
New Trends in Differential Geometry

Admissible metrics on contact
manifolds

Antonio Lotta

Università di Bari
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(M,η) contact manifold of dimension N = 2n+ 1, n ≥ 1.

D := Ker(η) contact distribution

The skew-symmetric Levi-Tanaka form

Lη(X,Y ) := −dη(X,Y ) X,Y ∈ ΓD

is nondegenerate.

ξ := Reeb vector field

η(ξ) = 1, dη(X, ξ) = 0 ∀X ∈ X(M)
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Theorem (Blair, 1976)

A contact manifold of dimension ≥ 5 cannot admit any flat associated
Riemannian metric.

A metric g is associated to η if:

ξ = η]

There is a subordinated almost CR structure (D, J), i.e.

J := (Lη)] : D→ D satisfies J2 = −Id

If J is integrable  (M,J, η) is a pseudohermitian manifold

J admits a canonical extension ϕ : TM → TM such that ϕ(ξ) = 0

(M,ϕ, ξ, η, g) is termed a contact metric manifold

Theorem (Olszak, 1979)

Let g be an associated metric on (M,η), dim(M) ≥ 5, with constant
sectional curvature c. Then c = 1 and the metric is Sasakian.

Sasakian metric : J is integrable + ξ is Killing
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Blair’s conjecture:

non existence of contact metric manifolds having
nonpositive curvature, with the exception of the flat 3-dimensional case

Theorem (Rukimbira, 1998)

A compact contact manifold cannot admit any associated metric of
negative curvature.

Application of a result of Zeghib on geodesic plane fields (1995)
The integral curves of ξ are geodesics

Conjecture also confirmed in the (k, µ) class:

R(X,Y )ξ = k(η(Y )X−η(X)Y )+µ(η(Y )hX−η(X)hY ), h :=
1

2
Lξϕ.
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Antonio Lotta (Università di Bari) Admissible metrics on contact manifolds 4 / 14



Blair’s conjecture: non existence of contact metric manifolds having
nonpositive curvature, with the exception of the flat 3-dimensional case

Theorem (Rukimbira, 1998)

A compact contact manifold cannot admit any associated metric of
negative curvature.

Application of a result of Zeghib on geodesic plane fields (1995)
The integral curves of ξ are geodesics

Conjecture also confirmed in the (k, µ) class:

R(X,Y )ξ = k(η(Y )X−η(X)Y )+µ(η(Y )hX−η(X)hY ), h :=
1

2
Lξϕ.
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Blair’s conjecture in the homogeneous case

Theorem (L, 2010)

Let (M,ϕ, ξ, η, g) be a homogeneous simply connected contact metric
manifold having nonpositive sectional curvature. Then
M is 3-dimensional, flat, and it is equivalent to the Lie group Ẽ(2),
endowed with a left invariant contact metric structure.

Actually, a more general result holds.

Definition

Let (M,η) be a contact manifold. A Riemannian metric g on M will be
called admissible if ξ = η] i.e. the Reeb vector field ξ is of unit lenght
and orthogonal to the contact distribution D with respect to g.

Every associated metric is admissible.

Theorem

Let (M,η) be a homogeneous simply connected contact manifold of
dimension N ≥ 5. Then M does not admit any admissible homogeneous
Riemannian metric g having nonpositive curvature.
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Remarks about the proof

The 3-dim simply connected homogeneous contact metric manifolds have
been completely classified by Perrone (1998) :

Ẽ(2) is the unique such manifold having nonpositive curvature (it is flat)

We can assume dim(M) ≥ 5 and g admissible

G := Ig(M) ∩Aut(M,η) structure group
General fact (Heintze,Azencott,Wilson): G contains a solvable simply
transitive Lie subgroup S;

We can identify M with the group S

Claim: (S, g) is flat ⇒ Contradiction, according to:

Theorem (Diatta, 2008)

A contact Lie group of dimension at least five does not admit any left
invariant flat metric.

The Claim is proved using the structure theory for (s, 〈 , 〉)
(Azencott,Wilson, Alekseevskii, Wolter)
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Question: does Blair-Olszak result hold for admissible metrics (not
necessarily associated)?

