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Abstract

We deal with a filtering problem of a general jump-diffusion process, X, when the observations process,
Y, is a correlated jump-diffusion having common jump times with X. In this frame, at any at time ¢ the
o-algebra FY provides all the available information about X; and the central goal is to characterize the
filter, m¢, that is the conditional distribution of X; given observations Fy . To this aim, we prove that
solves Kushner-Stratonovich equation and by applying the Filtered Martingale Problem approach ([18]),
that it is the unique weak solution to this equation. Under an additional hypothesis we provide also
a pathwise uniqueness result. As an application, we consider a financial market where Y describes the
logreturn process of a risky asset S whose dynamics depends on an unobservable stochastic factor X.
Investors acting on the market can access only to the information flow given by {ff}te[o,T] = {J-',}’}te[o,T],
generated by stock prices. Thus, we are in presence not only of an incomplete market situation but also
of partial information. Assuming the price S of the risky asset modeled directly under a martingale
measure we study a risk-minimizing hedging problem, under restricted information, whose solution can
be computed via the filter by using a projection result ([26]) .
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1. Introduction

In this paper we consider a partially observed system (or filtering model), (X,Y"), where the signal X follows
a general jump-diffusion process and the observation Y is a correlated jump-diffusion having common jump
times with X. As usual in a filtering model, the signal X cannot be directly observed but we can only observe
a stochastic process, Y, related to X. At any time ¢ the o-algebra F} gives all the available information
about X;. The central goal of filtering theory is to characterize the conditional distribution of X; given the
observation FY | which provides the most detailed description of our knowledge of X;. Filtering applications
arise in a great variety of engineering problems, informational sciences and recently in mathematical finance.
In particular in this note we deal with a financial application.

Filtering problems have been widely investigated in literature mainly in two cases: when Y; gives observations
of X} in additional Gaussian noise (see for example [17, 21, 18]) and when Y; is a counting process or a marked
point process (see [3, 20, 12, 6, 7, 4] and reference therein).

The case of mixed type observations (marked point processes and diffusions) has been studied in [13, 14, 5].
All these papers analyze the situation in which the information flow has the structure F/* V F!, where
m(dt,dx) is a marked point process whose dynamics is influenced by a stochastic factor X and 7 gives
observations of X in additional Gaussian noise. Anyway, in this note it is considered the situation where the
observation is a general jump-diffusion process, that to the authors’ knowledge, has not been investigated
into existing literature. In a credit derivatives framework, in [13] the marked point process component is
given by the default indicator process and in [14] by the loss-state of the portfolio. Both of the models
assume intensities of default times to be influenced by the stochastic factor X, and the additional Gaussian
noise to be independent from X and m(dt,dx). The hypothesis of independence turns to be crucial in [13]
for applying a reference probability approach in order to reduce the filtering problem to the case where the
information flow consists only of the default history.
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As in [14, 5], we follow an alternative route based on the innovation method which allows us to take into
account the case where the signal X and the observation Y are correlated processes. By the innovation
method and an F} -martingale representation theorem we write down the Kushner-Stratonovich equation
(KS-equation) that the filter solves. The filtering equation is derived in [14] in the case where the state
process X is modeled as a finite-state Markov chain without common jump times with m(dt, dz) and in [5]
in the case where the state process X is a jump-diffusion that allows common jump times with m(dt, dzx).
Anyway, the filtering equation derived in [5] is quite similar to that obtained herein, even if the structure
of the information flows are different. But, in this paper under weaker conditions we characterize the filter
as the unique weak solution to KS-equation. Moreover, we give pathwise uniqueness under an additional
constraint.

As an application we consider a financial market with a bond and a risky asset, whose price dynamics, .5,
follows a geometric jump-diffusion. We assume the logreturn process Y, to be affected by an unobservable
stochastic factor, X, which may describe the activities of other markets, macroeconomics factors or mi-
crostructure rules that drive the market. The dynamics of Y and X may be strongly dependent, as provided
in the filtering model (X,Y") considered before, in particular these two processes are correlated and may have
common jump times. This means that the model considered takes into account also the possibility of catas-
trophic events, which influence both the asset prices and the hidden state variable driving their dynamics. In
this frame investors acting on the market get access only to the information flow, {F; beeo, ) = {FY Feeqo,)s
generated by the stock price. We assume the risky asset S to be modeled directly under a martingale measure
and we deal with the hedging of a contingent claim by the risk minimization criterion which is well suited
to deal with restricted information in such a setting (see [26]).

The paper is organized as follows. The filtering model is described in Section 2. The main result, which
establishes a characterization of the filter as the unique solution to the Kushner Stratonovich equation is
given in Section 3. The proofs of weak and strong uniqueness for this equation are postponed in Appendix
B. Here we deduce these results from uniqueness for the filtered martingale problem ([18]). The topic of
Section 4 is a financial application of the filtering problem; we discuss the risk minimization hedging problem
under restricted information.

2. The filtering model

A partially observed system (X,Y’), where X is the unobservable component (state process) and Y the
observable one, on a stochastic basis (Q, F, (ft)t€[0’T]’ P)7 is described by the following system of stochastic
differential equations:

dX;y = bo(t, Xy)dt + cro(t,Xt)thO +/ Ko(t, X;—, Q)N (dt,d(); Xo=z0€R
zZ
(2.1)
d}/;f = bl(ta Xtvift)dt + Jl(tv )/t)thl + / Kl(tht_vyvt_vé-)N(dtv dc)’ YO =1Yo € R
Z

Here N(dt,d¢) is a Poisson random measure on Rt x Z, and v(d¢)dt represents its intensity. Note that
v(d¢) is a o—finite measure on a measurable space (Z,Z). The processes W and W} are correlated
(P, Fi)-standard Brownian motions with correlation coefficient p € [—1,1]. The R-valued functions by (¢, x),
bi(t,x,y), oo(t,x) > 0,01(t,y) > 0, Ko(t,z,() and K; (¢, z,y, () are measurable functions of their arguments.
Let us remark that in the dynamics of the observation process Y, the diffusive coefficient does not depend
on the state process X, although the drift does.

From now on we will write b;(¢), o;(¢), K;(t,¢), ¢ = 0,1, for bo(t, X¢), b1 (t, X+, Y2), o0(t, Xt), 01(t, Yz), Ko(t, X
and K (t, X;—,Y;—, () respectively, unless it is necessary to underline the dependence on the processes in-

volved.

We assume some requirements for (2.1) to be well defined

T T T
; v 00 i 00, o2 oo, 1=0,1, .
]E/O /Z|Kz(t,<)| (d¢)dt < o0, E/O |b; (¢)|dt < IE‘,/O “(t)dt < 0,1 (2.2)

under these constraints, both of the processes X and Y have finite first moment.

)
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We also assume strong existence and uniqueness for the system (2.1). Sufficient conditions are summarized
in Appendix A. In particular, these assumptions imply that the pair (X,Y) is a (P, F;)-Markov process.

We denote by (F) );>o the filtration generated by the observation process Y until time ¢. In the partially
observed system considered in this note, at any time ¢, the o-algebra FY provides all the available information
about the signal X;.

By defining P(R) the space of the probability measures over R, it is known that there exists a P(R)-valued
FY -adapted process, m;, such that

m(f) = E[f(t, X0) | 7] (2.3)
for any bounded and measurable function f(¢,x) on [0,7] x R. Since X is a cadlag process, there exists a

version of m; with cadlag paths (see for instance [18]).

From now on we will write ﬁt for the (P, FY )-optional projection of a progressively measurable process
Rt, satisfying E|R;| < oo, defined as the unique optional process such that for any JFY -stopping time T,
R, = E[R,|FY] as. on {7 < oo}

With this notation we can write the F} -optional projection of a process f(t, X¢), as

—

ft,Xe) = m(f).

In this case fm) has cadlag trajectories (it can happen to use both of the notations, fﬁ) and m(f)).

Remark 2.1 In the sequel we will use two well-known facts: for every (P, Fi)-martingale my, the projection
my is a (P, FY)-martingale and that for any progressively measurable process W, with IEfOT |y |dt < oo,

o —

T T
/ U, dt — / W, dt
0 0
is a (P, FY)-martingale. Note that this implies that EfOT U, dt = EfOT Uyt .

