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Abstract

The contribution of this paper is twofold: we study by a BSDE approach power utility maximization
problems in a partially observed financial market with jumps and we solve by the innovation method
the arising filtering problem. We consider a Markovian model where the risky asset dynamics S; follows
a pure jump process whose local characteristics are not observable by investors. More precisely, the
stock price process dynamics depends on an unobservable stochastic factor X; described by a jump-
diffusion process. We assume that agents’ decisions are based on the knowledge of an information flow,
{Gt}sejo,r), containing the asset price history, {F; }ic[o,7]. Using projection on the filtration Gy, the
partially observable investment problem is reduced to a full observable problem. In the case where
G: = F7 the value process and the optimal investment strategy are represented in terms of solutions
to a BSDE driven by the F%-compensated martingale random measure associated to S; and the F°-
compensated martingale random measure can be obtained by filtering techniques ([7], [5]). Next, we
extend the study to the case G; = .7-}5 vV fg’, where 7; gives observations of X; in additional Gaussian
noise. This setup can be viewed as an abstract form of ”insider information”. The value process is now
characterized as a solution to a BSDE driven by the G-compensated martingale random measure and the
so-called innovation process. Computation of these quantities leads to a filtering problem with mixed
type observation and whose solution is discussed via the innovation approach.
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1. Introduction

The purpose of this paper is to study portfolio selection problems under partial information in an incomplete
financial market with the risky asset dynamics described by a marked point process. With the advent of
intraday information, since real asset prices on a very small time scale are piecewise constant and jump
in reaction to trades or to significant new informations, jump models have become more popular in the
financial literature (see for instance [37, 17, 7, 5]). Jump-times and jump-sizes in stock price processes are
often generated by various external events whose impact on the stock market cannot completely be analyzed,
thus it is natural to assume that the local characteristics of risky asset prices depend on an unobservable
state variable.

We consider an incomplete financial market with one bond and one risky asset. The risky asset price Sy
follows a pure jump process whose local characteristics are not observable by investors. More precisely, we
study a Markovian model where the dynamics of the stock price S; depends on an unobservable stochastic
factor X; described by a jump-diffusion having common jump times with S;. Presence of common jump
times means that the trading activity may affect the law of X; and could be also related to the possibility
of catastrophic events. In such a context, we solve the portfolio optimization problem when agents (with
power utility functions) want to maximize the expected utility from terminal wealth assuming that they can
observe only an information flow {G;}+cjo,7] containing the asset price history {F5 beejo,1)-

Utility maximization problems in a full information setup have been studied extensively in the literature by
using different approaches, such as convex duality methods, stochastic control techniques based on Hamilton-
Jacobi-Bellman equation or backward stochastic differential equations (BSDEs) (see for example ([32, 12,
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24, 20, 39, 30, 33, 9, 10] and references therein). Portfolio selection problems with partial information have
been studied in [34, 38, 29] in a continuous setting and in [1, 27] for jump-diffusions. In [1] it is assumed that
investors are only able to observe the stock price process and not the Markov chain which drives the jump
intensity. In [27] a default model is studied where investors only observe the asset prices and the default
times, while the Brownian motion which drives the asset price dynamics, the drift process and the default
intensities are not directly observable.

Our contribution consists in solving the optimization problem in a general discontinuous setting when both
the local characteristics of the stock price and not only the jump intensity are unobservable. By projection
results we reduce the partially observable problem to one with full information, involving only observable
processes. Two situations are studied, in the first one {Gi}iejo.r) = {Ff}te[o,T] (only stock prices are
observed) and in the second one {G; }rejo,r) D {F¥ Heejo,1)-

Where {Gi}iepo, 1) = {F? }teo, 1), by applying the Bellman optimality principle we directly show that the
value function solves a BSDE driven by the F°-compensated martingale random measure associated to
St A similar procedure is followed in [30] and in [26] in a full information framework and in [27] under
restricted information. In [30] the case where the dynamics of asset prices are described by a continuous
semimartingale is studied, in [26] and [27] market models where stocks are exposed to a counterpart risk
inducing a finite number of jumps in the prices are discussed. Under further assumptions on the model
and assuming compactness of the valued set of admissible strategies, we characterize the value process as
the unique solution to the BSDE. Since the BSDE involved and the optimal strategy depend on the F5-
compensated martingale random measure we have to solve a filtering problem, which in the case where
{Gi}eepo, ) = {F7 }eepo,m) has been studied in [7, 5].

Next, we examine the case G; = F°V F/, where 7, gives observations of X; in additional Gaussian noise, that
isn = fot v(Xs)ds + W, with v(z) a bounded measurable function and W} a (P, F;)-standard Brownian
motion independent of the Poisson random measure driving the asset price dynamics. In this situation,
which can be viewed as an abstract form of ”insider information”, agents observe stock prices and receive
in addition noisy signals on the unobservable stochastic factor X;. The value process is now characterized
in terms of solutions to a BSDE driven by the G;-compensated martingale random measure and the G;-
innovation process, quantities which depend on the filter. We recall that the filter is the cadlag version
of the conditional law of X; given G;. By the innovation approach we derive the Kushner-Stratonovich
equation that the filter solves and we characterize the filter as the unique weak solution of this equation, via
the Filtered Martingale Problem ([25]). The proofs of these Theorems are postponed in Appendix.

Filtering problems with mixed type observations (marked point processes and diffusions) have been studied
in [18, 19] in a framework of credit derivatives. In [18] the marked point process Y; is the default indicator
process and in [19] is the loss-state of the portfolio. In both models the intensities of default times depend
on a factor X; and the additional Gaussian noise is assumed independent of X; and Y;. Whereas in this
paper we examine a more general setup which allows correlation between the additional Gaussian noise and
the stochastic factor. The above mentioned assumption is crucial in [18] to apply a reference probability
approach (in a setup where common jump times between Y; and X; are allowed) in order to reduce the
filtering problem to the case where the information flow consists only of the default history. As in [19] we
apply an alternative route based on the innovation method, but in [19] the state process X; is modeled as a
finite-state Markov chain without common jump times with Y; whereas we describe X; as a jump-diffusion
process having common jumps times with the marked point process.

The paper is organized as follows. In Section 2, we describe the model. In Section 3, we formulate the
optimization problem. In Section 4, we derive the BSDE representation of the value function in the case
{Gt}eom = {F? }teo, 7). Section 5 is devoted to the case where agents observe the stock prices and receive
in addition noisy signals on the stochastic factor, that is G, = F° Vv F/ D F°. We show a suitable martingale
representation property and we derive the BSDE that the value process solves. In Section 6 we study the
related filtering problem by characterizing the filter as the unique weak solution to the Kushner-Stratonovich
equation. In Section 7 a particular case where the risky asset dynamics is described by a geometric pure
jump process driven by two independent point processes, describing upward and downward jumps and whose
intensities are not directly observable by investors, is proposed. For this model an explicit representation of
the optimal investment strategy is provided. This result extends to the partial information case some results
obtained in [9] in a full information setting.



2. The market model

We consider a finite time horizon investment model on [0, 7] with one riskless money market account and a
risky asset.

2.1. Preliminaries

On some underlying filtered probability space (2, {F; }+cjo, 1], P), satisfying the usual hypotheses, we assume
that the price B; of the cash account solves
dB; =rBydt, Byc R" (2.1)
with constant risk-free interest rate, » > 0, and the price S; of the risky asset follows a geometric marked
point process
S, = Spe™. (2.2)

The logreturn process Y; depends on an external stochastic factor X; and satisfies

Y}:/O /Zlog (14 K(s, Xs-,Y,—;C))N(ds,dC). (2.3)

Here N (dt,d() denotes a (P, F;)-standard Poisson random measure on IR* x Z with mean measure dt v(d(),
with v(d{) a o-finite measure on a measurable space (Z, Z), and K(¢,z,y;() is an IR-valued measurable
function, such that K(¢,z,y;¢() +1 > 0.

We describe the unobservable hidden state process X; as a jump-diffusion having common jump-times with
S;. This means that the trading activity may affect the law of X; and could be also related to the possibility
of catastrophic events. A natural way to describe this kind of behavior is to suppose that the pair (X,Y) is
a global solution to the following stochastic differential equations (see [7])

t t t
X, = b(X,) d X,) dW, Kol(s, X, ds, d 4
txo+/0<>s+/oo<> +/0/Zo(8 ¢) N(ds, d¢) (2.4)
t
Y, = /O /Z Ky (s, X, , Yy 3 ¢) N(ds, d¢) (2.5)
with
Ky (5,2, ;) = log(1 + K (5,2, ;C). (2.6)

Here z¢ € IR, W, is a (P, F;)-standard Brownian motion independent of N(dt, d¢) and the IR-valued functions
b(x), o(x), Ko(t,z;() are measurable functions of their arguments.

