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Abstract

We prove the existence and uniqueness of bounded solutions to backward stochastic equations driven
by two independent Poisson martingales in the case of locally Lipschitz generator having a certain
monotonicity property. This result allows us to solve utility maximization problems with exponential
preferences in an incomplete market where the risky asset dynamics is described by a pure jump process
driven by two independent Poisson processes. This includes results on portfolio optimization under
an additional European claim. Value processes of the optimal investment problems, optimal hedging
strategies and the indifference price are represented in terms of solutions to BSDEs with generators
satisfying the upper mentioned assumptions. Via a duality result, the solution to the dual problems
are derived. In particular an explicit expression for the density of the minimal martingale measure is
provided. The Markovian case is also discussed. This includes either asset dynamics dependent on a
pure jump stochastic factor or claims written on a correlated non-tradable asset.
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1. Introduction

In this paper we study utility maximization problems with exponential preferences in an incomplete market
where the dynamics of the underlying asset price S is described by a pure jump process driven by two inde-
pendent Poisson processes, describing upwards and downwards jumps . This includes portfolio optimization
in presence of a stochastic factor and under an additional liability. The case where the claim is written on
a nontraded asset X, described by a pure jump process correlated to the trading asset S is also covered.

Intraday information on financial asset price quotes and the increasing amount of studies on market mi-
crostructure show that prices are piecewise constant and jump at irregularly spaced random times in reaction
to trades or to significant new information. This is the reason why many authors believe that pure jump
processes may be more suitable for modeling the observed price or quantities related to the price. Several
models in which the price process is a marked point process are available in the literature, we only quote
Rydberg and Shephard [32], Frey [18], Frey and Runggaldier [19], and the references therein.

Optimal investment problems, hedging and derivative pricing are fundamental problems in Mathematical
Finance and they are closely related to each other. Different approaches have been proposed in literature to
deal with these problems. By using convex duality the solution to the utility maximization problem can be
obtained by solving the dual problem ([3, 4, 33] and the references therein). In a Markovian setting the clas-
sical dynamic programming approach leads to characterizing the value function of the utility maximization
problem as a solution to the Hamilton-Jacobi-Bellman equation ([29, 30, 9, 11]).

In this note, we choose an alternative approach based on the Bellman principle (without the Markovianity
assumption) which studies directly the primal problem and leads to characterizing the value process in terms



of a backward differential equation (BSDE). BSDEs are generally known to be useful for studying problems
in mathematical finance (see [15]), but have been mainly used in continuous setting thus far.

Among previous studies of utility maximization we refer to [2, 16, 24, 27, 26, 28]. Becherer ([2]) considers a
discontinuous filtration but a continuous price dynamics whereas the others authors consider both continuous
filtrations and continuous price dynamics. Our contribution consists in solving the optimization problem in
a discontinuous setting by using the tool of BSDEs. This approach allows to cover non-Markovian situations
and in the Markovian case to improve same results obtained by classical stochastic control techniques (]9, 11]).

In Section 2, we prove existence and uniqueness of bounded solutions to backward stochastic equations
driven by two independent Poisson martingales when the generator is locally Lipschitz and possesses a
certain monotonicity property.

By an application of this result, in Section 3, we solve the exponential utility optimization problems with an
additional claim, where the price dynamics S is described by a geometric marked point process driven by two
independent Poisson processes. We give a representation of the value process and provide an optimal strategy
in terms of the bounded solution to a BSDE whose generator satisfies the upper mentioned assumptions.

The solution to the dual problem and an explicit representation of the density of the minimal entropy measure
(MEMM) for the model considered is provided in Section 4.

Section 5 deals with indifference valuation. The utility price is proved to be the unique bounded solution
to a BSDE under the MEMM. This representation allows us to obtain the asymptotic behavior of the
indifference price and hedging strategy for vanishing risk aversion. As in [2] and [27], the limit corresponds
to risk minimization under the MEMM.

Finally, Section 6 is devoted to the study of Markovian cases. This includes both price dynamics in presence
of a stochastic factor and valuation of claims written on a nontraded asset correlated to S, where the
stochastic factor (or the level of the non tradable asset) is described by a marked point process driven by
the same independent Poisson processes driving the dynamic of S. A relation between the HJB-equation
and BSDE is also discussed.