We will also need the following result.

Proposition 2.2 Let (my);>0 be a (P, F;)-local martingale. If there exists a localizing sequence (Tp)nen of
FY -stopping times for my, then my is a (P,F})-local martingale.

Proor.
By a standard calculation we get, V0O <s<t<T < o0

E [fune, | ] = E[E [mune, [Fins, ] 17)]
= E[E [minn, |Fnr,] Lrssl FY ]+ E [E [minr, | Fins, ] T, <ol 7Y ]
= E [E I:mt/\Tn|fS] U:sy] m>s TE [m7n| -r,J Th<s
= Mspr,
Hence Mignr, is a (P, F} )-martingale and this prove the statement. 0
Let us introduce the integer-valued random measure associated to the jumps of the process Y

m(dt,dz) = Y §(sav.y(dt,dz) (2.4)
s:AYs#0

where J, denotes the Dirac measure at the point a. Note that the following equality holds

/ /:cm ds,dzx) / /K1 N(ds,d¢) (2.5)



and, in general, for any measurable function g : R — R

t t
/ /g(x) m(ds,dx) = / / Iy, (s,0)2019 (K1 (s,¢)) N(ds, dC). (2.6)
0 JR 0 Jz
For all ¢t € [0, 7], for all A € B(R), we define
d°(t,x) = {¢ € Z : Ko(t,,() # 0}, d'(t,x,y) = {¢ € Z: Ki(t,z,y,) # 0},
d(t,z,y) ={C € Z: Ki(t,m,y,¢) € AN{0}} C d'(t,2,y), (2.7)
and finally,
Dt =d*(t, Xy, Y, ) € Dy = d'(t, X, Yy ), DY =d°(t, Xy ). (2.8)

Normally DY N Dy # ) P — a.s. and this models the fact that the state process and the observation may
have common jump times.

Under the assumption

]E/OT v(D;) ds < 0o (2.9)

in [4] (Proposition 2.2) it is proved that the (P, F;)-predictable projection ([16, 3]), m?(dt, dz), of the integer
valued measure m(dt, dz) can be written as

mP(dt, dx) = A\ (da)dt, (2.10)
where VA € B(R)
mP(dt, A) = N\ (A)dt = v(D{)dt. (2.11)

This means that v(D{!) is the (P, F;)—intensity of the point process Ny(A) = m((0,¢] x A) that counts the
jumps the process Y does until time ¢ whose widths belong to A. In particular A\; = v(D;) provides the
(P, Fi)-predictable intensity of the point process Ny = m((0,¢] x R) which counts the total number of jumps
of Y until time t.

Remark 2.3 Fquation (2.10) can be also written as
mP (dt, dz) = Moy (d)dt — / 51, (1.0 (d ) (dC)dt. (2.12)
Dy

We finally denote by v?(dt,dz) the (P, F})-predictable projection of the integer-valued measure m(dt, dx).
The following proposition, proved in [4], gives a representation of v?(dt,dz) in terms of the filter.

Proposition 2.4 The (P, FY)-predictable projection of the integer-valued measure m(dt,dz) is given by

VP (dt, dz) = Ny (dz)|i—e-dt = o (b (da))dt, (2.13)
that is, for any A € B(R)
vP = t7r7 sPs s = tﬂsfy ALY, - s. .
(©.0.4) = [ 7 un(anas = [ m (@) (214)

where m,—- denotes the left version of the process .

The last part of this section focuses on finding a martingale representation theorem for (P, FY )-martingales
which is an essential tool to derive the filtering equation. To this aim we introduce the F} -compensated
martingale random measure

m" (dt,dz) = m(dt,dz) — vP(dt, dz) = m(dt,dx) — ms- (M (d))dt, (2.15)



and, assuming

R0
E/O J%(t)dt < o0, (2.16)

I=wW}+ /Ot [211((2)) . (2)] ds. (2.17)

Let us notice that, by Remark 2.1 and assumptions (2.16),

T T
dt = IE/ |b1(t)‘dt < oo
0

il
IE/ wt(bl)‘dtg]E/m
0 o1 0 oi(t)

By extending classical results in filtering theory ([21]) to our frame we get:

we define the innovation process

b1

01

Proposition 2.5 The random process {I;}re(0.1) is a (P,F}")-Wiener process.

We write F;™ for the filtration generated by the random measure m(dt, dz). Since the innovation process I
and the random measure m(dt, dx) are F} -adapted then F™ v F/ C FY. In general the inclusion is strict,
however we will prove a representation theorem for (P, FY )-martingales in terms of the F; -compensated
random martingale measure m™(dt, dz) and the innovation process I;.

For this purpose let us consider now, the positive local martingale defined by

e[ ) [ B[ )

where £ denotes the Doléans-Dade exponential and we shall make the usual standing assumption

Assumption A: L, is a (P, F;)-martingale, that is E[Ly] = 1.

Under this last assumption we define a probability measure @ on Fr equivalent to P such that

dQ

ap |7 = L (2.19)
By Girsanov Theorem the process
t
o bi(s)
wWl=w/+ / ds 2.20
t t 0 01 (S) ( )

is a (Q, F:)-Wiener process and by (2.17),

. t
W} =1, +/ T <b1> ds; (2.21)
0 o1

hence W' is a (Q, F))-Wiener process which in turn implies that

Li = E[L|FY] = Z—gw = 5( - /Ot ws(%)dfs). (2.22)

2
Let us notice that, by Jensen’s inequality, 3 (b—l) < (%) and, by Remark 2.1, the following integrability
1

o1

T TRt
condition holds ]E/ e <2) dt = IE/ 5~ dt < oo.
0 07 o oi(t)

Before giving the claimed result, we want to underline the (P, FY )-semimartingale representation of Y’

dY, = o1 (t)dI, + {Trt(bl) + /Rz A’t?z)t(dx)} dt + /Rx m™(dt, dz). (2.23)



One can observe that again, by Remark 2.1 and assumptions (2.2),

/|7Tt b1 |dt<E/7Tt|b1|dt / |b1 |dt< o0,

furthermore taking into account (2.12),

/ / || At¢t (dz)dt = / / |z| A¢ope(dx)dt = / / |K1(t, ) |v(d¢)dt < .

Proposition 2.6 Under (2.2), (2.9), (2.16) and Assumption A, every (P, F} )-local martingale My admits
the following decomposition

M, = My + A / s, 2)m™ (ds, dz) + /Oth(s)dls (2.24)

where w(t,z) is an FY -predictable process and h(t) is an FY -adapted process such that

/T/ lw(t, )| me- (Aee(da))dt < oo, /T h(t)*dt < oo P —a.s.
o Jr 0

Proor.
Let Q be the probability measure defined in (2.19), then recalling the (2.21), W' is a (Q, ) )-Brownian
motion. Note that the following equality of o-algebras holds:

FY =FmvET (2.25)

As a matter of fact, by (2.21) we get the inclusion Y 2 F/* V ftw 1, while the other one follows from the
fact that Y; solves the stochastic differential equation driven by m(dt, dz) and W} given by

dY; = / x m(dt,dz) + o1 (t, Yt)d/WV/Q.
R

Let us note that the @Q-distribution of the pair (m,th) is uniquely determined by its (Q,F™ V .7-',}/7 1)-
predictable characteristics (see Remark 3.2 in [2]), and therefore by the (Q, F} )-predictable characteristics
because of the equality (2.25).