We assume existence and uniqueness (at least in a weak sense) to the system (2.4)-(2.5). Three different
classes of sufficient conditions can be found in [7]. This assumption implies that the pair (X, Y;) is a
(P, F;)-Markov process.

Writing Ito’s formula we find that the price S; of the risky asset satisfies
ds, = S, / Kt X, Y, :() N(dt,d0),  So € IR*. 2.7)
z

From now on we will write K (s; (), K1(s;¢), Ko(s;¢) for K(s, X,-,Y,~; (), K1(s, X,-,Y,—;¢) and Ky(s, Xs—;()
respectively, unless it is necessary to underline the dependence on the processes involved.

The sequence {T}, },>0 of jump times of S, coincides with that of ¥; and is defined by

Ty =0, leinf{t>0:/0t/ZK1(s;§) N(ds, d¢) + 0}

Tops = inf{t > Ty : /T /Z K (5:) N (ds, d¢) # 0.

n



We introduce the sequence of the marks associated to the marked point process Y;

Zn = Yo, —Yr,_, = /ZK1<Tn,;<> NUTW},d0), n>1

and we denote by Ny = 3, Iy, <4y the point process which counts the total number of jumps of ¥; (i.e. of
St). The process Y; is completely described by assigning the sequence {7}, Z,, },>1 or by giving the following
discrete random measure ([4],[22])

m(dt,dz) =Y Sz, z,1(dt, dw) Tz, <o) (2.8)

n>1

In [21] it is proved existence and uniqueness of a positive random measure mP(dt,dz), called the F;-
predictable projection of m(dt,dz), such that VA € B(IR) (where B(IR) denotes the family of Borel sets
of IR) the process m?((0,t], A) is predictable and

m((0,t], A) — mP((0,1], A) (2.9)

is a (P, F;)-local martingale or equivalently for each H(t¢,x) nonnegative and predictable process

JE(/OT/RH(t,x)m(dt,dx)) —JE(/OT /]RH(t,x)mp(dt, dx)).

When the predictable projection is of the form m?(dt,dx) = A\®¢(dx)dt, where \; is a nonnegative Fi-
predictable process and ®;(dx) is a probability transition kernel, the pair (A¢, @+(dz)) is called the (P, F)-
local characteristics of Y3 ([4]).

Define
DOt,z) ={¢ € Z : Ko(t,;¢) # 0},

DA(t’xvy) = {C €Z: Kl(t7x7y;C) € A\{O}} c D(t’x’y) = {C €Z: Kl(tvxvy;C) 7A 0}7 (210)

D'(t,z,y) = D°(t,z) N D(t, z,y).

From now and on we will write DY, D#, D; and D} for D°(t, X,-), DA(t, X,,Y,~), D(t,X,~,Y;~) and
D' (t, X,-,Y,-) respectively, unless it is necessary to underline the dependence on the processes involved.

In [5] (Proposition 2.2) it is proved the following result.

Proposition 2.1 Under the assumption
T
E/ v(Ds) ds < 400 P —a.s. (2.11)
0

the (P, Fy)-predictable projection of m(dt,dx) is given by
mP(dt, dx) = \y®¢(dx)dt (2.12)
where VA € B(IR)

mP(dt, A) = \;®;(A)dt = v(D{)dt = v(DA(t, X,-, Y, ))dt. (2.13)

In particular \y = v(Dy) = v(D(t, Xy—,Y;-)) provides the (P, F;)-predictable intensity of the point process
Ny.

Remark 2.2 Since EfOT v(Ds) ds < 400 the process given in (2.9) is a (P, Ft)-martingale, VA € B(IR).



The time-dependency of (Ay, @;(dx)) is introduced in order to incorporate seasonality effects, which are
typical for high frequency data. In particular \;, the (P, F;)-intensity of the counting process Ny, corresponds
to the rate at which new economic information is absorbed by the market.

Let us observe that the following representation of S; in terms of the integer-valued random measure m(dt, dz)
holds

Sy = So +/0 /RS,F (e” — 1)ym(dr,dzx). (2.14)

Moreover, by (2.13) for each F;-adapted process, H(t, ), jointly measurable on (¢,2) we have that
[ B KGO, ©td0) = [ H(t2)x ) (215)
z R

and for H(t,x) = (e® —1)?

/th (dC) = /(em—n%@(dzs).

In the next proposition, proved in [11] (Proposition 2.2) we will give the semimartingale structure for the
risky asset S;.

Proposition 2.3 Under (2.11) and the following condition
vt € [0,T] / K(t;¢)*v(d¢) < +o0o P —a.s. (2.16)
z

Sy is a (P, Fy)-special semimartingale ([22]) with the decomposition

Sy = So + M + A? (2.17)

AS = /O t /Z S K (r; O)(dC)dr = /O t /R S (e® — 1)\, Dy (d)dr

is a predictable process with bounded variation paths,

where

M; f//s K (r; O)(N (dr, d¢) — v(dC)dr) // (e — 1)(m(dr, dz) — A\, @, (dz)dr)

is a locally square-integrable local martingale whose angle process is given by

>t_/ /52 v(d¢) dr_/ / S2_ (e —1)?\.®,.(dz)dr. (2.18)

2.2. Partial Information

We suppose that investors acting in the market have only limited access to the information flow. The flow
of observable events, {Qt}te[o,T], contains all information on the underlying asset price, that is

FP=0{S;s<t} CG CF. (2.19)

Note that
}'ts = FY — Fr=o0{m((0,s],A);s <t,A € B(R)}.

Moreover we assume that {Qt}te[O,T] is right continuous and that Gy contains all the P-null sets of Fr.
This situation is referred as partial information in contrast to the case of full information.

We will reduce our model to a full information model by introducing the (P, G;)-predictable projection,
VP(dt,dx), of the integer-valued measure m(dt,dx). This leads to a filtering problem where X; represents
the signal or state process, G; provides all the available information about X; and the conditional distribution



of X; given G; is the most detailed description of our knowledge of X;. It is known ([25]) that there exists a
probability measure-valued optional process 7;(dx) such that, for any bounded measurable function f(t, )

m(f) = E[f(t, X¢) | G, (2.20)
and since X; is a cadlag process m; has a version with cadlag paths.

From now on we will denote by V the (P, G;)-optional projection of a generic process V defined as the unique
optional process (in a P-indistinguishable sense) such that for each G;-stopping time 7, V. = E[V;|G,],
P —a.s.. Hence

V, = E[V;|G] P-as.

In particular f(X;) = m(f), P — a.s. and this implies that f(X;) has cadlag trajectories. From now on we
will use both the notations f(X;) and m(f) to denote the (P, G;)-optional projection of a process f(X;).

Proposition 2.4 The (P, G;)-predictable projection of the integer-valued measure m(dt,dx) is given by

VP (dt, dz) = M@y (dx) |- dt = m- (A Dy (d)), (2.21)
that is, for any A € B(IR)

Vp((O,t],A):/O ws_()\S@s(A))ds:/O - (W(DA(., ., Y,)))ds. (2.22)

where m,— denotes the left version of the process .

Proof.

By definition of (P, F;)-predictable projection of the integer-valued measure m(dt, dz) we have that, for each
H(t,z) {P, F;}-predictable process jointly measurable w.r.t. (t,z) € [0,7T] x IR, verifying the condition
EfOT S | H (7, 2)| A\ @, (dz)dr < +o0, the process

t
my = / / H(r,z)(m(dr,dz) — A\ @, (dx)dr) (2.23)
0 JR
is a {P, F;}-martingale.
We will use two well-known facts: for every (P, F;)-martingale my, the projection my is a (P, G;)-martingale
and that for any progressively measurable process ¥; with IF fOT P, dt < 400

—

T T _
| wde— [
0 0

is a (P, G;)-martingale. Note that this implies that EfOT U, dt = EfOT W, dt .
Let us now consider in (2.23) a process H (t,x) which is (P, G;)-predictable. By projection on G; we get that

[ [ #omiaran) —w [ [ e

is a (P, G¢)-martingale, and

t t
/ / H(r,z)m(dr,dz) — / / H(r,z)\, @, (dz)dr
0 JR 0 JIR
is a (P, G¢)-martingale.