2. Backward stochastic differential equations driven by Poisson martingales

We consider a filtered probability space (§2, F,{F:}, P) carrying two independent Poisson processes, N},
i=1,2. Here F; = o{N},i = 1,2, u < t} and the { P, F; }-intensities of N}, i = 1,2, are positive deterministic
bounded functions denoted by A;(t), i = 1,2, respectively. We will denote by A(t) = A1(t)+Az2(t) the intensity
of Ny = N} + N2, and we assume 0 < A < A(t) < A, for A, X positive constants.

Denote by m{ = Nj — fot Ai(s)ds, i = 1,2, the (P, F;)-martingales associated to the two Poisson processes,
respectively.

We want to study a backward stochastic differential equation of the form

T T T
Y, =B - / 7} N} + / 72 AN? - / (s,Y, .2}, 22) ds (2.1)
t t t

where T is a fixed time horizon, B is a Fp-random variable and f(w, t,y, 21, 22) is locally Lipschitz uniformly
in (w,t), verifying some suitable inequalities given in Theorem 2.5 below. In what follows we will say that
(B, f) are the coefficients of equation (2.1). We are interested in finding a triple (Y, Z!, Z2) solution to (2.1).
Later on we show how the value processes of exponential utility optimization problems in a market where the
risky asset is described by a geometric pure-jump process driven by N/ = 1,2, can be described explicitly
in terms of these BSDE solutions.

The equation (2.1) can be also written as

T T T
Vb [ Zlamis [ z2amd [ sy 282 (2.2)
t t t

with generator

f(s, 9,21, 22) = f(s,9, 21, 22) + A1(s)21 — Aa(s)22. (2.3)



Remark 2.1 By introducing the following integer-valued random measure on [0, T] x U, with U = {1,2}

p(dt,dz) == Y {U{AN;¢0}5(S,{1})(d8,dff)+U{AN§¢0}5(S,{2})(d8,dm)}
s€(0,T

where 65 133y (ds, dx) denotes the Dirac measure in (s,{i}), i = 1,2, the BSDE (2.1) can be written as

Y, =B - // wu(ds, dx) /FSY , Zs) ds.

Here Zy(x) = ZMlpeyy + Z2 sy and F(t,Y,-, Zy(z)) = f(t,th,Zt(x)II{x:l}, Zt(x)ﬂ{$:2}).

This last equation is a particular case of that studied in [2].

Let us fix some notations:

o Let P denotes the predictable o-algebra on Q x [0, 7.

e SP,1 < p < oo, denotes the space of IR-valued Fy-adapted stochastic processes {Y;}+cjo.7) With
1Y llsr = llsupsego.ry [ Ye [ e < o0

1
e £? denotes the space of IR-valued predictable processes {Z; }iejo.7) with || Z]|z2 = E(fOT | Z |? dt) ’

When the coefficients (B, f) are standard it is straightforward to generalize a classical fixed point method
to the present setting (see [31, 15, 7, 2]).

Theorem 2.2 Let B € L*(Q, Fr, P) and assume that
f:Qx[O,T]x]R?’HZR
is a P @ B(IR®)-measurable mapping such that f(t, 0,0,0) € £? and ]7 s uniformly Lipschitz:
AL>0: | flw by, 21,20) — f(w, t, 7.2, 5) [SL{y—3 |+ 21— % |+ | 22— % |) Pxdt—ae (24)

for all (y, 21, 22), (¥, 21, 22) € IR®. Then there exists a unique (Y, Z',Z%) € 82 x L2 x L% which solves the
BSDE (2.2) (or equivalently (2.1)).

Taking into account the representation given in Remark 2.1 we can apply Proposition 3.3 in [2], that in our
framework is given by

Proposition 2.3 Let (B, f) and (B’, f') be data satisfying the assumptions of Theorem 2.2. Let (Y, Z}, Z?) €
8% x L2 % L2 and (Y], 2", Z)%) € 8% x L2 x L2 the solutions to BSDE (2.2) with coefficients (B, f) and
(B, f), respectively.

Let S(B=B-—B,6f=f—f (see (2.3) for the definition of f) 8, =Y, =Y/, 0Zi = Zi — 7" i =1,2.
Then there exists a constant C > 0 such that

T T T
Bl s 10V + / 62} [2dt + / 62212dt) < CE(6BJ? + / 6F(YVie, Zb Z2)Pdn. (25)
0 0

tel0,T

In our later applications of BSDEs the Lipschitz condition on the generator will not be satisfied. In Theorem
2.5 we will prove the existence and uniqueness of bounded solutions to (2.1) in the case of locally Lipschitz
generator and bounded terminal data B.