We shall give an answer within the class of Levi-parallel contact
Riemannian manifolds

Proposition

Let (M,η) be a contact manifold endowed with an admissible metric g.
Then there exists a unique connection ∇̃ on M such that

1 ∇̃η = 0;

2 ∇̃g = 0;

3 g(T̃ (X,Y ), Z) = 0 for any X,Y, Z ∈ ΓD;

4 the tensor τ : D→ D defined by

τX = T̃ (ξ,X) ∀X ∈ ΓD

is symmetric with respect to g.

For g an associated metric: ∇̃ is the Tanno connection;
for pseudohermitian manifolds it is the Tanaka-Webster connection;
For contact sub-Riemannian symmetric manifolds: connection used by
Falbel & Gorodski (1995)
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Antonio Lotta (Università di Bari) Admissible metrics on contact manifolds 7 / 14



Question: does Blair-Olszak result hold for admissible metrics (not
necessarily associated)?
We shall give an answer within the class of Levi-parallel contact
Riemannian manifolds

Proposition

Let (M,η) be a contact manifold endowed with an admissible metric g.
Then there exists a unique connection ∇̃ on M such that

1 ∇̃η = 0;

2 ∇̃g = 0;

3 g(T̃ (X,Y ), Z) = 0 for any X,Y, Z ∈ ΓD;

4 the tensor τ : D→ D defined by

τX = T̃ (ξ,X) ∀X ∈ ΓD

is symmetric with respect to g.

For g an associated metric: ∇̃ is the Tanno connection;

for pseudohermitian manifolds it is the Tanaka-Webster connection;
For contact sub-Riemannian symmetric manifolds: connection used by
Falbel & Gorodski (1995)

Antonio Lotta (Università di Bari) Admissible metrics on contact manifolds 7 / 14



Question: does Blair-Olszak result hold for admissible metrics (not
necessarily associated)?
We shall give an answer within the class of Levi-parallel contact
Riemannian manifolds

Proposition

Let (M,η) be a contact manifold endowed with an admissible metric g.
Then there exists a unique connection ∇̃ on M such that

1 ∇̃η = 0;

2 ∇̃g = 0;

3 g(T̃ (X,Y ), Z) = 0 for any X,Y, Z ∈ ΓD;

4 the tensor τ : D→ D defined by

τX = T̃ (ξ,X) ∀X ∈ ΓD

is symmetric with respect to g.

For g an associated metric: ∇̃ is the Tanno connection;
for pseudohermitian manifolds it is the Tanaka-Webster connection;

For contact sub-Riemannian symmetric manifolds: connection used by
Falbel & Gorodski (1995)
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∇̃ will be called the canonical connection associated to (η, g).

It induces a connection on the vector bundle D.
Significance of τ : τ = 0 ⇐⇒ ξ is Killing.

Definition

We say that (M,η, g) is a Levi-parallel contact Riemannian manifold if
the Levi-Tanaka form Lη is parallel with respect to ∇̃.

Remark

If g is an associated metric: Levi-parallel ⇐⇒ J is integrable

Reformulation of a result of Tanno (1989)
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Antonio Lotta (Università di Bari) Admissible metrics on contact manifolds 8 / 14



∇̃ will be called the canonical connection associated to (η, g).

It induces a connection on the vector bundle D.
Significance of τ : τ = 0 ⇐⇒ ξ is Killing.

Definition

We say that (M,η, g) is a Levi-parallel contact Riemannian manifold if
the Levi-Tanaka form Lη is parallel with respect to ∇̃.

Remark

If g is an associated metric: Levi-parallel ⇐⇒ J is integrable

Reformulation of a result of Tanno (1989)
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g admissible metric on (M,η)

Let ϕ := (Lη)] : D→ D (can be extended to TM requiring ϕ(ξ) = 0)

(M,η, g) is Levi-parallel ⇐⇒ ∇̃ϕ = 0

Consequence of the parallelism:

The spectrum S of ϕ2 : D→ D consists of negative constants

S will be called the spectrum of (M,η, g)
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Basic example with prescribed spectrum

(V,<,>) Euclidean vector space
Θ : V × V → R symplectic form

m := V ⊕ R

Nilpotent Lie algebra structure:

[X,Y ] := Θ(X,Y ) X,Y ∈ V

M = simply connected Lie group with Lie(M) = m

M carries a standard left-invariant Levi-parallel contact Riemannian
structure (η, g) with Lη = 1

2Θ

In this case ξ is Killing (τ = 0) (Sasakian type).
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The Einstein case

Theorem (Dileo-L,2011)

Let (M,η, g) be a Levi-parallel contact Einstein Riemannian manifold
with dim(M) ≥ 5.