Finally, since I fOT Jg | H(r, 2)| N, dr = [E fOT S [ H(r, 2)| A\ ®,.(dz)dr, we get that, for any (P, G;)-predictable
process H (t,x) verifying the condition JEfOT S | H(r, x)|)\7<I\>T(dx)dT < 400, the process

/Ot/RH(m)m(dndx)_/Ot/RH(M)A:@(M”T_T_M



is a (P, G;)-martingale and this concludes the proof.
|

Let us introduce the (P, G;)-compensated martingale random measure
m” (dt,dx) = m(dt,dx) — vP(dt, dz) = m(dt,dx) — - (A Py (dx))dt. (2.24)

From now on we will consider the following (P, G;)-semimartingale representation of S;

S = // (e — 1)m™(dr,dx) // (e — D)mp— (A @ (d))dr. (2.25)

This model may now be treated as a full information model with respect to the observable flow {G;}:ep0,17-

Remark 2.5 Recalling that the (P, Fi)-semimartingale representation of Sy can be written also as

:/Ot/ZS,,K(r; N (dr,d¢) — v(d¢)dr) + / /S K (r; Qu(dC)dr

by projection on G, we obtain that Sy —fot I S,._I?(T; Qv (d¢)dr is a (P, Gt)-martingale, which in turn implies

/Ot/ZSTIA((r v(dC) dr—// (€ — 1)m- (A, (da)).

In a more general framework, for each Fi-adapted process, H(t,x), by projecting on G equation (2.15) we
get

/JE (1, 52 (6:0) I, () | GeJw(dC) = / H(t, )\ ®y(dx) | Go).

In particular, for H(t,z) = (e* — 1)%, we find that

| KGO o) = [ (e - 02 5ian)
Z R

From now on we will assume (2.11), (2.16) and

vt € [0, 7] / K0 Wde) < 400 P —a.s. (2.26)
Z

This condition is not a consequence of (2.16) but it is for example fulfilled if

JE[/Z K(t;¢)*v(d¢)] < +oo.

Following the same lines of Proposition 2.3, hypothesis (2.26) implies that S; is a (P, G;)-locally square
integrable special semimartingale.

3. Utility maximization problem

We are interested in solving an optimal portfolio problem for a small investor who has access only to
the observable flow {G;},co,r). In this section we discuss the problem without specifying the structure
of {Gi}iejo,r). We assume that the agent does not affect prices and that continuous trading with perfect
liquidity is allowed. The agent with initial capital zop > 0, invests at any time ¢ € [0,T] the part 6; of the
wealth Z;, in stock S; and his remaining wealth in the bond B;. The dynamics of B; and S; are given in
(2.1) and (2.7), respectively. The amount of money invested in stock S; at time ¢ is 6, Z;—. Since the agent’s
information is described by the filtration {G;},cjo,7) the decision §; must be adapted to G;. By considering
G,-predictable, self-financing strategies, taking values in a set A C IR, the dynamics of the wealth process
controlled by the investment process ; can be written as



ds
dZ, = Z,- (ets—t +(1- Ht)rdt) (3.1)
-

and, taking into account (2.25), as

dZt = Zt* (0t/ (e‘r — l)m“(dt, d.I) + Gt/
R

(€% — 1)A®y(dz)dt + (1 — Ht)rdt). (3.2)
R

Let us observe that (3.2) makes sense only when the following inequalities hold
T . T
/ / 10 (e™ — 1)y (da)dt < +oo, / 0|t < +00 P —a.s. (3.3)
0o JR 0

For a given strategy {0 }:c[o,7) the solution Z; to (3.1) will of course depend on 6. To be precise, we should
denote the process Z; by Z?, but sometimes we will suppress 6.

For an agent with power utility

(o3

U(:v):% a<l,a#0

the objective is to maximize the expected utility of his terminal wealth

E{vten] - o[ 2]

for a suitable class © of admissible strategies. This class consists of all A’-valued, (P, G;)-predictable pro-
cesses, {0t }iefo,1), such that equation (3.2) has a unique solution 79 >0, P—a.s., ¥t € [0,T]. We shall
assume furthermore that

sup IE|U(Z5)| < +o0. (3.4)
0cO

Let us observe that 6; = 0, Vt € [0,T], is an admissible strategy, since the associated wealth, Z? = zpe™, is
a positive and deterministic process.

Proposition 3.1 Let {0;}icjo,7) be an admissible strategy. Then
1 +/ Os(e® — Lym({s},dz) >0 P —a.s. (3.5)
R

and the wealth process Z{ can be written as

70 =2 exp{/ot /Blog(l +05(e” — 1))m(ds,dx) + /Ot(l — Hs)rds}. (3.6)
Furthermore, the following inequality is fulfilled
/R 114 6,(e" — 1)|° thpay N (d2) < +00 P — as. (3.7)
with
Dt,z) ={w e Q: 1+ 0, (w)(e” —1) > 0}. (3.8)
Proof.

Equation (3.2) can be written as dZ; = Z,-dM{, where

t t t
M? = / / 0s(e® —1)m™ (ds, dx) —|—/ / 0s(e® — 1)AsPs(dx)ds +/ (1—05)rds
0 JR 0 JR 0

is a (P, Gi)-local semimartingale. From Doléans-Dade formula we get that



Zy = 20 eM Ty (1 + AMP)e2M!

and since Z; > 0 then Vs < ¢, 1+ AMf =1+ [, 0,(e” — 1)m({s},dz) > 0.
By standard computation we derive expression (3.6). Moreover we have that

Az = Z& dMY () (3.9)

where

t t
M?(a) :/ / (1 + 0u(e" — 1)) — 1]m(ds, dz) +/ (1 — 0,)rds. (3.10)
0 R 0
Finally, if (3.7) does not hold we get that

E[‘/O /]R Z;)i (1 =+ 05(67“ — 1))am(ds7dx)] = E[A ‘/JR Z;’i(]_ + gs(ew _ 1))OCI[D(9,T))\S(I)S(d£L')dS] - 1o

which in turn implies

T
F[Z§] = 2§ + IE[/ Z& dM°(a)] = +o0
0

and this is in contrast with (3.4).

O

As usual in stochastic control frame we introduce the associated value process ([14]), which gives a dynamic
extension of the initial problem to each initial time ¢ € [0, T

Za
Vi(z) = ess sup JE[—T | Qt}, (3.11)
0€0, «

where z denotes the amount of capital at time ¢ and ©; the set of the admissible strategies on the interval
[t,T]. Equation (3.6) implies

Vi(z) = EJt
where for 0 < a < 1
ZQ
Ji = ess sup ]E{—z | Qt}, (3.12)
0cO, Zt
and
T T
J; = ess sup E[exp{a/ / log(1 + 05(e” — 1))m(ds, dx) + a/ (1- Gs)rds} | Qt}. (3.13)
0€O, t R t

For ae < 0 the esssup is replaced by the essinf in (3.12) and (3.13).

By a duality approach in [24] it is proved that the optimal strategy exists in a general incomplete semi-
martingale market under suitable assumptions on the utility function (verified by the power one).
Moreover, the Bellman optimality principle ([14]) can be stated as in Proposition 6.9 of [26].

Proposition 3.2 The following properties hold true
(i) For 0 < o < 1, {Ji}eejo,) is the smallest cadlag Gi-adapted process such that for each 6; € © the process
{(Zf)‘th}te[O’T] is a (P, Gt)-supermartingale with Jp = 1.

(i’) For a < 0, {Jt}sepo,1) is the greatest cadlag Gi-adapted process such that for each 0; € © the process
{(Zf)“Jt}te[oyT] is a (P, Gt)-submartingale with Jp = 1.

(i1) 0; € © is an optimal strategy if and only if the process {(Z{)*Ji}reo1) is a (P,G¢)-martingale.



We give now some further properties of the process J;.

Proposition 3.3 We have that
(i) For 0 < a <1, for anyt € [0,T], Jy > 1, P — a.s. and sup,¢(o 1) E[Ji] < Jo < +o00.

(i1) For a <0, for anyt € [0,T],0< J, <1, P—a.s..

Proof.

Since 6, = 0 is an admissible strategy, by (3.12) we get that

for0<a<1,J;>e* Tt >1 and for a <0, J, < e (Tt <1,

By (i) of Proposition 3.2, for 0 < o < 1, z§e" J; is a (P, G;)-supermartingale, hence IE(J;) < e~ "'.Jy, where
Jo = supyee, IE[Z%] < +00.