Lemma 2.4 If (Y, Z', Z?) is a solution to the BSDE (2.1), belonging to S? x L2 x L2, then the pair (Z1, Z?)
is uniquely determined by the knowledge of Y. In fact,
Z Uanizo= (Vi =Yio) Hanizg  i=1,2 (2.6)

and if (21,22) is another pair of predictable processes in L* x L2 werifying (2.6), then Z° = Zii = 1,2
P-a.s. and for a.a. t.



Proof.
Fori=1,2

T
| @2 s ar

0=E| > (Z.-Z}) Tanip| = V (zi - Z)? dNﬁ] =
r€(0,T) (0,7]

and the thesis, since \;(r) are supposed to be positive, for i = 1, 2.

O

Theorem 2.5 Assume that B is a bounded Fr-random variable and that
f:Ox[0,T) xR — R

is a P ® B(IR?)-measurable mapping such that f(t,y,0,0) € 8, for any y € IR, and f is locally uniformly
Lipschitz:

VO > 07 ElLC > 0 : v (szleQ)) (gvzlagQ) € B3 thh ||(y7Z1722)|| S C’ H(g? z17/’5‘72)” S Cv
| f(u),t,y72’1722) - f(w7t7§521722) |§ LC(l y_gl + | 21 —21 | + | 22 _22 |) P xdt—a.e. (27)
Assume furthermore that, ¥t € [0,T] y € IR,
flt,y,-, 22) non increasing ¥V z9 € R, and f(t,y,z1,-) non decreasing ¥ z; € IR. (2.8)

Then there exists a unique solution (Y, Z', Z%) € 8 x L% x L? to the BSDE (2.1) where Y, Z' and Z? are
bounded P-a.s..

Moreover, if the pair (B', ') satisfies the assumption of this theorem, denoting by (Y{,Zr', Z*) the bounded
solution to BSDE (2.2) with coefficients (B', f'), then estimate (2.5) still hold.

Proof.
First, let us observe that, since f(¢,y,0,0) € S and f is locally uniformly Lipschitz then f is locally
bounded:

VC >0 | flw,t,y,21,22) |<] flw,t,94,0,0) | +2CLe < sup ||f(w,t,v,0,0)||ls«+2CLe  Pxdt—a.e. (2.9)
yeR

for all (y, z1, 22) such that ||(y, 21, 22)|| < C.
By hypothesis, there exists Cy such that | B |< C; and define
b(t) =Cy + Co(T — t),
with Cy > sup,c g ||f(£,9,0,0)||s<. We note that b(t) is a decreasing function such that
b(T) = C1 < b(t) < C1+ CoT = b(0).

We consider the same truncation function as in Theorem 3.5 of [2]. More precisely, let k(t,y) the following
truncation function

—b(t) for y < —b(t)
k(t,y) = y for —b(t) <y < b(t)
b(t) for y > b(t)

which is bounded and Lipschitz in y uniformly in ¢.
Setting

Felwitoy, 21, 22) = f(w,t k(L y), k(ty +21) — k(e )~ ((Ly — 22) = k(Ey) )+ (210)

A () (Rt y+2) —k(t, 1) ) +r2(0) (Rt y—22)=k(ty) ) = F (bt 9, k(E y20) —h(t ), = (k(E y—22) k(L)) ),

we consider the following BSDE with generator ]?k



T T T
Y, =B - / Zldm} + / Z2dm? — / Juls.Y, 21, 22)ds (2.11)
t t t

Since | k(t,y) |< b(0), V(t,y) € [0,T] x IR, and A;(t), i = 1,2, are bounded functions, by (2.7) follows that
fi satisfies the hypotheses of Theorem 2.2.

Let (Y, Z',Z?) € 82 x £? x L? the unique solution to (2.11) and define

Vi= k(b YD) Z} = k(LY + Z) = k(L Ye) ZE == (kY = Z8) = k(LYi)).  (212)

If we will prove that Y; and f@ are indistinguishable, as a consequence of Lemma 2.4, Z; and Zf, i1=1,2,
will be indistinguishable, then

felw,t,Y,-, 20, 20) = [, Yie, 20, 27) = flw,t.Yim, 21, 27)
and (Y, Z', Z?) solves the BSDE (2.2) or equivalently (2.1).
In order to prove that Y; and Y; are indistinguishable, we will show that | ¥; |< b(t) for all ¢ € [0, T].