By applying Corollary I11.4.31 of [16], every (Q,F; )-local-martingale, J\Z, has the representation property
with respect to (m, W?!), that means that there exist two processes, h(t), F) -adapted and w(t,z), F} -
predictable, satisfying

T T
/ R*(t)dt < oo and / / |w(t, )| me— (Mege(da))dt < o0 Q — a.s.
0 o Jr
such that

M, = M0+/ h(s dVV1 // s,x)m™(ds, dx). (2.26)

Let M, be a (P, F) )-local martingale. By Kallianpur-Striebel formula M, = M,L; " is a (Q,F} )-local
martingale, where L; is defined in (2.22). Thus M; = M;L; can be computed by the product formula:

dM; = My-dL; + Ly-dM, + d(M°, L), + d | Y AM,AL,

s<t

~ ~ b
Note that dL; = —L;m, <1> dI;, and then
o1



dM, = —M,Lym, <b )dlt +L,- {/ @(t, x)m™ (dt, dz) +7L(t)th1} +d</ E(s)de,—/ L, (bl> dI,)
R 0 0 o

= —M;m, (2) dI, + / Ly @(t, z)ym™ (dt, dz) + Lyh(t) (dIt + (2) dt> — h(t)Lym, <§11> dt
R

- {th <311> +Etﬁ(t)} dI, + / Lo @(t, z)m™ (dt, dz).
R

Finally, we only need to define

w(t,z) = Li-w(t,z) and h(t) = —M,m (b1> + Lih(t). O

01

3. The filtering equation

Our purpose, in this section, is to characterize the filter that is the conditional distribution of the signal
X given the observation FY, which provides, as already said before, the most detailed description of our
knowledge of X;.

In the case of diffusion observations the filtering problem has been widely studied in literature: textbook
treatments can be found for instance in Kallianpur [17] and Lipster Shiryaev [21]. More recently, results for
pure-jump observations have been achieved (see [3, 7, 4, 12] and references therein), while few results can be
found for mixed type information which involves pure-jump processes and diffusions ([13, 14, 5]) and, to the
authors’ knowledge, this is the first time that the filtering problem is studied for a general jump-diffusions
system as the one defined in (2.1).

Several approaches have been considered in nonlinear filtering literature and among them we choose the
innovation method which consists of deriving the dynamics of the filter, the so called Kushner-Stratonovich
equation (KS-equation) and to characterize the filter itself as the unique solution to this equation. The
KS-equation plays an essential role in the study of partially observable control problems by the Hamilton-
Jacobi-Bellman approach (see for instance [8, 22, 1]).

First of all we want to recall a result proved in [7] (Corollary 2.2).
Let us denote by C,*([0, T] x R) (resp. Cp 2([0 T] x R x R)) the set of the functions f defined on [0,7] x R

(resp. [0,7] x R x R) such that f, %{, % and 2 812 (resp. 1,9 % and all the first and second derivatives with

respect to (z,y)) are bounded continuous functions.

Lemma 3.1 Under the assumptions (2.2) for i =0, and

T
IE/O v(DY)dt < o (3.1)
X; is a (P, Fy)-Markov process with generator
2
L¥ft3) = G (t0) + blt) gl + godt )5 h + [ (ke + Kota.0) - feopld). (2)

More precisely, for any function f(t,x) € C’;’Q([O,T] x R) the following semimartingale decomposition holds

ft, Xy :f(O,xo)—I—/O LX f(s, Xs)ds +mi (3.3)

where m{ is the (P, Fy)-martingale given by
r_['of

my = a

(5, X.)ou(s, Xa)dW? + / /Z (F(5. Xom + Ko, Xom10)) — f(5, X,-)} (N(ds, dC) — w(dC)ds).
(3.4)



Next theorem establishes the main result of this note.

Theorem 3.2 Under the same assumptions of Proposition 2.6, (3.1) and

E/()T(al_l(t))th < 00, (3.5)

the filter (2.3) is a solution of KS-equation, which is given, for any function f(t,x) € C;’Q([QT] x R) by

m(f) = £(0,20) + / ro(LX f)ds + / / (f, 2)m™ (ds, dz) + /Oth’g(fws (3.6)

where
wf(fia) = T @) <)+ jﬂ D@ (3.7
WD) = o7 Oll) — meon)m (1] + g (a0 ) (3.5
Here by %m(x) and d”‘ EI;(Q( ) we mean the Radon-Nikodym derivatives of the measures my— (A@f)

and 7y~ (Lf) with respect to 7rt7 (\@), and the operator Lf is defined as follows:

Lf = L(.Y, ), VAEB®) Lf(ay.d) = [ o [+ Kot 2,0)) = 50,00,
a4 (t,xz,y
We recall that d(t,x,y) is defined in (2.7) hence the operator L takes into account common jump times
between the state X and the observations Y .

Remark 3.3 Let us observe that equation (3.6) is similar to the filtering equation derived in [5], even if
a different partially observed system has been considered there. More precisely, in [5], the information flow
has the structure F* vV F,', where m(dt,dz) is a marked point process with dynamics aﬁected by a stochastic

factor X (whose dynamics is described by the first equation of (2.1)), and ny = fo v(Xs)ds + W}, for any
bounded measurable function with ~y(x). Nevertheless, let us point out that in [5] the ﬁltemng equation has
been derived requiring boundness on Ay = v(Dy) and og(t, x).

Before giving the proof of the above theorem, we ought to check that all the terms in (3.6) are well defined.
Remark 3.4 Since

/leg(f, )| (Asts(d)) < |mo- (Aaf)] + o= (AT ()] + 7= (LFR)] < 4l fllrs-|As]

assumption (2.9) and Remark 2.1 imply that

B[ [zt el (uo(dn))ds < 411 [ Jds < o (3.9
Moreover, since for any f(t,z) € Cy*([0,T] x R)
(7 (£)? < By {(o7 ' ()*(1 + 77 (b)) + 7F(00) }

with By a suitable positive constant, by Jensen’s inequality and again by Remark 2.1 we get

E/OT(h;r(f ))2dt < By E/ {(o7 () [L + b} (t)] + 03 (t) } dt < . (3.10)

Thus, taking into account (3.9) and (3.10), the integrals in (3.6) with respect to the compensated martingale
measure m™ (dt,dz) and to the innovation process I, are (P, F} )-martingales. Finally note that

|LX f(t, Xo)| < By (1 + [bo(t)] + |oo(t)]? + v(DY)) (3.11)

T T
for a suitable positive constant By, and then E/ |7rt (LXf)| dt < IE/ |LXf(t, Xt)‘ dt < 0.
0 0



Proor.
We shall consider the semimartingale

Zy = f(t, Xy) = £(0, Xo) +/0 LX f(s, X,)ds +m] (3.12)

where m{ is given in (3.4). To keep formulas simpler to be read, we will leave out the dependence from the

the process X; unless it is necessary, that is f; = f(t, X;), LX f; = LX f(t, X;) and %(t) = g—fﬂc(t,Xt).
Now we project the semimartingale Z; on FY

o — —

t t t t
Zt:ZO+/ Lstds+m{:ZO+/ LXdes—/ LXdes+/ LX fods + mi
0 0 0 0
t

—

and by Remark 2.1, Z — 20 — LX fids is an FY - martingale. Proposition 2.6 ensures us the existence of
0

two processes h™,w™ such that

7o [ D5 s = [ [witnamas.ao) + [z,

0

T T
with E/ / lwT (f,x)|7ms(Asps(dx))ds < oo and E/ (RT(f))%ds < .
0 R 0

The strategy for proving the thesis consists on two steps. We will consider the F} -adapted processes th,

—~ by t b
whose expression is given by th = th + / 1((5)) ds = I; + / T (1> ds, and a bounded process U; of
0o 018 0 01

¢
the form U; = / / I'(s,z)m(ds, dz), where T is a bounded F -predictable process and go on as follows:
o Jr

step 1. we will compute thtl and Zﬁg separately; since th is F) -adapted, the equality thtl = Z:th
holds;

step 2. we will compute Z/tﬁt and ZUt and again since U, is ftY -adapted we have the equality Zﬁt = ZUt.

s

These two equalities will give us the shape of the processes A™, w™.

Step 1.
By applying the product rule

AZWY) = ZdW! + W dZ, +d(z°, W),
bi(t)
o1(t)

ZydWi + Zy dt + WL fodt + +%(t)ao(t) pdt + dm;

t
where m} = / V[/Sldmg is a (P, Ft)-local martingale and by p we mean the correlation coefficient between
0

the Brownian motions W' and W°. Let us notice that one can introduce an F,” -localizing sequence for m!

as

Fo =T Ainf{t : [W}| > n}.

If we project Ztth on FY we will get on {t < 7,}

— ) . of .
d(ZWwW}) = {Zt Gi((t)) + WELX f + a*a’:(t)ao(t)p} dt + ZdW,' + dm} + dm}

—

where m} is a (P, F) )-martingale (see Remark 2.1) and, by Proposition 2.2, My is a (P, FY)-martingale.