Finally for o < 0, since g—i > 0, we have that J; > 0, P — a.s. and by the existence of an optimal strategy
t

that Jt > 0.

O

In the next sections we will use the following notations

e SP,1 < p < +oo, denotes the space of IR-valued Gi-adapted stochastic processes {H; }icjo.7) with

[Hlls» = I supsego.r) | He | [lLr < +o0.

o L2, (L2 ) denotes the space of IR-valued G-predictable processes {U(t, ) }+¢jo.7) indexed by x with

VP loc

T - 1 T - 1
( / / | U(t2) P (o)) < 400 (resp. / / U(t2) P R@(da)dt)” < 400 P —as.).
0 R 0 R

e [2 (L2 ) denotes the space of R-valued Gi-adapted processes {R¢}eejo.r) with

1

E(/OT|Rt) |2dt)%<+oo (resp. /OT|Rt \th)§<+oo P—a.s.).

o IfU(t,x) € L2, we define

g — 3
\\Ullc3p=JE(/0 /R|U(t,x) 2 At@t(dx)dt) .

4. The case G; = ]-'tS

In this section we deal with the case where investors can only observe stock prices, that is we assume G; = F7°.
The filtering problem in this frame has been already examined in [7] and [5]. The filter, ¢, is characterized
as the unique (in a weak sense) solution to the so called Kushner-Stratonovich equation and an explicit
representation via the Feynman-Kac formula is provided. For details we refer to [7] if Y is a discrete valued
process and to [5] if Y is a real-valued process.

By using Proposition 3.2 and existence of an optimal strategy [24] we show that the process J; is a so-
lution to a BSDE, driven by the F7- compensated martingale random measure m™(dt, dxr) = m(dt,dr) —
T¢— ()\tq)t(dx))dt

Since §; = 0 is an admissible strategy, Proposition 3.2 implies that {€*"*.J;};cjo.77, for 0 < a < 1 (a < 0) is
a (P, F?)-supermartingale (submartingale) hence it admits a unique Doob-Meyer decomposition
eaTtJt = m;] — At (41)

with m] a (P, F{)-local martingale and A; a nondecreasing (nonincreasing) (P, F}*)-predictable process with
Ap = 0. By a classical martingale representation Theorem (see for example, Theorem IIT 4.37 in [22]) there
exists a (P, F;)-predictable process I'(t,x) € £2 such that

VP loc

m;]—/ot/lRI‘(s,w)m”(ds,dx). (4.2)
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Theorem 4.1 For 0 < a <1 (a <0) the process {J;,'(t,x)}ef0.1) solves the following BSDE

T
J=1 —/ / “OT (s, x)m™ (ds, dx) —|—/ esssup f(s,J,T,0)ds (4.3)
t

0€©

(essinf in the case o < 0), where

F(s,J.T.0) :/JR (Jo + T(5,2)e ) [{1 4 0a(c" — 1)} — 1] pge.my \as(da) — adur(fs —1).  (4.4)

The strategy 07 € © is optimal if and only if for 0 < o < 1 it realizes the esssup of f(s,J,T',0) (essinf in
the case a < 0).

Moreover, {J;, T'(t, ) }rejo.1) 45 the smallest for 0 < a < 1 (the greatest for ot < 0) solution to (4.3) such
that M; defined in (4.6) below is a (P, F})- local martingale.

Proof.
Let us consider the case 0 < a < 1. The proof for @ < 0 can be performed in an analogous way.
By applying the product rule to (Z¢)*.J;, V0 € ©

¢ ¢
(ZHYJ, = 28 J, +/ Jo-d(Z%) +/ (Z8)*d ]+ A(ZD)*AJL,
0 0 <t
since by (4.1), (4.2)
dJ; = —arJidt + e " (dm] — dA;), AJ, = e*a”/ (s, z)m({s},dx) (4.5)
R

and by (3.9)
A(Z0) = (20 ) /R {1+ 0u(e" — 1)} — Um({s}, da),

we get

a((zH)* 1) = (Z2)*ertam] + e*a”/ (Jo- ™™ + T(t,2))(Z0)* [{1 + 0:(e” — 1)}* — 1] m(dt, dz)+
R

*Oé?"( ) Jthdt ( )a 7artdA
Then

(20 00) = bty (2 e [ [

(ee® D1, ) [{140, (7 = 1)} * 1] Ty N By (dar) -+ i,
R

where .
MY = My + / / (271 T (5, 2) {1 + Os(e* — 1)}*TLps.aym™ (ds, dz)+ (4.6)
0 R

/ / (27)° T~ [{1 + 0,(¢" — 1)} — 1| Tp(s.oym™ (ds, dx).
Since (Zf)®J; is a supermartingale V6, € ©, it follows that (4.6) is a (P, F;)-local martingale and
dA; — /IR (Jee®™ +D(t,2)) [{1 4 O(e” — 1)}* — 1] ]Ip(t,x))\/t-ti(dx)dt + airfe®tdt > 0
which in turn implies

dd; > esssup | / (it £ T(t,2)) [{1 4 0,(e” — 1)} = 1) Tp( ) APy (da)dt + adyr0pe™ dt .
o€
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By Theorem 2.2 in [24] there exists an optimal strategy 0y € © and by the Bellman optimality principle
J(Z0)* is a (P, F7)- martingale. Thus

dA; = esssup [/ (Jee®" + T(t, ) {1+ 6, (e — 1)} — 1]]Ip(t7$)/\7<1\>t(das)dt + aJtTHteo”'tdt] (4.7)
vco LR

Finally (4.5), (4.2) and (4.7) yield that (J;,I'(t, z)) solves BSDE (4.3).

We now prove that {Jt, (t,x)}teo.7) is the smallest solution such that M in (4.6) is a (P, F;)-local
martingale. Let {Jt, (t ) }iefo.1) be a solution of BSDE (4.3). The product rule implies that

d((Zf)ajt) = dM; — ()" {ess sup f(, J,T,0) = f(t,J,T, 9)] dt

with Mt‘7 a (P, F?)-local martingale such that Mg: 28 Jo and
de:/ﬁzew*Mﬂnu@+QL#M+?@@MQ+@@17npfu}mm@mwﬁ@@.
R

We have that M/ > (Z¢ )ajt >0, and M/ is a supermartingale since every lower bounded local martingale

is a supermartingale. This implies that (Z? )O‘jt is a supermartingale for each # € © and the thesis follows
by (¢) in Proposition 3.2 .
O

Under further assumptions we characterize J; as the unique solution to the BSDE (4.3).

Proposition 4.2 Assume the valued set of admissible portfolios, A?, to be compact and that there exists a
constant C > 0 such that |K(¢;¢)] < C and \y = v(D;) < C, P — a.s. (see Section 2). Then the process
{J4,T(t, 2) }iejo.m) is the unique solution in S* x L2, to the BSDE (4.3). Moreover Jy is a bounded process.

Proof.
First, let us observe that |K(¢;¢)| < C and A\ < C imply

N (IR) = BN FF] < C, /e—1> N (d) = /Ktc VOV FE] < CP (48)

As in [2] we consider the space L(IR,vP) of measurable functions u(x) with the topology of convergence in
measure and define for u,u € L(IR, vP),

1
fu=ll = ( [ ue) - G@)PXEi ()" (4.9)
R
For 0 < o < 1, the generator of BSDE (4.3) is given by

g(t,y,u) = ess glelg MR (y + u(ac)e_a”) [{1 +0i(e® = 1)} — 1] IID(t’I)):tI\Jt(dx) — ayr(6; — 1)]7 (4.10)

(for ae < 0 the ess sup is replaced by the ess inf).
We show that g(t,y,u) is Lipschitz in (y, ), namely there exists a constant C' > 0 such that

l9(t.y,u) = 9(t,5,@) < Cly =91 + u— ) P xdt —ae.

Let 0 < o < 1. We have successively

ot = esssup {[((4=7)+(ula) =(e)e™) [(1+6,(e* =D} <1 Doy ()~ (y=Tr (0= 1)+

0co
/]R (T +u(z)e ") [{1+ 0, (e” — 1)} — 1] ]Ip(t,z))gfl\)t(dx) — ayr (0, — 1)}7
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g(t,y,u)—g(t,7,u) < esssup[/ ((y=0)+(u(@)—a(z))e ) [{140:(e” 1)} =1] Tp(y oy Ae®e (dz) —a(y—F r(érl)},
0c® J IR

gt o) = (t.5.0) < esssup { [ [(14 61" = 1) = g Ai(do) + ar(6y ~ D} [y~ T+
6co R

1

ess sup (/ [{1+0:(e® — 1)} — 1]21[D(t’x)):<i(dx)) *Jlw — ;.
9o \JR

Hence (4.8) and compactness of A? imply
g(t.y,u) = g(t.5,0) < C(ly =gl + u—all) P xdt—ae.

for a suitable constant C > 0 and by symmetry the Lipschitz property follows. By classical results we get
that there exists unique solution in 8% x £2, to the BSDE (4.3) (see for instance [2], Proposition 3.2). In an
analogous way the case a < 0 can be performed.