First, we consider the upper bound. Fix ¢ € [0,7] and let

T=inf{s € [t,T]: Y, <b(s)} (2.13)
Since | Yr |=| B |< b(T) = Cy and Y; is cadlag, Y, < b(7) and Y5 > b(s) for (w,s) € [t, 7).
Equations (2.11) implies that for all ¢ < 7, by the optional sampling theorem,

V= B, - [ oY 22 Z0ds | 7] =
— ElY, - /tT [f (w, s, k(s, Yy ), k(s,Yar + ZY) — k(s,Ys ), —k(s,Ys — Z2) + k(s,st)) +
+21(3) (k(s. Yo + 21) = k(5. Ys) ) + a(s) (k(s, Yo — 22) = k(s Y:-)) | ds | 7).
By definition of intensity of point process we get that
B[ na(s) (ks Yoo+ 28 < ks, Y,) ) ds | 7] = ] C(Rs. Y+ 21— K(s, Y, ))dN? | £ =
=B Y (k(s,Y2) = k(s,Ye-)) Tanizoy | Fil = E[(k(7,Y7) = k(7,Y7-)) Tianizop | Fi] =

t<s<T

= E[(Y; — b(7))Lian1 20y | Fi)-

Similarly we get that
E[/ AQ(S)(k(S,Yy 273~ k(s’Ys*)>dS | ] = E[(Yr — b(7))Tianzz0y | Fol-
t

Moreover, noting that the integrand is predictable and bounded (see (2.14)), and that the intensities are
strictly positive,

]E[/Tf<s,k:(s,st),k(s,st FZY (s, Yao ), —k(s, Y. — Z2) + k(s,st)) ds | ]—‘t] —
-] /T L F (5, K(s, Yo ) ks, Yo + Z1) = ks, Yoo ), —k(s, Yo = Z2) + K(s,Yi-) ) dN, | Fi] =

(555, Yam) (s, Yo + Z1) = (s, Yoo ), k(s Yam = 22) + k(s,Y,-)) AN} | 7| +

/
B[ [ 575 £ (s MY L5 Yo+ Z0) = K. Yo ) k(s Yo = Z2) 4 K(s.Y.)) aN? | 5] =



and, by (2.8), (2.13)

E[/; 1 f(s,k(s,ys,),k(s,st + 21— k(s, Yo ), —k(s, Yo — Z2) +k(5,1@)) dN; Ift} =

1
= E|:t<s<7_)\(8) f(57k(57Ys*)70’ _k(S,}/s— - ZSZ) +k(8?}/s*)) H{AN;:/EO} ‘ ft:| +
1
B[y J (700, Yo = b(r), —h(r Yoo = Z2) 4 K7,V ) Wiansoy | 7] >
(

> E[/: ):\1(58)) f(s,k:(s,Y;f),O,—k(s,Yg— —Zsz)—l-k(s,Ys,)) ds | ]:t} _

(recalling again that the integrand is predictable and bounded),

_ E[[W (s (s, Yo 0,0, ~h(s. Y- — 22) + k(s,¥,)) dN? | 5] =

)
:E[ Z )\2();1)(% f(s,k(s,st),0,0) T Anz 20 |_7:t} 4

Thus
FE /Tf(svk(svys_)vk(svys— + Zr}) - k(s,YS_)7—k(s,YS_ - Z?) + k(S,YS—)) ds ‘ j:t] >
t
:E[/Tf(s,k(s,mf),o,O) ds | 7| = ~Ca(r — ).
t

Since
Yr = (Yr = b(7)) Uganizoy — (Ve = 0(7))Tianz 20y = b(7),
finally, as a conclusion,
Y, = ‘lE[b(T) - / f(svk(svys*)vk(svys* + Z;) - k(sayis*)a 71’6(8,}/87 - Zz) + k(says*)) ds ‘ ‘7:75] <
¢
< FEb(r)+ Cy(t —t) | Fe) = E[C1 + Co(T — 1) + Co(1 — t) | Ft] = b(2).
Similarly we can prove the lower bound Y; > —b(¢t) Vt € [0.T], by introducing 7 = inf{s € [t,T] : Y > —b(s)}.
Moreover we get, by (2.12), that

| Y, [<b(0) and | Z] |<2b(0), i=1,2. (2.14)

To show uniqueness we proceed as in [2]. Let (Y, AN 2) be another solution to the BSDE with ¥ bounded.