On the other side,

AN T~ o~ b —_~ —_—
d(ZW}) = {Zm ((;) +WALX f, + h;f(f)} dt + dm?

t t
where m? = / {Wslhg(f) + Zs} dI +/ w / wr (f,z)m™ (ds,dx) is a (P, FY )-local martingale.
0 0 R

Since Ztth = Z;W}, they have the same limited variation parts, that means

W) — af/\ N b o ) )
Zta_ll(t) JrthLXftJF%(t)UO(t),D:ZHTt <U11> +Wt1LXft+hf (f) on {tS’Tn}
Equivalently,

W) =m0 (12) = mtim (L) +m (03 ) o on g2

1 1

Now, when n — oo, 7, goes to T' P — a.s. and so the process A7 (f) is completely defined.

Step 2.

¢ ¢
We now choose the bounded process U, := / /F(s,x)m(ds,dz) = / / Ip, (T (s, K1(s,¢)))N(ds,dC)
o Jr 0 Jz

(see (2.6) for last equality), then
d(ZtUt) = Zt—dUt + Ut*dZt + CZ[Z7 U]t = {UtLXft + W + Zt / F(t, $)At¢t(d$)} dt + dm?
R

where V; == [, IIp, (O){f(t, X¢- + Ko(t, Q) — f(t, X, )} (¢, Ku(t, ¢))v(dC) and

_ [ — r)ds tof s)oo(s
m? _/O/RZS_I‘(s,x)(m(ds,dx) \sps(dx)d )+/0 81‘( )oo(s)UsdW O+

(3.13)

+ / /Z {f(5, Xo- + Ko(5,0) — [(, Xo-)HTp, (T (5, K1 (5,€)) + Us- H(N(ds, dC) — v(dC)ds)

is a (P, F;)-martingale. By projecting on F}, the equation (3.13) becomes:

WZT) - {UTLX\ft 0+ r(ux)mt(dx)} dt + i}
R

with m? a (P, FY)-martingale.

On the other hand

AZUy) = Zy-dU, + U,-dZ, + d[Z, U],
- {/ ZF(t,x))\m)+UtI7‘\ft+/F(t,x)wf(f,x)Am)}dtermf
R R

where mj} is the (P, F) )-martingale given by

4 K T K I T T T
mt = [ WAL+ [ (2 (N(os2) 4 (o) + VT () (s ).

As in step 1. the finite variation parts in (3.14) and (3.15) must be equal, so
[ wf (Tt oddn) = [ D) Zdido) + Vi - [ 2 anG ()
R R R

Now we are looking for w] (f, z) with the following shape:

w;r(f’x) = wl(t7f’w) —wg(t,f,$> +1U3(t,f,l’).

10
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We can always choose ws(t, f,x) = Z,— and by equality (3.16), wy, w3 need to satisfy:

/ wn(t, f )t 2) My () = / P(t,2) Zs M (da)
R R

[ watt. 5. 000t )N d) = T
R

Denoting by {T,} the sequence of jump times of Y (i.e. of Ny = m([0,t) x R)), we select I'(¢, z) of the form

I(t,z) = Cilla(2) U<, a7y With C; any bounded, FY -predictable and positive process and A € B(R).

t TAT,
With this choice the process U, := / / I'(s,x)m(ds, dzx) is bounded since |Uy| < / Cs|dN, < Dn, with
0

o JR
D a suitable positive constant. Then on {t < T, AT}

Vi = [ Clop QUK+ Koft, Xer,€) — 0, X, olac)
=G [ {0 Xe + Kol X, Q) = £(8 X )IAd0).
D
If we call fdA(t,:v,y){f(t’ x+ Ko(t,z,¢)) — f(t,z)}v(d¢) =: Lf(t,z,y, A), then we get YA € B(R)

[ ustto)fdntan) = [ T Yo de), [ it feaXiditdo) = [ ZeNin(de) on {t < TunT),
A A A A
Thus

dmi- (Ao f) dmi-(Lf)
dr-(\) dmi- (Ag)
Now, since the counting process Ny = m((0,¢] x R) is nonexplosive, T,, goes to co with n and this concludes
the proof. O

wl(t,f,x)—wg(t,f,x)—i—wg(t,f, )_ () Wt—(f)‘f’ (fL’) on {tSTn/\T}

It can be observed that KS-equation (3.6) can be also written as

() = £(0,20)+ /0 (o (L F)+ma(F)ms () —ma(FAs) bl + / / *(f, 2)mi(ds, dz) + /O BT (f)dI, (3.17)

where

Ly f(t,z,y) = Lf(t.2) = Lf(t,2,y,R)
0 of 1 0?
= Gt g grtC T [ Kol a,0) - f )

(d*“(t,z,y) = {¢ € Z : Ki(t,2,y,¢) = 0}) and it has a natural recursive structure. This can be seen if we
write the equation at the jump times and between two consecutive jump times of Y. In fact, if T3, is a jump
time for the process Y that occurs before time T,

drp-(Ar, ¢1,) " drp-(Ar, ¢T,)

Hence 77, (f) is completely determined by the observed data (T5,, Z,,) and by the knowledge of m(f) for all
t € [Th-1,Ty), since mp-— (f) = lim, - m(f).

Then for t € [T,,, Tp+1 A T)

T, (f) = (Zn)a Zn - YT YT

n—1"°

e (f) :WT,L(f)—i_/T {Ws(Lé(f)Jrﬂs(f)Ws()\s)—ﬂs(fAs)}d5+/T hg (f)dl

To show uniqueness for the solution to KS-equation we want to proceed as in [18], but we need to know
exactly the shape of the generator of the pair (X,Y’). Then the following Lemma 3.5 helps us to reach the
purpose.

11



Lemma 3.5 Under (2.2), (2.9) and (3.1), (X¢,Y;) is a (P, Fi)-Markov process with generator LY defined
by, Vf € Cp22([0,T] x R x R)

0 0 0 1 H? 02
LX,Yf(t,x, y) = 87{ + bo(t,x)a—i + b1(t, x, y)a—z + §U§(t, z)a—;; + pao(t,x)al(t,y)ﬁger 1)
1 0? ’
+ igf(tvy)aiy‘; + Z (f(tax + KO(taxa C)ay + Kl(taxa y7<)) - f(taxa y)) V(dC)

ProOOF.
By the assumption of existence and uniqueness for the solution of the system (2.1), the martingale problem
for the operator LY is well posed and this implies that the pair (X,Y) is a (P, F;)-Markov process.

Then the proof consists of applying Itd’s formula to a 02’2’2([0, T] x R x R) function, f(t,z,y),

df(t, X, Yy) = L5V f(t,X,,Y;)dt + ao(t)%(t,xt, Y,)dW + al(t)%(t,xt,n)dwg +
+/Z (f(taXt* + Ko(t7 C)y)/t* + Kl (t’ C)) - f(tvxt*7}/t*)) (N(dt5 dg) - Z/(dg)dt)
= LYY f(t, X, Y,)dt + dM] . (3.19)

Finally by (2.2), (2.9) and (3.1), since

E / / (6 Xe + Eo(t,0), Yo + Kn(6,0)) — F(t, Xom Yo ()t < 2| f|E / (w(DY) + v(Dy)}dt < oo,
0JZ 0

M/ is a (P, F;)- martingale.  [J

t

Remark 3.6 By projecting equation (3.19) on FY we can state that 7 (f(-,Y;)) — / ms (LY (-, Y5)) ds
0

is a (P, F))-martingale for each f € Cp*?([0,T] x R x R).

We want to use this martingale property to characterize the distribution of the pair (¢, Y;) by exploiting
the idea given in [18]; therefore we introduce the notion of filtered martingale problem (FMP).

Definition 3.7 We say that a process (ut, Uy) defined on a probability space (ﬁ,fh ]5), with cadlag trajec-

tories and taking values in P(R) x R, is a solution of the filtered martingale problem FMP( LY  xo,vo) if
w is FY - adapted and

t
e (6 00) = [ e (150 $,0) s
0
is a (P, FV)-martingale for each f € Cr*?([0,T) x R x R) and Eﬁ[,uof(-, Uo)] = £(0,20,90).
Now we are ready to give the definition of weak solution of the filtering equation.