Assume the Jacobi operator

l := X 7→ R(X, ξ)ξ

satisfies ∇ξl = 0. Then

ξ is Killing and l = −ϕ2.

In particular, all ξ-sectional curvatures are positive.

Corollary

Let (M,η, g) be a Levi-parallel contact Riemannian manifold. Assume
dim(M) ≥ 5. If M has constant sectional curvature c, then

c > 0, ξ is Killing, and S = {−c}.
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Basic ingredients of the proof

Two formulas hold for any Levi-parallel (M,η, g):

• Comparison of Ricci tensors:

s(X,Y ) = Ric(X,Y )− 2g(ϕ2X,Y ) + g((∇ξτ)X,Y ) ∀X,Y ∈ ΓD

• For Y ∈ D(λ) eigendistribution of ϕ2, λ ∈ S

s(ϕX,ϕY ) = −λs(X,Y ) + 2(2λ− tr(ϕ2))g(τϕX, Y ) ∀X ∈ ΓD
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Einstein examples with non-trivial spectrum

(M1, J1, g1), . . . , (Mk, Jk, gk) Kähler-Einstein with c1(Mi) > 0

π : P → B non trivial principal S1-bundle B := M1 × · · · ×Mk

e(P ) =
∑

biπ
∗
i αi, bi ∈ Z c1(Mi) = qiαi, αi ∈ H2(Mi,Z)

Theorem (Wang-Ziller, 1990)

Up to scaling there exists a unique Einstein metric g on P such that
π : (P, g)→ (B, go) is a Riemannian submersion with totally geodesic
fibers and

go = x1g1 ⊥ · · · ⊥ xkgk, xi > 0.

(P, η, g) is a Levi-parallel contact Riemannian manifold, where

η connection form with dη = π∗(
∑

biπ
∗
i Ωi).

S depends on the constants x1, . . . , xk, b1, . . . , bk.
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Classification in the locally symmetric case

Theorem (Dileo-L,2011)

Let (M,η, g) be a Levi parallel contact locally symmetric Riemannian
manifold of dimension 2n+ 1 6= 3, 7.

Then either M has constant
sectional curvature c or M is locally isometric to the Riemannian product

E(n+1) × Sn(4c).

In both cases, S = {−c}.

This generalizes a result of Ghosh and Sharma (1999) for
pseudohermitian manifolds.

For general contact metric manifolds:
5-dimensional case solved by Blair, Sierra (1993) and Pastore (1998)

General case: Boeckx-Cho (2006) (computer aided).
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This generalizes a result of Ghosh and Sharma (1999) for
pseudohermitian manifolds.

For general contact metric manifolds:
5-dimensional case solved by Blair, Sierra (1993) and Pastore (1998)

General case: Boeckx-Cho (2006) (computer aided).

Antonio Lotta (Università di Bari) Admissible metrics on contact manifolds 14 / 14



Classification in the locally symmetric case

Theorem (Dileo-L,2011)

Let (M,η, g) be a Levi parallel contact locally symmetric Riemannian
manifold of dimension 2n+ 1 6= 3, 7.Then either M has constant
sectional curvature c or M is locally isometric to the Riemannian product

E(n+1) × Sn(4c).

In both cases, S = {−c}.

This generalizes a result of Ghosh and Sharma (1999) for
pseudohermitian manifolds.

For general contact metric manifolds:
5-dimensional case solved by Blair, Sierra (1993) and Pastore (1998)

General case: Boeckx-Cho (2006) (computer aided).

Antonio Lotta (Università di Bari) Admissible metrics on contact manifolds 14 / 14



D. V. Alekseevskii, Homogeneous Riemannian spaces of
negative curvature. Mat. Sb. 25 (1975), 87–109; English translation.
Math. USSR-Sb. 96 (1975), 93–117.

R. Azencott and E. N. Wilson, Homogeneous manifolds with
negative curvature. I, Trans. Amer. Math. Soc. 215 (1976), 323–362.

R. Azencott and E. N. Wilson, Homogeneous manifolds with
negative curvature. II, Mem. Amer. Math. Soc. 8 (1976), no. 178,
iii+102pp.

D. E. Blair, Riemannian geometry of contact and symplectic
manifolds, Progr. Math. 203, Birkhäuser, Boston, 2002.
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