Taking b(0) > 2||Y||s~ we get that (Y, Z', Z2) solves the BSDE also with generator fi, and by Theorem
2.2 the two solutions must coincide.



The validity of estimate (2.5) follow from the observation that the BSDE solutions to (B, f) and (B’, f’) also
solve the BSDEs with the corresponding truncated generators, which satisfy the Lipschitz condition (2.4).
(|

3. The model and the hedging problem

We consider a finite time horizon investment model on [0, T] with one riskless money market account and
one risky asset. The price of the risk-free asset is taken equal to 1 (that is we suppose the riskless interest
rate to be equal zero). The price S of the stock is modeled as a pure jump process verifying, on [0, T

dS, = S, (Kg AN} — K? dNE), (3.1)

with Sy = 59 € IRT.

The IR-valued stochastic processes K, i = 1,2 are supposed to be positive and {P, Fi}-predictable, K? < 1
and, setting K; = K} + K2, we assume 0 < K < K; < K, for K, K positive constants.

By the Doléans-Dade exponential formula we get that

_ Y
St = Soe t,

where the logreturn process Y is given by
t t
Y, = / log (1 + K})dN} +/ log (1—K?)dN;.
0 0

Let us consider a European contingent claim with maturity 7', whose payoff is given by B, Fp-measurable
bounded random variable such that, as in the previous section, |B| < Cj.

The hedging problem consists in finding an investment strategy to trade in the available assets in the time
window [0, 7] in order to reduce (or avoid) potential losses arising from having to honor the contract B.

The goal of this section is to study and solving an hedging problem. Since in the model we are studying the
market is incomplete, perfect replication is not possible. Thus, we have to use an hedging criterion under
incompleteness. Many methods are possible. In particular a stochastic control approach can be chosen.
Among others, we quote [9, 11, 22] and the references therein. In this frame we will use a method which is
along the lines of that proposed by [24, 2, 26].

For a predictable, S-integrable, self-financing strategy <~ and initial capital zo > 0, the associated wealth
-

process is defined as

t t
X, =zt [ TTds. =y +/ o (K} AN} — K2 dNE). (3.2)
0 Sr* 0

For an agent with exponential preferences and risk aversion parameter o € IR, the objective is to maximize
the expected utility of his terminal wealth, which is given by
T r
ZE[—eXp{—a(XT—B)}] :E[—exp{—oz(a:o—k S—TdSr —B)}} (3.3)
0 T
for a suitable class II of admissible strategies which we characterize later on.

In the frame of the stochastic control approach, we introduce the associated value process

VB (z) = ess sup JE[ —exp{ - a(z+ /tT S%dsr ~B)} | ft} e (3.4)
where = denotes the amount of capital at time ¢, and
T r
wpP = esswiélét ZE‘{exp{ —af t Sr%dsr - B)}) | ]—'t}. (3.5)



Here II; denotes the set of the admissible strategies on the interval [¢, T'.
Let us observe that setting, for any = € II

t

Ji(m)=exp{—a [ —=dS,} (3.6)
0 Sr*
we get
. Jr(m)
B _ o aB YT
WE = ess inf E[e | ;Et] (3.7)

Proposition 3.1 Assume the existence of a family of {F:}-adapted stochastic processes { R }ren such that

(7) Vi € I, RY is a {P,F;} — submartingale, Ry = Jr(r) e*P.
(#4) 378 € 10 such that RfB is a {P,F;} — martingale.

Then the process
Ry
Jt(ﬂ')

verifies

H,=WF  and  Hp =e*P.

Proof.
The submartingale property of the process R} implies that, Vr € II
RY _ E[R}|F]

M= 5m = " hm - |

JT(7T) eB
Jt (7T)

| 7]

which in turn implies that H; < W/. On the other hand, for 7 = 7 for the martingale property we have

B B
R L
Jt(ﬂ'B) Jt(’]TB)

JT (ﬂ.B) eaB
Jt(ﬂ'B)

| 7]

and then H; > WtB.
O

B
Remark 3.2 Thus we obtain that the strategy gt , with ™ mentioned in the previous proposition is an
-

optimal control for the problem (3.7), and, as a consequence, for the problem (3.3).