Definition 3.8 A weak solution to Kushner-Stratonovich equation (3.6) is a process (us,Y;) defined on a
probability space (Q, Fi, P) with cadlag trajectories, taking values on P(R) x R, such that Yy = yo P-a.s.,
E”[uo(f)] = f(0,20) Vf € C,*([0,T] x R), and satisfying

(1) pe is ff-adapted
(i) the (157ft’7)—predictable projection of the counting measure associated to the jumps of Y, m(dt,dx), is

given by py- (M (dz))dt

12



~ tq ~ _ JUN
(iii) I, :/ — (dYS — / x m(ds,dm)) is a (P, F})-Brownian motion
0 o1(s) R

(iv) the pair (us,Y;) solves the Kushner-Stratonovich equation (3.6), with m™ (dt, dz), I, wi (f,z) and hT(f)
replaced by m*(dt, dz) = m(dt,dx) — p- (A (dx))dt, I = I, — fot ps(b/o1)ds, wi'(f,z) and hY(f),
respectively

V) Ji me(ba (-, Y))dt < 00, P-a.s. with ba(t, z,y) = A(t,z,y) + |bo(t, )| + 02 (t, z) + v(do(t, )) + %j;y)

Remark 3.9 In (ii) we mean that V A € B(R), p— (Aes(A)) = puy— (v(dA(-,Y;-))) is the (P, ff)-intensity
of the counting process m((0,t] x A). In particular,

- Nede(R)) = - (@ (Vi) = - (A, Vi) = pe- (M)
is the (P, ff)—intensity of the point process m((0, ] xR), where we used the notation A(t, z,y) = v(d*(t,x,y)).

Remark 3.10 Tuking into account (v) we can prove that for any f € Cp>?([0,T] x R x R)

T T T B
/ [w} (f, ) - (Ao (d))dt < 4| f|| / pe(A)dt < 4||f||/ pe(be)dt < oo P —a.s. (3.20)
0 0 0
T T 2/ v T _
/0 RE(f)2dt < Bf/o {Mdoé)—l—W}dtﬁ Bf/o ue(bo)dt < oo P —a.s. (3.21)

T - T _ T _
/ ‘,ut(LXf)]dthf/ {1+|,ut(b0)|+ut(ao)2+pt(u(d0))}dtng/ Ju(bo)dt < 00 P—as. (3.22)
0 0 0

with By and Ef suitable positive constants. Thus all the stochastic integrals in KS-equation considered in (iv)
are well defined and those driven by I'* and by m*(dt, dz) = m(dt,dz) — p— (e (dx))dt are (P, FY)-local
martingales.

Remark 3.11 Let us notice that the pair filter-observation, (my,Y:), is a weak solution to (3.6). As a matter

of fact, (i), (ii),(iv) and (v) of Definition (3.8) are trivially verified; for (iii) consider the probability measure
Q defined in (2.19), then by Girsanov Theorem the process

Wt1:Wt1+/()t gi((z))dﬁ[ﬁ/otws(i)ds:/ot;@ (dYS—/Rxm(ds,dx))

is a (Q,F))-Wiener process.

Now we can state a weak uniqueness result for the solution of Kushner-Stratonovich equation whose proof
is postponed in Appendix B.

Theorem 3.12 Under the same hypotheses of Theorem 3.2, uniqueness for the solutions to FMP(LXY |z, o)
implies that all weak solutions (ug,Y:) of Kushner-Stratonovich equation have the same law. In particular
we and my have the same law.

Again in Appendix B we will give a class of sufficient conditions that ensures uniqueness for the solution to
the filtered martingale problem for LX:¥" (see Proposition 6.1).

In the remaining part of the section we discuss pathwise uniqueness for the solution of Kushner-Stratonovich
equation.

Firstly, we start by giving the definition of strong solution.
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Definition 3.13 A strong solution for Kushner-Stratonovich equation is an FY —adapted cadlag P(R)—valued
T
process { it }rejo,r) such that / ts(b2)ds < oo P —a.s. (by is defined in (v) of Definition 3.8), and solving
0
Kushner-Stratonovich equation that is, Vf € C1’2’2([07 TIXxRxR) and VvVt <T

t t t
() = S(LX)d “(f, 2)m*(dt,d RE(f)dI" .
wf) =m(f)+ [ X Das+ [ [ wriraomeean) + [ reon (3.23)
where
{dff = awi+ {2 () a
mH(dt,dx) = m(dt,dz) — py— (Aroe(dx))dt

and w (f,z) and hY(f) defined respectively in (5.7),(3.8) replacing m with p.

T
Note that the condition / ps(b2)ds < oo P — a.s. makes the integrals in (3.23) well defined and those
0
driven by I* and m*(dt,dz), (P, FY )-local martingales (as already observed in Remark 3.10).

Theorem 3.14 Let (X;,Y;) be defined as in (2.1), and assume that uniqueness holds for the FM P(L*Y | xq, o).
Let {1 }1ep0,) be a strong solution for Kushner-Stratonovich equation such that p,— (Ai¢¢(dx))dt and m,— (A;p (dx))dt
are equivalent measures over [0,T] x R then puy = 7 P —a.s. for allt <T.

The proof is postponed in Appendix B.

We conclude this section considering a simplified model and giving a sufficient condition which implies that
the additional hypotesis in Theorem 3.14 is satisfied.

Example 3.15 Observation dynamics driven by independent point processes.

Suppose there exists a finite set of measurable functions K?(t,y) # 0 for all (t,y) € [0,T]| xR, fori =1,...,n
such that

d'(t,z,y) = {C € Z: Ki(t,2,y,0) # 0} = | Jdj (t,z,y) and dj(t,z,y) Ndj(t,2,y) =0 Vi#j
=1

where d}(t,z,y) := {¢ € Z : K1(t,2,y,¢) = K{(t,y)}. This implies that K (, X,~,Y;-,¢) = Y _ K} (t,Y;-)Tp:(C)
i=1
with Df = d}(t, X;-,Y;-). It is not difficult to see that the observation process Y has the following dynamics:

dY; = by (t, Xy, Yy)dt + o1 (£, Y:)dW} + ) Ki(t,Y;-)dN; (3.24)
=1

where N} = N((0,t] x D%), for i = 1,...,n, turn to be independent counting processes with (P, F;)-intensities
given by \i = v(D}). Let us point out that the signal X influences drift and the intensities of the point
process driving the observation dynamics but not the jump coefficients K} (t,Y,-) for i = 1,...,n, which are
observable. In such a model the counting measure m(dt, dx) can be written as

m(dt,de) = Y S avay(dt dr) = Sy, y(da)dN}
s:AYs#0 i=1

and the (P, F;)-dual predictable projection of m(dt, dx) becomes

ey (da)dt = / S5y (1.0 (dx)v(d¢)dt = Zaw(ty )(dx)/ (d¢)dt = Z&K,(ty ) (dz) A

i=1 Dy

14



Of course Ay = v(Dy) Z \! provides the (P, F;)-intensity of Ny = m((0,t] x R).

=1
We want to verify that, under the assumption

Ntz y) =v(di(t,z,y)) >0 V(tz,y) €0,T]xRxR, i=1,.,n (3.25)

for any Y -adapted, cadlag, P(R)-valued process { it }re[o, 7], the measures pi;— (A ¢ (dz))dt and m,— (A (d))dt
are equivalent. Note that we can write

i~ (Aede(da))dt = Z Sxci(ry, ) (dx)m— (N')dt

i=1

- (Mo (dz))dt = ZaK‘tY (d) - (N')dt

because dgci(yy,_y(dx) fori =1,...,n, are FY -measurable. Note that (3.25) implies m,— (A?) > 0, ;- (AY) > 0,
i=1,...,n, and the Radon-Nikodym derivative of p;- (Ar¢¢(dz))dt with respect to m;— (At (dx))dt becomes

Z?=1 5K{(t,Yt_ ) () e ()‘Z)
Z?:1 5K;‘ (t.,Yt,)(l‘)Wf (A9)

&y )=} (X))

dpg- ()\(b)

i (o) @

On the other side, there exists also the Radon-Nikodym derivative of ;- (A\i¢¢(dx))dt with respect to
t- (Aede(dx))dt given by

dmy- (Ag) _ - m-(\)
dpui— (AP) (v = ; ]I{Kii(t7yt):m} fe— (A7)

and this means that these two measures are equivalent. In this way we have just proved the following
corollary for the simplified model of the example.