Finally, to obtain boundedness of J;, we recall that

dZe = Z* dM ()

- /01t /ZR[{1 +0,(e — 1)} — 1]m(ds, dz) + /Ot a(l — 0,)rds.

Since A? is a compact set, there exist two positive constants C; > 0, i = 1,2, such that

E[%‘@} <

where

(e —1))* — 1)m(ds, dz)] + C’l/ Z—fxds\gt} <
t t

]RZ}Z[(

))“Asés(d;r,)dstCl/ e dsla] =
t Zt

T 7o
K(6Q) Un(Culac)ds+ 1 [ Zoasig)

where the last equality is a consequence of (2.15). Recalling that D; = {¢ € Z : K(¢;¢) # 0}, by boundedness
of K(t;¢) and A\ = v(D;) we have that
}ds

E[g?gt} <1+cz/thE[§§

Finally, by Gronwall Lemma we find that, for a suitable constant Cs > 0

E [ﬁ \Gt] < Os(T-1)
zy

which implies that J; < e“T Vvt € [0, T].
|
5. A model with G; > F°

In this section we assume that investors receive informations on the stock price and in addition noisy signals
on the stochastic factor X;. Thus they have access to the information given by the filtration G, = F° v F}!
generated by the past asset prices and by a process 7, giving observations of X in additional Gaussian noise,
namely

t
nt:/o Y(Xy)ds + W (5.1)
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Here W} is a (P, F;)-standard Brownian motion independent of A'(dt, d¢) and v(z) is a bounded measurable
function. The Brownian motions W, and W, may be correlated, with correlation p € [—1,1].

The (P, G;)-predictable projection of the integer-valued measure m(dt, dx), vP(dt, dz), can be now computed
as in (2.22), where the filter in this framework is defined by

m(f) = B[ (1, X2) | G = E[f(t, X2) | 77V F). (5-2)
We introduce the innovation process

I =n — /0 7s(7y)ds. (5.3)

It is well known, in the case G; = F}' that I; is a (P, F}')-Brownian motion. This result can be easily extended
to our setting following the same lines of that used in [28], Theorem 7.12.

Proposition 5.1 The random process {I}icp0,1 is a (P, G;)-Wiener process.

It is known ([25]) that there exists a functional H; defined on the space of cadlag trajectories Dg2[0,T] with
values in the space of probability measures on IR such that the filter is given by 1, = Hy (Y a¢,7.4¢). Thus,
according to the definition of I; we have that

FOVF CG=F VT

and in general this inclusion can be strict, hence a martingale representation theorem for (P, G;)-martingales
with respect to m™(dt, dz) and I; cannot be directly derived from usual martingale representation theorems.

Proposition 5.2 Every (P, G;)-locally square integrable local-martingale My admits the decomposition

M, = My + /0 /]R 6(t, 2)m™ (ds, dz) + /O odls (5.4)

where ¢(t, ) is a Gi-predictable process and ¥y is a Gy-adapted process such that

T T
/ / (1, 2) 2 7 (\Dy(da))dt < 400, / W2ds < 400 P—as.
0 R 0

Proof.
Let @ be the probability measure defined, Vvt € [0,T], as

= %‘gt = 5( - /Otﬁ(Xs)dIs> = exp{ — /Ot F(X)dI, — ;/Ot W(XS)st}

where £ denotes the Doléans-Dade exponential. Since y(x) is bounded the exponential local martingale L;

Ly

is actually a (P, G;)-martingale and it is a bounded martingale such that IF {(SUPte[o,T] Lt)ﬂ < +00. From

Girsanov Theorem,

t
It+/ ;y\(Xs)dS:nt
0

is a (@, G¢)-Brownian motion. Let us observe the @Q-distribution of the pair (Y;,7:) is uniquely determined
by the (Q,G;)-predictable characteristics. This can be proved by conditioning on F;' and then averaging
over the Wiener measure. In fact, for any bounded functions f and g since F;' C G; we have that

B[ (n:)g(Ye)] = E[f (n) E°[9(Y)|F/']] =

E9[f () Eg(Ys) + / /,R (9(Yam + 1) — g(Yo e (Autrs(da))ds| 1)

and this expectation can be evaluated by integration with respect to the Wiener measure.
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Thus, as in [3], we apply Corollary I11.4.31 of [22] which asserts that for any M,, (Q, Qt) locally square
integrable local-martingale, there exist two Gi-adapted processes ¢(t x) and ¢t, with ¢(t x) predictable,
such that

—~ — t . t
M, = M, —|—/ /qu(s7x)m”(ds7dx) —|—/ Psdns (5.5)
0 0

and
T — T _
/ / | 3t 2) [2 7 (MBy(da))dt < 400, / D2t < 400 Q—as.
0 R 0

Let M; be a (P, G;)-local martingale, by Kallianpur-Striebel formula M, = M;L;' is a (Q, G¢)-local martin-
gale. We can write My = M;L; and by the product rule we get

dM; = M,-dLq + L,-dM, + d{(M°, L), + d(>_ AM,AL,) =

s<t
= Ly(¢y — F(X,)M,)dI, + / Ly o(t, z)m™(dt, dz)
R

which gives the martingale representation for M, with ¢; = Lyth, — F(X¢)M; and ¢(t,x) = Ly- 5(15, x).
U

As in Section 4 we want to characterize the value function by a BSDE In this frame the Doob-Meyer
decomposition of e®*.J; is given again by (4.1) but, by Proposition 5.2, mj has the representation

¢
m; —/ / s,x)m™ (ds,dx) + / Rydl, (5.6)
0

with T'(t,z) € L2 and R, € L?

VP loc loc*

By using exactly the same arguments as in the proofs of Theorem 4.1 and Proposition 4.2 we get the following
results

Theorem 5.3 For 0 < a < 1, the process {J;,I'(t,x), Rt }iefo.1) 15 a solution to the BSDE

T T T
J=1- / / e~ (s, z)m"™ (ds, dz) — / e ‘" Rydl, —I—/ esssup f(s,J,T,0)ds (5.7)
t JR t t

0c®

(essinf in the case o < 0), where

f(s, J,T,0) :/R (Js + T(s,2)e™ ") [{1 + s(e” — 1)}* — 1] HD(S,I)):‘SS(OZQ:) —aJsr(0s —1). (5.8)

The strategy 0F € © is optimal if and only if for 0 < a < 1 it realizes the esssup of f(s,J,T',8) (essinf in the
case a < 0). Moreover {J;,['(t, ), Rt }1ejo.7) is the smallest for 0 < a < 1 (the greatest for o < 0) solution
to (5.7) such that

M = Mg + /t/ (Z0_)2e= T (s, 2){1 + O5(e” — 1)}*m™ (ds, dx)+ (5.9)
o JR

// Z0 ) T [{1+05(e” — 1)} — ]m”(ds,dx)+/(29 Ve RodI,.

0
is a (P, Gt)-local martingale.

Proposition 5.4 Assume the valued set of admissible portfolios, A?, to be compact and that there exists
a constant C > 0 such that |K(t;¢)] < C and \y < C, P — a.s.. The process {J;,T'(t,x), Ri}rejo.) 5 the
unique solution in 8% x L2, x L? to BSDE (5.7). Moreover J; is a bounded process.
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6. The mixed type filtering problem

The filtering problem consists in computing the conditional distribution of a signal process, which is not
directly observable, given observations up to time. The case of diffusion observations has been widely studied
in literature and textbook treatments can be found in Kallianpur [23], Lipster Shiryaev [28] and Rogers and
Williams [36]. More recently, there are known results also for pure-jump observations (see [4, 7, 5, 16, 17]
and references therein). While few results can be found for mixed type information which involves pure-
jump processes and diffusions ([18, 19]) and to the author’s knowledge it is the first time that mixed type
observations filtering is studied for a general jump-diffusion signal allowing both correlation and common
jump times with the observations.