In what follows we make the following assumption on the set of admissible strategies.

Definition 3.3 Let us denote by Iy the set of processes m; such that g is predictable, self-financing and
-

S-integrable.

Hypothesis 3.4 The set I1 consists of processes m € Iy, taking value in a compact set. This means that
there exists a positive real number T and any 7 € II verifies |my| <7, P-a.s. for allt € [0,T).

Let us remark that the class II will not be modified for an absolutely continuous change of probability
measure.

Proposition 3.5 The following inequalities hold true

e 1 exp {(e_(ﬁ?) 1) NT -t)} WP < e exp{(e(ﬁ?) —1) (T —1t)}. (3.8)



Proof.
Recalling (3.1) and (3.5) the inequalities (3.8) are easily obtained by a direct computation taking into account
the assumption 3.4.

_ T _ _
WtB < e(xcl IE [ea?K (NT_Nt)‘ft:| _ eaC1 exp{/ (eaﬁK_l) /\(S) ds} < eOzC1 exp{(ea?K_l) X (T—t)}
t

WP >e 0 B [eiaﬁf (NTiN")\]:t} =e "9 exp { /T (670‘??—1) A(s) ds} > e exp{(efo‘??—l) A (T—t)}.
t

O

The construction of a family { R }.crr with the properties required by Proposition 3.1 is strictly related with
the existence of bounded solution to a suitable BSDE.

Theorem 3.6 Let (YB, ZB:1 ZB:2) be a bounded solution to the BSDE
T T T
Vo :B—/ zB1 ant +/ zB2 dN? —/ ful(s, 281, 782y ds (3.9)
t t t

where the function fu(t,21,292) is defined as

At M) K, (Al(t)Ktl>—Kt/K,, exp{_a Ktle—Kfzq} (3.10)

e tv ) = - T2
Jalt, 21, 22) a a K2 \ 2 (t)K? K;

An optimal control for the problem (3.7), and, as a consequence, for the problem (3.3) is given by

1 (1 A (K}
B 1 t B,1 B,2
= {21 L\ ZP 4+ Z A1
UK, {a o8 </\2(t)K2 i Ly (3.11)
i
and the value process is
VP (z) = —eoV =), (3.12)

Proof.
First we observe that the equation (3.9) with the generator defined with (3.10) verifies the assumptions of
Theorem 2.5. Thus there exists a bounded solution (Y2, ZB:1 Z5:2) to (3.9).

Let us set, for any 7 € II
B
RT = Jy(m) e (3.13)

with J¢(m) defined in (3.6). In order to prove that the family {RT }, e verifies the properties required by
Proposition 3.1, we introduce the following processes.

Then we claim that the process

2

M = ¥ exp {Z ( /0 “Jog(1 + Ui(x)) dN' — /0 "Ms) U ) ds)} (3.14)

i=1

with, for 7= € II.

Ul(n) = eXp{ — a(wSKSl — Zf’l)} -1 U%(m) = exp {a(ﬂ'st - ZSB’Q)} -1
is a positive { P, F; }-martingale, as a consequence of the assumption made on \;(t) and K}, i = 1,2. More,
we set .
AT = exp {/ v (s, s, Z21, ZB:2) ds}
0
with

vo(s,ms, ZB1 ZB2) = af, (s, 2B, ZB2) + X\ (s)UL (1) + Ao (s)U?(n) (3.15)



and we get that
Vi € 10, va(s,ms, ZB1, ZB2) >0 and for m = 78, v, (s, 72,281 2B2) =0 (3.16)

being 78 given in (3.11). The assertion in (3.16) can be seen by noting that v, (s, 72, ZB:1 Z5:2) = 0 and
that this is its minimum value.

Next we compute
- t t t
MT AT = Yo exp{—a/ T (K} dN} — K2 dN?) +a/ (2Bt AN} — ZzB2 aN?) +a/ fa(s, ZB1 Z25:2) ds}.
0 0 0
On the other hand, by (3.9) we can write
t t t
vE =vf +/ zZB1 4N} —/ 7ZB2 aN? +/ fol(s, 221 ZB:2) ds
0 0 0

and recalling (3.6) we get M AT = RT, for any 7 € II.

