 np 4)
< flall? = [1HI? = 19*v | < 72

for some constant \. Notice that ||4,,||> = trace A%H is bounded

above by ||« 2. and so the second of the inequalities above 1s always
true. Our first result 1s the following:
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Theorem 5. Suppose that (M", g) is a closed Riemannian manifold
isometrically immersed into S"P as a critical point of the func-
tional ® above, and having constant mean curvature function || H ||.
Assume that the immersion is such that (4) holds for some constant
A € 10,1/2). Then M is minimal, and so it is a critical point of the
functional © also, 0 < ||||? < np/(2p — 1), and either

1. ||]|? = 0, in which case M lies in an equatorial sphere, or

2. |||l = np/(2p — 1), in which case either p = 1 and M™ is
the Clifford torus S™(v/m/n) x S""™(\/(n —m)/n) C S"T,
1 < m < n, with ||a||* = n, orn = p = 2 and M? is the
real projective plane embedded into S by the Veronese map with
lee||? = 4/3 and scalar curvature 2/3, all cases of metrics with
nonnegative Ricci tensor.
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We now consider immersions that satisfy the estimates

2 2 2 2 np
—MH[]" =1 < [l = [[H]]" = [V*vgll S 1 ()

for some constant A. Here, {v;} is an orthonormal frame of the normal
bundle.

Our second result distinguishes further the critical points of W ob-
tained in Theorem 5.
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Theorem 6. Suppose that (M", g) is a closed Riemannian manifold
isometrically immersed into S"P as a critical point of the func-
tional V above, and having constant mean curvature function. As-
sume that the immersion is such that (5) holds for some constant
A € 10,1). Then M is minimal, and so a critical point of V and ©
also, 0 < ||a||? < np/(2p — 1), and either

1. ||]|? = 0, in which case M lies inside an equatorial sphere, or

2. ||| = np/(2p — 1), in which case either n = p = 2 and M
is a minimal real projective plane with an Einstein metric em-
bedded into S*, or p = 1, n = 2m and M is the Clifford torus
S™(\/1/2)xS™(\/1/2) C ST with its Einstein product metric.
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The following observation follows easily, but it emphasizes the fact
that among these submanifolds, we have some that are critical points
of the total scalar curvature functional among metrics in M realized
by isometric immersions into the sphere S" 7.
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Corollary 7. Let (M, g) be a closed Riemannian manifold that is
canonically placed in S" P with constant mean curvature func-
tion and satisfying (5) for some A € (0,1). Then M is a min-
imal critical point of the total scalar curvature functional under
deformations of the isometric immersion, and either ||| = 0 or
lae||? = np/(2p — 1). In the latter case, (M, g) is Einstein and the
two possible surface cases in codimension p = 1 and p = 2 corre-
spond to Einstein manifolds that are associated to different critical
values of the total scalar curvature.
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It 1s slightly easier to prove our first gap result by replacing the role
that the functional ® plays by that of the functional ©, and derive the
same conclusion. The point is not the use of critical points of © ver-
sus those of ®. Rather, since the curvature of the sphere 1s positive,
if the second fundamental form 1s pointwise small in relation to the
mean curvature vector, the constant mean curvature function condi-
tion forces the critical points of these functionals to be the same, and
minimal.

Gap theorems in space of negative curvature

The natural gap theorem for the functionals W or ¢ themselves that
we can derive 1s somewhat dual to that proven for minimal immer-
sions 1nto spheres, and occur on quotients of space forms of negative
curvature instead.

We recall that a closed hyperbolic manifold is of the form H"* /T
for I a torsion-free discrete group of isometries of H'*. We have the
following:
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Theorem 8. Let M be a critical point of (2) on a hyperbolic com-
pact manifold H" P /T. If the pointwise inequality 0 < ||| —
%HHH2 — |\V¥vgl|? < n holds on M, then either |H||?> = 0 and
M is minimal, or ||a|]* = %HHH2 +n = ||Ay,||* and M is a non-
minimal submanifold whose mean curvature vector is a covariantly
constant section of its normal bundle.
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For the functional (1), we have the following gap result in this frame-
work:
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Theorem 9. Let M be a critical point of (1) on a hyperbolic com-
pact manifold H" P /T. If the pointwise inequality

ol ((3=35) lal® = I1HI?) < (llall® + 2 H|%)

holds, then either ||H||> = 0 and M is a minimal submanifold,
or n < 5, the equality above holds, ||a|* = ||Ay,||? and M is a
submanifold whose mean curvature vector is a covariantly constant
section of its normal bundle.

\ J
For the proot we need the following Lemma:
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Lemma 10. Let (M, g) be a Riemannian manifold isometrically im-
mersed into (M, ), and consider the degree 1-homogeneous func-

tion
trace (AV1 > Agj)
e[|

At a critical point we have that

| (ledl” + 2] Au %)

trace | Ay A2 | =
1%: K n+ 2l H|]?/[lel*
the maximum occurs when ||a||? = || Ay, ||, and so

31| H ||| er]|?
trace Ayle%j < | !HQH
J
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Proof of the Lemma. We have that

D n
) 1 1k 1k
trace AmZAV]- :S: S: hishslhli7
J

k=11,0,5=1

and so the function of the hfj
% n 1 1k 1k
e 2il s=1 Pushighy;

2
trace (AV1 Zj ij) B LW R
ol S 5 ()

s under consideration is defined by

outside the origin, and extended by continuity everywhere. Its criti-
cal points subject to the constraints, are the solutions of the system of
equations, where A1, ..., A, are the Lagrange multipliers:

P n n n
D> b+ Y iy £ hoshi,
1=1 s=1

k=1 [=1

p
=Y (R 0w Y A
kooij j=1

If we multiply by h/,, and add in u, v and r, we obtain the relation
2 2 4
HOzH trace AV1 ZAVj — AthO‘H ;
J
while if we set w = v, »r = 1 and add in u, we obtain that
lallP(lall? + 2] A7, |IF) = 2htrace | Ay, > Ay | = Anlla]*.
J

A simple algebraic manipulation yields the stated equality at critical
points, and the statement about the maximum 1s then clear. As we
have assumed that n > 2, the inequality follows. L]
Proof of the Theorem. We use once again the critical point equation

given by Theorem 3, and obtain that

0 < 2/hAhd;Lg = /hQ(—2—2HVZZ-V1||2

1
2 2
—||a]|” + QEtrace Ay, g Ay )dpg .
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By Lemma 10, we have that

3l
n+ 2| H]2/] ]|

1
—2— HozHQJrQ%trace Ay, Z A%j < —2—|la|]*+2
J

and the stated 1nequality 1s equivalent to the right side of this expres-
sion being nonpositive. Thus, either 7 = 0 or the right hand side of
the expression above vanishes and the equality holds, and V¥ = 0.
In the latter case, h;fj = O forall » > 2 and H = hvy i1s a covariantly

constant section of v(M). []