Several approaches have been considered in nonlinear filtering literature. Among them we recall the inno-
vation method and the reference probability approach. In the case where W, in (5.1) is independent of W,
(see (2.4)) we can apply the reference probability approach proposed in [18] in order to reduce the filtering
problem with mixed type informations to a filtering problem with pure jump observations. But since we deal
with a mixed type observations model allowing correlation between W, and W, we choose the innovation
method. It consists in deriving the dynamics of the filter, the so called Kushner-Stratonovich equation (KS)
and to characterize the filter as the unique solution to this equation. The KS-equation plays an essential
role in the study of partially observable control problems by the Hamilton-Jacobi-Bellman approach (see for
instance [8, 31, 1]) and in credit risk setups with restricted information for describing the dynamic evolution
of a portfolio of credit risk securities ([19]).

Before writing down the filtering equation we give a result proved in [7], Corollary 2.2.

Lemma 6.1 Under the assumptions

T T
JE/O v(DY)dt < +o0, E/O o?(Xy)dt < 400 (6.1)
X is a (P, Fy)-Markov process with generator
0 0 0?
L¥f(t2) = ) + W) G + 5550 + [ (fhat Kolt.wiO) = L old). (62)

More precisely, for any any function f(t,z) € Cbl’Q(]RJr x IR) the following semimartingale decomposition
holds

t
f(t, X,) :f(t,x0)+/0 LX f(s, X;)ds +mi (6.3)

where m{ is a (P, F;)-martingale.

The next Theorem whose proof is postponed in Appendix is the main result of this section.
Theorem 6.2 Let us assume the first of (6.1) and
AM=v(Dy) <C P—as., ox)<C, (6.4)

with C > 0. The filter (5.2) is a solution of the KS-equation, that, for any function f(t,x) € C’;’Q(ﬂi"" x IR)
is given by

m(f) = f(xo, tﬂ's X f)ds t T(f, x)m™ (ds, dx Cr s .
(N = fav) + [ m@¥pas+ [ [ oriramasdo+ vz (6.5)
where
. _dmy- (MO, f) dmy- (Ls f)
o5 (fiz) = m(@ — 7~ (f) + m@) (6.6)
VI = M)~ ) + oo o), (6.7
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and
dmy- (As®sf) dm (Lsf)
W WA s W A

denote the Radon-Nikodym derivatives of the measures Ty (A\s®sf), mo- (L Lf) respectively, with respect to
mo- (As®@s), and the operator L. f is defined as, VA € B(IR)

Lf = Lf(Yid), Lty d)= [ (1t s Kolt:0) = S)vidc)

(DA(t,z,y) is defined in (2.10)).

Remark 6.3 Let us observe that, since

/}R |65 (f, 2) |- (As@s(da)) < [me- (A )] + |To- (Ns) 7= (f)] + |ms— (L) (R)],

assumption (6.4) and boundedness of v imply that for any f(t,z) € C';’Z(ZRJr x IR) it is possible to find a
constant Ay > 0 such that

WT(f) < Ay, /B 67 (f,2) s (Ao (da)) < A, (6.8)

Thus the integrals in (6.6) with respect to the compensated martingale random measure m™(dt, dx) (defined
in (2.24)) and to the innovation process I (defined in (5.3)) are (P, Gi)-martingales.

We could weaken conditions (6.1) and (6.4) in order to get just (P,G;)-local martingales, but we assume
them to avoid further technicalities in the proof of Theorem 6.2.

In order to characterize the filter we introduce the notion of weak solution to the filtering equation. Let
II(IR) be the space of probability measure on IR.

Definition 6.4 As weak solution to KS-equation (6.5) we mean a process (i, }7}, 7¢) defined on a probability
space (0, Fi, P) taking values in II(IR) x IR? such that

- pt is FY V F-adapted with cadlag sample paths

- Y, is marked point process whose associated random measure m(dt,dz) has FY v F;'-predictable projection
given by py- (M (dz))dt

-1 is a FY V F-Brownian motion.

- the triple (juz, Yy, ) solves the KS-equation (6 5) with m™(dt, dx), It, ¢T (f,x) and ¥ replaced by m* (dt, dx) =
m(dt,dr) — - (Nege(dax))dt, I} =1 — fo s(vs)ds, &4 (f,x) and ', respectively .

Let us observe that, by performing a measure change that turns n; into a Brownian motion, from Theorem
6.2 the triple (m,Y:,n¢) provides a weak solution to equation (6.5). More precisely, the new probability
measure P equivalent to P is defined as

g'ﬂ - g( - /Ot’y(Xs)dWSl) = exp{ - /OtV(Xs)dWsl - ;/OtV(XS)QdS}'

From Girsanov Theorem 7, = fo Y(Xs)ds + Wlis a (P Fi)-Brownian motion, which in turn implies that 7
is a (P, FY v F/)-Brownian motion.

In the next Theorem the filter is characterized as the unique weak solution to the KS-equation (6.2). The
proof is given in Appendix.
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Theorem 6.5 Let us assume the first of (6.1) and (6.4). Under one of the following conditions
(i) b(z), o(x), v(z) € CZ(IR), v(DY) < C, with C a positive constant,

(ii) b(z), o(x) and y(x) continuous functions in x € IR, Ko(t,z;(), Ki(t,x,y; () jointly continuous in (t,z)
and (t,x,y) respectively,

all weak solutions (ug, 57,5, M) of the KS-equation have the same law. In particular py has the same law of the
filter my.

To conclude this section, let us observe that the KS-equation can be written also as

7o(f) = f(zo,yo)+ / (ra L) () ma(h) ~ma(fAe) s+ / /}R 67 (f, )m(ds, d) + / Gr(f)dl, (6.9)
where

Lé(f(t,:my) = LXf(t,(E) - I_/f(t,x7y,]R) =

0 0 02
Gt g+ et @ [ e Ko 0) £ m)jido)

(De(tyz,y) = Z—D(t,x,y) ={C € Z : K1(t,z,y;¢) = 0}) and it has a natural recursive structure. This can

be seen if we write the equation at the jump times and between two consecutive jump times. In fact, at a

jump time T,

- (Ar, @1, f) drp-(Lr, f)

e P el n +T"L—(Zn)’ Zn :YT,,, 7YTn_1'
- (Ar, @1,) - (Ar, @1,)

Hence 77, (f) is completely determined by the observed data (T,, Z,) and by the knowledge of m:(f) in the
interval [T,,—1,Ty), since mp— (f) = lim, _ ,— m(f).

For t € [T, Th+1)

mlf) = 7, () + /T (L F) + ma()ma(Ae) — ma(FA0) s + /T Gr(fdL.

7. A particular case

As example we deal with the particular case when the risky asset follows a geometric pure jump process
driven by two independent point processes. In [6, 9, 10] similar models driven by two independent Poisson
processes have been considered in full information frameworks. We now examine in the frame of restricted
information the utility maximization problem in the case where the intensities of the point processes driving
the stock price dynamics are not directly observable by investors.

This particular model is presented since it allows us to obtain explicit expressions for the quantities of
interest.

Let us define

D+(t7Xt*71/t*) = {C € Z : K(taXt*aYVt*;g) > O}a D_(taXt*aYYt*) = {C S Z : K(t7Xt*7Y;‘,*;C) < 0}
From now on we will write K(¢;¢), D;", D; for K(t,X,~,Y,—;¢), DT(t,X,~,Y,-) and D~ (t, X,~,Y;-)

respectively, unless it is necessary to underline the dependence on the processes involved.
Assume

K(t;¢) = K'(t, St*)HDj(O - K™ (1, St*)]ID; (©) (7.1)

with K (¢,2), K~ (t,z) two positive jointly measurable functions (as in Section 2 we assume K~ (¢,z) < 1).
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In this particular case equation (2.7) can be written as

dS; = S, (K™ (t, S, )N} — K~ (t,S,- )dN?) (7.2)

where N} = N((0,t), D) and N2 = N((0,t), D, ) are two independent counting processes with (P, F;)-
predictable intensities given by A\;(t) = v(D;") and A\y(t) = v(D; ). The counting processes N} and N7
describe upwards and downwards jumps of S; and N} + N2 = N; (with N; the point process which counts
the total number of jumps of S;). In this model the agent can observe K (¢,S;-) and K~ (¢, S;-) but not
the intensities \;(t),7 = 1,2, since they depend on the unobservable stochastic factor X;.