Corollary 3.16 Let (X;,Y;) be the usual partially observed system of the (2.1), where in particular the dy-
namics of Y is given by (3.24), and assume uniqueness for the FMP(LXY  zo,y0). Let {ii}ie(o,1) be a strong

solution for KS-equation given by the (3.6) (with m™(dt,dz) =Y, 5K'1i(t’yt7)(d$)(dNti — Ty ()\i)dt)) re-
placing mp by py. Then puy =7 P —a.s. for allt <T.

4. Application to finance: Risk minimizing hedging

On a probability space (Q, F, (Fe)refo,r)5 P), we consider a financial market with a nonrisky asset, with price
process normalized to unity, and one risky asset whose price process S; follows a geometric jump-diffusion

process given by
Sy = Soeyt Sy € RT. (4.1)

We assume that the dynamics of the logreturn process Y; depends on some unobservable stochastic factor
X and the pair (X,Y) is the unique solution to the sistem (2.1).

Applying 1t6’s formula we get that S; solves the following differential equation
dS; = S;- {b(t)dt +o(t)dw} + / K(t, g)N(dt,dg)} (4.2)
z

where we wrote b(t),o(t) and K(¢,¢) for b(t, X;, St),o(t, St), K(t, Xs—, S¢-, ¢) respectively, and those func-
tions are given by
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1
b(t,z,s) = by (t,x,ln ;()) + 50% (t,ln ;0) (4.3)
o(t,s) = o1 (t, In S) (4.4)
So
K (t,l‘, s, C) — eKl(t,m,lns/So,() —1. (45)
In the following proposition we give the semimartingale structure of the process S under general hypotheses.

Proposition 4.1 Assuming the following integrability conditions

T T T T
/ |b1 () |dt < oo; / o?(t)dt < oo; / v(Dy)dt < oo; / / |K(t,¢)*v(d¢)dt < 0o P —a.s. (4.6)
0 0 0 0Jz
then Sy is a (P, Fy)-special semimartingale with unique decomposition
Sy = So+ M7 + A? (4.7)
where
t t t t
AP = / Spb(r)dr + // Sy K (r,Qv(d¢)dr = / Syb(r)dr + // Sy(e® — V)¢ (dx)dr (4.8)
0 0/z 0 0JR

is a predictable process with bounded variation paths,
t t
i = [ somawt+ [ [ s KO @ do - viddn)
0 0Jz

= /0 Spo(r)dW, —l—/O/RS,ﬁ(ex — 1)(m(dr,dz) — A& (dx)dr) (4.9)

is a square-integrable local martingale whose angle process is given by

<Ms)t/0t530(r)2dr+/0t/z SfK(r,C)Zu(dC)dr/Ot Sfo(r)zerr/Ot/RSf(e””l)zkrgbr(dx)dr. (4.10)

If in addition
Vte[0,T],z € R,s ¢ Rt b(t,x,s) —|—/ K(t,z,s,)v(d() =0 (4.11)
z

S is a square-integrable local martingale.

PROOF.

Recalling the definition in (4.1), we observe that the process S; is the exponential of the semimartingale Y3,
and therefore it is itself a semimartingale by Theorem 4.57 in [16]. Then if we integrate the equation (4.2),
we get the explicit decomposition,

S, = So+ /0 tsu_ {b(u) + /Z K(u, g)y(dg)}du+ /0 tSua(u) AW} + /0 t/ZSu-K(u,C) (N (du, d¢) — v(d¢)du)
= So+ A+ M]

where A7 and M;® are given by (4.8) and (4.9) respectively. This decomposition is unique since the process
A# is predictable.

Besides M} is a square integrable local martingale (see [24], Theorem 1 page 102).
For the sharp brackets note that M;” is the sum of a continuous local martingale and a purely discontinuous
local martingale, therefore we get:

d(M®); = S2o?(t)dt + / SZK?(t,C)v(d¢)dt
A
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which is equivalent to (4.10).

Finally, the last part of the proposition is a consequence of (4.8) and the decomposition of the semimartingale
St. O

The pair (X, S) is a (P, F;)-Markov process whose generator is computed in the next lemma.

Lemma 4.2 Under the hypotheses of Proposition 4.1, and in addition
T T
/ o2(t, X;)dt < oo, / vo(Dy)dt < 0o P —a.s. (4.12)
0 0

(Xt,St) is a (P, Fy)-Markov process with generator

0 0 0 52 52
LS f(t,x,5) 8*{—&-1)0( )?f +b(t,x s)sa—f—f—; oa(t,x )8 J; +poo(t,x) o (t’s)saxgs_'_ )
2 .
+50%(19)s af ZU@J+KMLLOJO+K@L&O»—f@xﬁﬂﬂ%)

More precisely, for any function f(t,x,s) € 05’2’2([0, T)xRxR™) the following semimartingale decomposition
holds

t
F(£.X0,5,) = f(t. 20, 50) + / XS f(r, X, S,)dr + M (4.14)
0

where M is a (P, F;)-local martingale.
Proor.

By applying Itd’s formula to the function f(t, X;,S;) we get (4.14) with

of

avif = oo() WL aw o (0)5, 2L aw+ [ X+ Kot 00,80 (14 K(6.0) = £t X 5,0} (N Q) = v{dC) )

(4.15)
and by (4.12) and (4.6)

T 9 2 T 9 2
/Oog(t) ((,9:]:) dt < oo, /002(15)5’252 ((,9{:) dt <oo P —a.s.

T T
/0 /Z (6 X+ Ko (,0), S (LHK (£,0))— F(E Xoe, S )lw(dC)de < 2|| ] / (W(DY)+v(Dy)}dt < 00 Pas.

that means that all the integrals in (4.14) are well defined and Mtf is a local martingale. [J
From now on we will assume that P is a martingale measure for S and the following stronger conditions
T T
Assumptions B: (2.2), (2.9), (4.11), E/ v(D?)dt < 0o and E/ / |K(t,¢)Pv(d¢)dt < .
0 0o Jz
We consider a contingent claim whose final payoff is a function H(S7) such that E [H?(S7)] < occ.

In order to hedge against this claim, we want to use a portfolio strategy which involves the stock S and the
riskless bond (normalized to one), and which yield the random payoff H(St) at the terminal time T.

More precisely, an F;-portfolio-strategy d; = (69, 6}) is a process representing the quantities invested in each
title, such that 69 is F;-adapted, and &; is Fi-predictable.

The financial value of this portfolio § is given by

Vi(6) = 69 + 6} ;. (4.16)
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Definition 4.3 A strategy § is H-admissible if Vir(0) = H(St) P—a.s. and it verifies reqularity conditions:

T
E (/ |(5t1|2d<5)t> < o0, E (sup |Vtg) < o0.
0 t<T

Since we are working in an incomplete market, the claim can not be replicated by a self-financing strategy
(perfect duplication), it makes sense to define a cost process for the strategy 0 as

Co(6) = Vi(6) — /Ot 5LdS,. (4.17)

The cost process is nothing but the difference between the portfolio value and the total gains from trade.

Let us make some comments about the structure of this process. First of all note that fg §LdS, is a square-
integrable martingale even thought S is just a local martingale, as it is shown in Lemma (2.1) of [26].

We are interested in the so called mean-self financing strategies, i.e. those strategies such that Cy(d) is a
martingale. Note that if § is an H-admissible mean-self financing strategy, we get:

T t
E[Cr(8)|F] =E VT((S)—/ 5+dS,|F; :m(é)—/ 51dsS,.
0 0

Since the part concerning the stochastic integral is a martingale, so is the portfolio value V. Now, the
strategy is H-admissible, and this means that Vr(6) = H(St). Putting together these two comments we get
the following relation

E[Vr(6)|7:] = E[H(ST)|F] = Vi(6). (4.18)

We say that an H-admissible strategy is risk minimizing if it minimizes the associated risk process

Ri(8) = E [(C4(6) — Cr(0))*| 7. (4.19)

We now consider the situation where investors acting on the market can only keep past asset prices; the
stochastic factor which affects the stock price dynamics is not directly observed. Thus the agent’s information
is described by the filtration {7} }ie0,71 = {F} }efo.17-

In this partial observation background the hedger’s decision (§°, ') must be adapted to the flow ]-"ts . Hence
we define an F°-strategy §, as an Fy-strategy such that the process 89 is F7°-adapted and 4} is F°-predictable.