In [6] and [9], the full information optimal investment problem for CRRA preferences has been solved by
using the Hamilton-Jacobi-Bellman approach (in [9] by considering K+ and K~ Markovian in the stochastic
factor X;— instead of S;-). In [10] the exponential utility case has been studied by a BSDE approach, for
KT and K~ general predictable processes. In all these papers the intensities, A;(t),i = 1,2, have been
assumed deterministic functions on time while in this note they are stochastic processes which depend on
the unobservable endogenous process X;.

From now on we denote by K; and K, the processes KT (t,S,-) and K~ (t,S,-), respectively and
Hy(t) =log(1+ K;7) >0, Hy(t) =log(l - K; ) <0. (7.3)
The integer-valued random measure m(d¢, dx) defined in (4.2) becomes
m(dt,dz) = o, (1) (dz)dN} + Sy 1y (dx)dN}, (7.4)
and its (P, F;)-predictable dual projection is given by
mP (dt, dx) = (5,{1 (@)A1 () + Sz e) (d) g (t))dt. (7.5)

By introducing the filter, m:(f) = IE[f (¢, X¢)|G:], the (P, G;)-predictable dual projection of m(dt,dx) can be
written as

v (dt, dw) = (81,0 (d2)me- (M) + 011y 0 (d) - (2) ),

with 7, (A1) = m- (W(DT(.,.,Y;-)) and ;- (A\2) = 71— (v(D~ (., ., Y;-)) the (P, G;)- predictable intensities of
N} and NZ.

By applying Theorem 6.2 and Theorem 6.5 the filter is characterized as the unique weak solution to the
KS-equation, that in this special case can be written in the simplified form

m(f) = Flwo,go) + 3 / o) () = 7o ATy () + 7 (R )}ANE = 7y (A)ds) - (7.6)

i=1,2

t t
/WS(LXf)der/ DT (f)dI,
0 0

T

where at = 11,0y, Y7 (f) is given in (6.7) and
R'f(t,x) = /Z[f(taff + Ko(t, ;) — f(t-2)[v(d) Wi, 1y 20y @ =1,2.

In the last part of this section we examine in this special case the utility maximization problem under
restricted information by using the BSDE approach. We will assume the riskless interest rate r = 0. First,
note that the Doob-Meyer decomposition of J; given in (4.1) and (4.2) can be now written as

t t t
J=mj — Ay, m;{:/ Fl(s)(stl—wsf(/\l)ds)+/ Fg(s)(dNSQ—Trsf(Ag)ds)—F/ RydI,  (7.7)
0 0 0
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with I'y(s) = I'(s, Hy(s)) and T's(s) = I'(s, Ha(s)) and R; € L?

loc*

We shall denote by £2 (£2,,.), i = 1,2, the space of IR-valued G;-predictable processes {U(t) }tefo.m) with

i,loc

1 1
2 2

E(/OT |U(t) |2 W(Ai)dt) < o0 (resp. /OT |U(t) |2 W(Ai)dt) < +o0 Pfa.s.).

Proposition 7.1 The process {J;, T'1(t),[2(t), Rt }iepo.1) solves the BSDE

Jp = 1—/ Fl(s)(stl—ws_()\l)ds)—/ Fg(s)(stz—Ws—(/\z)ds)+/ q(s, JS,Fl(S),Fg(s))ds—/ R.dlI,

t
(7.8)
where

gt y,z1,20) = (y + 20) [{1 + 0% (t,y, 21, 22) K }* — 1w (M) 4 (y + 22) [{1 — 0%(t, y, 21, 22) K; }* — 1] mi(Aa)

with . .
g T a1
. 1 (mi) (Gt) K- (W)
0% (t,y, z1,22) = — —— , Gi= m (7.9)
_ +z a—1 a—1 + t— 2
K+ (42)7 7 (6) T t

and the optimal investment strategy is given by 0 = 6*(t, J,—,T'1(t), T2(t)).

Moreover, {Jy,T'1(t),Ta(t), Ri}icjo.r) s the smallest for 0 < a < 1 (the greatest for o < 0) solution to
(7.8) such that M defined (5.9 ) is a (P,G;)-local martingale. Let us note that in this frame M; has the
representation

My =0+ [ R+ [ (20 4T 00K AN — m ()
0 0

/ (20, 4 Ta(s){1 - 0K} (AN? — 5y (Aa)ds) — / (200, (AN, = 7y (A)ds).

Proof.

The claim is a direct consequence of Theorem 4.1. In this particular case, for any fixed (t,w,y, 21, 22) such
that y + z; > 0, i = 1,2 (observe that J; = J,- +T;(t) > 0 if AN] # 0) we are able to compute explicitly
0*(t,y, 21, 22) which maximizes for 0 < a < 1 (minimize for @ < 0) the function

H(9) = (y+ 21) [{1 + 0K, }* — 1]m(M1) + (y + z2) [{1 — 0K }* — 1]m(X2)

over 0 € (— #, #) By a direct computation we get that the maximum for 0 < a < 1 (the minimum for
t t
a < 0) is achieved in 6*(t,y, 21, 22) given in (7.9).

O

The analogous of Proposition 4.2 can be stated avoiding compactness of the valued set of admissible strategies,
A? assuming (7.10) below.

Proposition 7.2 Assume the existence of positive constants Ay, As such that ¥t € [0, T

Al <K <Ay A<K; <Ay A <\N{H)<Ay, i=12 P—as. (7.10)

The process {J;,T'1(t), T'2(t), R }rejo,r) is the unique solution in S? x L2 x L2 x L? to the BSDE (7.8).
Moreover J; is a bounded process.
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Proof.
Since any admissible strategy 6; necessarily satisfies 6; € ( = —), P — a.s., we get that

1+6:KH*<C, (1-6K7)*<C, [1+6KH)*—-1?<C, [1-6K)*—1><C P-—a.s.

with C positive constant. By proceeding similarly to the proof of Proposition 4.2 we can prove that
g(t,y, z1,22) = ess Sug[(l/ + 21) [{1 + atKj}a - 1] (A1) + (Y + 22) [{1 — 0K} — 1] m(A2)
€
is Lipschitz in (y, 21, 22), that is there exists a constant C > 0 such that

lg(t,y, 21, 22) — g(t, Y, 21, 22)| < é(ly—ﬂl 4|21 — Z1] + |22 — 22]) P x dt—a.e.
[l

Remark 7.3 In the case where agents have access only to the flow generated by asset prices, that is Gy = F7,
the KS-equation and the BSDE involved are given by equations (7.6) and (7.8), respectively, without the part
driven by the innovation process, I.

Let us observe that the optimal investment strategies in the case Gy = F and Gy = F£ v F;! do not coincide
since both depend on the solution (Ji,T'1(t),T'2(t)) of different BSDEs and 6*(w,t,y, z1, 22) given in (7.9)
depends on the filter which has different dynamics in the two situations.

Remark 7.4 In the case where Kt+, K; and \(t), i = 1,2, are deterministic functions on time we are in
a full information setup with Gy = ,7-',5]\[1 \Y% .7—',5]\[2. Equation (7.8) becomes

Jo=1- /t Ty () (dNY = 7o (A1)ds) — /t Ty () (dNZ = 7o (Mg)ds) + /t g(s, Jo, D1 (5), Ta(s))ds. (7.11)

Note that the generator g(t,y, z1,z2) is a deterministic function hence the unique solution to equation (7.11)
is given by (J;,0,0), with Jp and the optimal strategy, 05, deterministic processes given by

Jy = (iff- (A(S)*A(S))ds7 A(t) _ {1 + echt—s-}a)\l(t) + {1 _ echt—}a/\2(t)7

N (< it WS o 1)

(= 1 ) t= o o

¢ K7 4+ (G)a K" K, M\ (t)
respectively. This result has been obtained in Theorem 11 of [6] by using Verification results for the Hamilton-
Jacobi-Bellman equation.

8. Appendix

8.1. Proof of Theorem 6.2

In order to deduce equation (6.2) let us consider the semimartingale given in (6.3)

fi= [t X)) = f(0,20) —|—/O LXf(s,Xs)ds—me

with

! = g(sts)U(Xs)dWer/ /{f(&Xs— + Ko(s, Xo-:0)) = f(s, X-) } (N (ds, dC) — v(d()ds).
0 JZ

t 0 (933
Next we perform a projection on G;. Taking into account that m; is a G;-martingale and that for any

progressively measurable process h; such that ]EfOT | hs | ds < +o0, fg hsds — fot Esds is a G;-martingale,
we get that
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h—fom /O LX f(s.X.)ds

is a Gy-martingale. Then by Proposition 5.2 there exist ¢7(f,x) and ¥7(f) such that

L t t t
ft:f0+/0 LXf(s,Xs)der/O /Rgﬁg(f,z)m”(ds,da:)Jr/o I (f)dl

We assume that ¢7(f,x) and 7 (f) satisfy (6.8) thus we can find (P, F;)-martingales, M}, i = 1,2, and
(P, Gy)-martingales, m?, i = 1,2, 3,4, such the following relations hold true.

First we derive (6.7) by applying the product rule to the processes f; and 7

d(fene) = fo-dne +me—dfe + d{f¢,n), = {mLX f(t, Xe) + fry(Xe) + o7

o (t, Xi)o(Xe)phdt + dM,}

and considering the projection on G; we get

d(fme) = {nthf(t, Xp) + fry(Xy) + pg—io(t,Xt)}dt}dt + dm;. (8.1)

On the other hand let us observe that f/t;t = ftnt, and again by the product rule

d(fone) = Frdne +m-dfe + (n, F), = {neLXF (8, X0) + 47 (f) — Foy(Xo) bt + dm3. (8.2)

Since the finite variation parts in (8.1) and (8.2) have to coincide we obtain (6.7).

Next to derive (6.6) we apply the product rule to the processes f; and Uz, where U; = fo JrT R m(dt, dz),
for T'(s,z) any bounded G;-predictable process. Since

.U = / /Z s (O (5, Xoe + Ko, Xam:0)) — £, X )T (s, Ko (5, Xy, Yo s )N (ds, dO),

we get that
d(f;Ur) = fi-dU; + Up-dfy +d[f, U]y = {ULX f(£, X)) + /R fi-T(t,x) Ao (dx) + Vi fdt + dM}

where

V;f = /Z HD} (C){f(t’Xt* + KO(tht*;C)) - f(tvxt*)}r(thl (taXt*aYt*;C))V(dC) (83)

and again by performing a G;-projection
d(fil,) = {ULXf(t, X,) + /Rr(t,x)ft_thpt(dx) + Vi Ydt + dm. (8.4)
Again let us observe that Uy is G;-measurable thus
A(fiUh) = Jo-dUs + Up-dfi + d[F,U) = {ULX F (2, X0) + /R (67 () + FOT(t, 2)Ae®y(der) bt + dmi. (8.5)
Again we claim that the finite variation parts in (8.4) and (8.5) have to coincide
/ o7 (/T (¢, x) )\tfl)t dzx) / fi-T(t,x )\tq)t(dx) /R (t, ) fi- tqﬁt(dx) + V.

Setting o7 (f) = —fie + Ea(t, x) + &3(t, ) with &;(¢t,x), i = 2,3, such that

[ et ondiin = [ rt.of D) (8.6)
R R
/R £5(t, 2)0(t, 2) Ny (d) = Vi, (8.7)
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and choosing I'(¢t, z) = C; M 4(z), A € B(IR), C; > 0, (P, G;)-predictable and bounded, we get that

Vi= / CtI[DtA (g){f(ta Xi- + KO(t7 Xt‘?C)) - f(t7Xt_)}V(dC) = Ct/ Ef(Xt—aY;f—7dx)'
A A

Finally equations (8.6) and (8.7) reduce to

vA € B(IR), /A ot )Ny (da) = /A N (de), /A €3t )\ (i) = /A LHX, .Y, do)

respectively, which imply (6.6).
O

8.2. Proof of Theorem 6.5

First, we need some preliminaries

Lemma 8.1 Under the assumption (6.1) and

T
E/ v(Dy)dt < +00 (8.8)
0
(X1, Y, me) is a (P, Fi)-Markov process with generator
_of of 1, (O*f of o2f 10°f
Lf(t,z,y,2) = FT b(x)% T30 (fﬂ)w +7($)$ + /)U(l”)axaz Toa2 T (8.9)

n /Z (f(t e+ Ko(t, 210y + Ka(ty2,350), 2) — F(t 2y, 2) o (dO).

More precisely, for any any bounded function f(t,x,y,z) € 02’2’0’2(IR+ x IR?) the semimartingale decompo-
sition holds

t
f(taXta}/hnt) = f(t7X0; YOﬂ?O) +/ Lf<S7XSa YS?”S)dS + Mtf (810)
0

where M is a (P, Fy)-martingale.

Proof.
From Ito formula we get (8.10) with
) Lo
wf = [ s x oo tegam+ [ S xvingawi+
0 833 0 62

/0 / (6 X+ Kot Xom: Oy + K (b Xam YomsO)vma) — F(6 X Yar ma) }N (ds, dC) — v(dC)ds)

and by assumptions (6.1) and (8.8) M; is (P, F;)-martingale.
U

By projecting on G; we get that (8.10) implies that

Wt(f('a}/tynt)) _/0 Ws(Lf(-’}/;ans))dS

is a (P, G;)-martingale. This martingale property will allows us to apply the idea proposed in [25] to char-
acterize the distribution of (7w, Yz, 7m:) by introducing the notion of Filtered Martingale Problem (FMP).
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Definition 8.2 Let (1, Y;,7;) be a process taking values in II(IR) x IR% with cadlag sample paths. This
process is a solution of the Filtered Martmgale Problem for L, given in (8.9), with initial condition (xq,yo,0)

(FMP(L, (0, 90,0))) if pue is .7:Y V F{-adapted and for any F € 02 0, 2(}23)
t
H’t(F(wK)ﬁt)) 74 /’LS(LF(a}/s,ﬁs))dS (811)
s an .7-?7 \Y, f?-martmgale and E[MO(F(,,}N/O,%)] = F(z0,%0,0).

Finally we consider the proof of Theorem 6.5. We begin by proving that any weak solution to the KS-
equation solves the FM P(L, (xo, yo,0)). It is sufficient to prove (8.11) for functions of the form F(x,y,z) =

F(2)g(y, 2). Let (u, Y, ;) a weak solution to equation (6.5). By Ito formula we find that

~ tag ~ ~ 1 taQQ ~ t . _ - _ _
g(lﬁ,nt)Zg(yo,no)Jr/ 7(Y57775)d773+7/ —Q(K,ns)dSwL/ /[g(Ys—+ff:,ns)—9(32—7ns)]m(ds,dx).
By the product rule we get that

~ 2 ~
(Do)} = i ] L) + 52 Yt + gFrim (X e + v (Lt (312)

/B {ue(f) + & (f2) g (Vi + 2,7) — 9(Vie, ) - (N @ (dx))dt + dM?

where M9 is given by
~ t o~
M7 — / (s 22 4 (1) (Fo, )} + / oV, 77) / G4 (f, x)m (ds, d)+
0 R

/ / (o () + (L ) g (Vs + 271) — 9T i)y (ds, da).

Defining G = F; Yy .7-'{], let Q be the probability measure defined by, V¢ € [0,T], as

Ly = jggt = 8(/; us(%)dﬁs) = exp{ /Ot s (Vs )dis — ;/Ot Ms(78)2d8}'

From Girsanov Theorem, I' = 7j; — fot f1s(7s)ds is a (Q, G)-Brownian motion and by (6.4) MY is a (Q, G;)-
martingale.

Finally taking into account the expressions of ¢} (f, ), ¥ (f) and L*, (8.12) can be written as

dt+g(Yt,m)ut(baf+f—f)dt+ (7f) +p t(o ﬂ)a—% (8.13)

A (Fg (T} = ()L 20 50+ 2007 9

2 022
wl [ {o + Kata T 0 1o+ Koltos)) — o(Fer i) o(de)) + ddf =
D1 (t,z,Y,—)

pe(Lf (2)g (Vi , 7))t + dM{
which proves that (u, Y, 7¢) solves the FMP.

Next we observe that if uniqueness holds for the FMP(L, (o, yo,0)) all weak solutions (s, Yy, ) to the
KS-equation have the same law. The last claim can be achieved, under (7) by applying [25], Theorem 3.2,
while under (ii) by [25], Theorem 3.3.

Furthermore, since p; is Fy V F;'-adapted, for each ¢ there exists a measurable function h; from Dp=[0, 7]
(space of cadlag trajectories from [0, T into IR?) to II(IR) such that p; = hy(Y (. At),7(. A t)), a.s.. Thus
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uniqueness for solutions of the FMP(L, (xo,yo, )) implies that (u, Yy, 7;) has the same distribution as
(7, Yz, mt) and hence mp = he(Y (. At),n(. At)), a.s.. Consequently p; has the same law of the filter .

|
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