In this framework we give also the definition of the F;°-risk-process as
R{(8) = E [(C1(8) — C7(8))*| 7] - (4.20)

The agent’s aim is to find a strategy & belonging to the set of F;° H-admissible strategies that minimizes the
risk process RY, and that we will call F-risk minimizing strategy.

We want to proceed as in [26], so we first compute the risk minimizing strategy in complete information and
then the F7-strategy can be found by projecting on F7.

Proposition 4.4 Under Assumptions B, let g(t, X;, S;) := E[H(St)|Fi). If g € Cp*([0,T] x R x R) then
g solves

LX’Sg(t7 x,8) =0
g(T,xz,s) = H(s).

Besides, the risk-minimizing strategy under complete information is
8% = g(t, X4, ) — 6, Sy

61,* — h(taXt*NS't*) (421)
k St*E(LXt*?St*)
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where

h(t,z,s) = poolt,a)o(t, s)gi + 5 02(t, s)% +
/K (t,2,5,0) [g(t.2 + Kot 2,0), s(1+ K(t,2,5,0)) — g(t.x, )] w(dC)  (4.22)
and
S(t 2, 5) = o(t, 5)? /Kt:z:s V(dQ). (4.23)
PROOF.

For the first part of the proposition, suppose that g € C’;’Q’Q ([0, 7] x R x R"), by applying Itd’s formula we
get

t
g(taXt7St) = g(OaXO,SO) +/ LX?SQ(Tz XT’ST)dr—i_Miq (424)
0
where M} is a (P, F)-local martingale. Since, by definition, g(¢, X¢,S:) is a (P, F;)-martingale, all finite
variation terms in (4.24) have to vanish and this leads to equation (4.4).

Let us move on to the second part of the proposition. Since, by Proposition 4.1, S is a square integrable
local martingale, Kunita-Watababe decomposition allows us to write H(St) as

H(Sr) = E[H(Sp)] + / " ettas, 4 1t (4.25)

where ¢/ is an F;-predictable process with E [fOT (ff)2d<5)r} < o0, and L is a square integrable martingale

null at ¢ = 0, such that (S, L#), =0 .

If S is a local martingale, it has been proved in [27] that there exists a unique H—admissible mean-self
financing risk minimizing strategy we denote by (6%*,%*), where §1* is exactly given by the process £ in
(4.25), then the value of this strategy V(§*) is a martingale according to the equation (4.18) and finally

Vi(6*) = E[Vr(6%)|F] =E[H(ST)|F:] = g(t, X, St). (4.26)
By using the expression (4.25), the (4.26) becomes

Vi(0*) = E[H(Sr)] +E +E [LF|F]

T
/ eHas, |7,
0

E[H(S7)] + /0 t efas, + L (4.27)

where the equality (4.27) follows from the fact that L and fot ¢HdS, are martingales.

Now, if we consider the sharp bracket between V(§*) and S, we have

V(). S) = ([ € as,.S)+ @)= ([ €t as,. [ as) tf/ efas
from which we obtain an expression for £ in terms of the Radon-Nikodym derivative
d{V(67), S)

a(S)

We want to compute this derivative. Recall the shape of the martingale MY, given in (4.15) replacing f by
g, and Proposition 4.1, we obtain

& =

AV (5%),8), = /Ot S,—h(r, X,-, S, )dr (4.28)
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with h(t, z, s) given in (4.22). On the other side, by (4.10)

t t
= [ st {owr+ [ KnPutao bar = [ 5200 x5, ar
0 z 0
hence the risk-minimizing strategy turns to be

h‘(ta Xt* ) St’)
- E(tv Xt*a St_) .

=& =g O

Note that Assumptions B imply integrability for the processes h(t, X;-,S;-) and X(t, X;—,S;-) and then
allow us to apply Schweizer results (see [26]): this means that the risk minimizing strategy under partial
information §*, for our model can be obtained by projecting the strategy 6* over F. ts, =F, 21 More precisely

5" =V (0%) — 6,7,
sio _ B0t X, S )17 ] (4.29)
© TS E[S( X, S )| FY ]

Recalling that the filter is defined as

() = E[f(t, X0)| 7]
and since it is a cadlag process, the (P, F;)-predictable projection of f(t, X;) coincides with the left version
of m(f) (see [11]). Now we are in the position to state the announced result.
Proposition 4.5 Under Assumptions B, if g € C;’Q’Q([O, T] x R x R), then the F{ -risk-minimizing strategy
is given by

5?’* = [g9(-, S¢)] — gtL*St
(

sl _ - [h '7St*)]
K Si-m- [2(-, Sp-)]
where h and 3 are given in (4.22) and (4.23), respectively.

5. Appendix A

We will give the following sufficient conditions (see for [7] and [15]) which ensure strong existence and strong
uniqueness for solutions to system (2.1).

Assumption C

(1) let bo(t,z),b1(t,x,y), oo(t,z), and o1(t,y) be jointly continuous functions of their arguments, and
Ko(t,z,¢), K1(t,x,y,¢) R—valued, jointly continuous functions in (¢, z,y).

(ii) Suppose there exists a constant C' > 0 such that V¢ € [0, T

bo(t,z)]> < C(L+[z?); oot 2)]> < C(1+ [a]?)
b1(t,z,y))> < CA+ |z + y?); ot y)> < CL+[y*)

(5.1)
| ot OPvia) < 00+ Py [ Kt OFv(dQ) < OO+ faf +1yP)
(iii) Vr > 0, there exists a constant L = L(r) > 0 such that, Vz,2’,y,y" € B.(0) :={z € R: |z| <r}
|bo(t, ) — bo(t,2")| < L|x — 2| loo(t, x) — oo(t,2')| < Lz — 2|
01(t, 2, y) = bi(t, 2’ y)| < L(lz —2'[+ [y —¢'])  lowt,y) — o1t y)] < Lly — /|
/Z |Ko(t, z,¢) — Ko(t, 2, O)|?v(d¢) < Llz — 2'|? (5.2)

./Z |K1(t7xay7<) - Kl(tvxlvy/7<')|2y(dC) S L(|£L’ - xl‘Q + |y - y/|2)
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We refer to (5.1) and (5.2) respectively as growth conditions and local Lipschitz conditions.

Other classes of conditions which imply strong existence and weak uniqueness of solutions to system (2.1)
without requiring continuity of K;, i = 0,1, can be deduced by those given in [7], Appendix A.

6. Appendix B

PROOF OF THEOREM 3.12 _
Let (u, Y) be a weak solution to KS-equation, we will prove that (u, Y) solves the stopped FMP(LXY | x¢, o).

More precisely, we will show that there exists a sequence 1, of FY -stopping times, where 7, tends to oo
with n, and probability measures Qn equivalent to P such that

HtAny, (F(-,}ZA%)) - /Omn (LX YF(., YSAnn)) ds (6.1)

is a (Qn,]:t )-martingale for each F € C'**([0,T] x R x R).
It is sufficient to prove (6.1) for functions of the type F(t,z,y) = f(t,z)g(y).

Remember that

dY, = o1(t)dI; + / xm(dt, dz)
R

by applying It&’s formula we get

d 2y, v 1//~02 Y :U_N_ﬁ:b ;L'—IN_ T m X
da() = o (T )dTi+ 59" Bt + [ o+ o) = o) it de) ' (750 [ o, do)
— T )0l + 3" T3+ [ [oFi + o) - oFi)] it o),
Since (u, Y) is a weak solution to KS-equation, then
= t X t B(f x)m*(ds,dx t K s
) = F0.0)+ [ s+ [ [ wi(rapmas.an) + [ nipr
and by the product rule
_ . 1, . AR
d(pe(f)g(Ye)) = - (f) (9 (Yo (t)dl, + 59 (Y)o ()dtJr/]R [Q(Yt— +$)—9(Yt—)] m(dtydx)) +
% X B 2 Ymt - I iz
rolFio) (s P+ [ (e d) + Pyt ) +
+or (O (g (T + [

= (D)9 Fpalb)de + S (1" (T3 (Ot + 9V yaa (X e +-+o1 (O (1) (Vo)

+ /R () + ' (£,2) [9Ve +2) = gV )| iu(Neuldo)dt + dME (6.2)

wf (f,2) (9(Vi- +2) - g(¥i-) ) ildt, da)

where in (6.2) we used the equality
~ b
m(dt, de) = m(dt, do) + p- Ovde(de))dt,  dI, = dI + (O_—l)dt
1

and by dM;? we mean
M = A D)9 (T + oM (DY Tt + [ (e (1) + wl (5.0} [oFie + ) = 9T )| () +

o(¥i-) / W (f, ) mP(dt, ). (6.3)
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Now we want to introduce a probability measure equivalent to P such that M/9 turns to be a local martingale.
To this aim let us define L; = £ (fot Ihs (b—1> dls), since &) may be unbounded, L; is only a (P, F} )-local

[en] Ul(tl

martingale. Hence, we need to introduce the sequence of F} -stopping times, defined as

t b]
nn:T/\inf{t:/ us<>
0 01

where by(t, z,y) is given in (v) of Definition 3.8.

t
ds >n} Ninf{t: / ths|ba|ds > n}
0

For any n, we build a new probability measure equivalent to P, Q, on (Q,FX) as

L= e ([ (o)) =ew ([T () a5 [0 () o)
L, =—2=¢ o =) dlL ) =ex o =) dl - = 22 ) ds). 6.4
m = s\ WA 5], " \5 (6.4)

By Girsanov’s Theorem
. tANn bl
It”:Itf/ Ibs ()ds
0 o1

is a (@n,ftf/ )-Brownian motion and, Mtf/\gnn is a (va]__t{/ )-martingale since the following estimations hold
(see Remark 3.10):

TAnNn

~ TAny ~
B [ ()l (on(da))at < A17IEY [ )it < 4l fln < oo
0 0

TAN, T AN
B [ Do) < BED [ ) de < Byn < o
0 0
Finally, from the expressions of w”, h* and the generator LY equation (6.2) implies that

d s, (F9inn)) = tonn (LY F9(Ving,)) b+ dMs, (6.5)

with Mtf/\gnn a (@m]-'ty)— martingale, that is the pair (u, }7) solves the stopped FM P(L*Y xg,y0).

By Corollary 3.4 in [18] if uniqueness holds for the FMP(L*"Y", z, o) then there exists a measurable function
Hy : Dg[0,T] — P(R) such that m; = Hy(Y') P-a.s. and pillicp,y = Hi(Y )M pcp, 3 Qn-a.s.

Since Qvn is equivalent to P the equality above becomes p; My <y, 1 = Ht(f/)]I{Knn} P-a.s. and taking n — oo

we get pu; = Ht(f/), P-as. Finally, since

4Y; = o1 (t, Y, AW + /

am(dt,dz), dY; = o1(t,Y,)dI, + / xm(dt, dx)
R

R

under P the process Y has the same law as the process Y under P. Thus (u,Y;) and (m;, ;) have the same
law, in particular p; and 7y have the same law. O

PrOOF OF THEOREM 3.14
With the same passages we did for proving the equality (6.2) it can be shown that

d(pe(H)g(Y)) = pe(f)g (Ye)pe(br)dt + %ut(f)g"(Yt)Uf(t)dt + g(Ye) e (LX f)dt + o1 ()Y (f)g' (Ye)dt

+/R (e(f) + 0 (f,2)) [9(Yi- + 2) = g(¥))] (Mo (d))dt + dm{?
where by m/9 we mean
dml? = {o(Ou()g (Vo) + g(Yo)hi! ()} dIf + /R{ut—(f) +wi (f, )} [g(Ve- +2) — g(Yi- )| m#(dt, d) +

T g(¥i) / W (f, x) mP(dt, ).
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We need to define a new probability measure equivalent to P under which m/9 turns to be a local martingale.

From the hypothesis of equivalence of the two measures m;— (A\i@¢(dzx))dt ans ps— (Arde(dx))dt, there exists
an FY -predictable process ¥(t,z) > —1 m;(\;¢i(dz))dt — a.e. such that

(14 U(t,x))m— (A (da))dt = py- (Aepe(dx))dt.

Recalling that I}' = I — fot {us (g—ll) — T (g—ll) } ds, we define

t 2 t
Tn ::T/\inf{tZO:/ I (bl>—7rs (bl> dszn}/\inf{tZO:/ |us(b2)|dszn}
0 01 g1 0

. (6.6)
A inf {t >0: / / (W (s, 2)|* ms(Nsps(d))ds > n}
0 JR
and the following change of measure
dQn
dCIQD 7y = Ainm (6.7)

tATy b b tATh
where Aipr, =& (/ {,us (1> — Ts (1) } dI —l—/ / @(&x)m”(dt,dw)) and, as usual, £ repre-
0 01 01 0 R

sents the Doléans-Dade exponential.

¢ b b
Girsanov theorem implies that I, — / { Lbs (1> — T <1
0

01 01
that the (Q,, F) )-predictable projection of the measure m(dx,dt) on {t < 7,,} is p— (e (dz))dt.

> } T, dsis a (Qn, Fy )-Brownian motion and

By performing similar computations as in the proof of Theorem 3.12 we get that m{f\’m is a (Qn, FY)-
martingale and so the pair (y, Y;) solves the stopped FMP(LXY | xq, o).

Finally, by Corollary 3.4 of [18], there exists a functional H such that
m=Hy(Y) P—as. and pllie,, = Hi(Y)ier, Qn— a.s.
Nevertheless ), and P are equivalent measures, therefore
pilecr, = Hy(Y)Tier, P —as.

Tp, 18 an increasing sequence, so there exists P—a.s. n(w) such that Vn > n(w), 7, (w) =T
Taking n — oo, we get u; = 7 P—a.s. [

In the next proposition we provide sufficient conditions for uniqueness of the solutions to the FM P(L*Y | xq, o).
Proposition 6.1 Under Assumptions C and one of the following conditions
sup v(d°(t, x)) + sup v(d* (t, z,y)) < oo (6.8)
t,a 2,y
or
sup [ {[Kalt,z,0) + [Ka(t, .. 0 v(de) < o0 (69)
.y J 7

uniqueness holds for the FM P(L*XY zq,10).

PROOF. It is sufficient to apply Theorem 3.3 in [18] after having checked the hypotheses are satisfied. By
Assumptions C the martingale problem for LXY is well posed. Furthermore, we have to prove that we
can choose as a domain for LXY | a set of functions D;, C C’,}’Z’Q([O,T] x R x R), such that for f € Dy,
LYY f € Cy([0,T] x R x R).

We choose as Dy, the set of functions in Cb1’2’2([0, T] x R x R) having compact support with respect to (z,y)
uniformly in ¢; then there exists Ry > 0 such that for || > Ry and |y| > Ry, f(t,z,y) = 0,Vt € [0,T7].
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Recalling the structure of the operator L*Y

2 2
LY ftay) = v, )?mu 50) g+ Sd( )G + po(t ot gL
2

thus, under (6.8), since

/Z(f(t:v+Ko(t,x7C),y+K1(t7x7y,C)) = f(t,2,y)) v(dQ)| < 2 [Ifl| v(d(t,z,y) Ud' (t,2,y))

we get, by (5.1) that Vf € Dy, there exists a constant Cy > 0 such that

57l <[] 0 e B 2 151 s vl Ut

tyx,y

Hence LXY f is bounded.

The same result can be obtained under (6.9). In fact

/Z (b + Kol C)y + K (b 2,9,C)) — F(t.2,5)) v(dC)] <

0 0
<mac{ |||} [ (1 mote 01+ ) 1) wlao)
Finally, in both cases, the continuity of LX-Y f(¢, ,) can be obtained by the dominated convergence theorem.
O
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