As a consequence, we obtain that R} can be written as the product of a nondecreasing process and a positive
martingale, which implies that it is a {P, F;}-submartingale that turns to be a martingale if the optimal
control is chosen.

Finally by Proposition 3.1 and Remark 3.2, we have that W2 = e and the thesis.
O

Remark 3.7 It turns out to be that, if (Y2, 22, ZP?) is any bounded solution to (3.9) then
1
YE =~ logWph.
«

Thus, recalling Lemma 2.4, we get that uniqueness holds for the solutions to the equation (3.9). Moreover,
recalling inequalities (3.8), we have
A
VP <Ci+ = D(T —t)
@

with D = max{l — e*oﬁ?, 0K _ 1}'
Moreover let us observe that our generator does not satisfy the condition required in Theorem 8.5 in [2].

Proposition 3.8 With the same assumption of Theorem 3.6, if (Y,?, ZtB’l, ZtB’2) 1s the bounded solution to
(5.9) (with coefficient (B, f,)) then

’\B ) AB,i
Y? = YL’ zPi = 2 , =12 Pxdt—a.e. (3.17)
6 o

where (YBZP, ZP?) is the unique bounded solution to (3.9) with coefficient (aB, f1), that is

T T T
YtB:an/ Zf’ldN;+/ ZSB’Qdef/ fi(s, ZB1 ZB:2)ds. (3.18)
t t t

Proof.
Let (2328’1, ZB’Q) be the unique bounded solution to (3.18), dividing by «, since f1(t, 21, z2) = afa(t, 2, 22)

ol a

B 77B,1 B2
we get that (%, Z"T, Z”a ) solves (3.9).
|

In what follows, it will be usefull to consider the case of an investor who seeks to maximize the expected
utility of his terminal wealth without taking into account the claim, that is to maximize

T
Ty

E{—exp{—aXT}] :E{—exp{—a(azo—i- ; ST—idST)}}. (3.19)

10



In this case the associated value process is

Tr

V2 (z) = ess sup E{ —exp{ —a(z+ ST_ dsy)} | .7-}] T (3.20)
melly t r
where
T
W :esSﬂiélIi]E[exp{ _a( [ 5-as, —B}) |ft]. (3.21)

It is a particular case of the problem discussed in this section, but we want to emphasize the final result.

Theorem 3.9 Let (Y, Z%1 Z92) the bounded solution to the BSDE
T T T
Y = —/ zZo1 stl—i—/ 722 ng—/ fal(s, 221 Z292) ds (3.22)
t t t

where the function fu(t,y,21,22) is defined in (3.10). An optimal control for the problem (3.19) is given by

1 (1 A (K}
0 1 i 0,1 0,2
=—<—1 — Zom+ 7y 2
T K, {a Og<>\2(t)K2 LR & (3:23)
i
and the value process is
VO (z) = —e =), (3.24)

4. Dual problems

The dual problem related to the primal utility maximization problem discussed in Section 3 consists in
finding, in the class M of martingale measures equivalent to P with finite entropy, a measure ()p solution
to the problem

aax (E9[aB] - H@QIP)),

where H(Q|P), the relative entropy of a probability measure Q w.r.t. P is defined by
dq dQ
pP| % %
E [dP log(dp)} Q<P

+00 otherwise

H(QIP) = { (4.1)

The link between the utility maximization problem and the dual problem is provided by the duality principle
discussed, among others, in [12]. We will prove that a duality relation for the model studied in this note can
be written as

iIﬁf]E lexp {aB -« ! e dSt}] = exp { sup (IEQ [aB] — H(Q|P))} . (4.2)

o Si- QeM;
Thus, for 7 = 78, with 78 defined in (3.11), by Theorem 3.6 the Lh.s. of (4.2) takes the value Yo’

Lemma 4.1 The probability measure P defined by the density
ap 2 T LN
75 = XD ; (/0 log(1+ U?) dN? —/0 \i(s)U? ds>

_ _ _ _ _ A (s) KL
with, Usl = exp { — QSKSl} -1, U52 = exp {QSKS} —1, and 0, = % log )\1283}_{;, is a risk-neutral measure
t 2(5) K3

equivalent to P with finite entropy w.r.t. P.

11



Proof.
As a consequence of a Girsanov Theorem, under P, for i = 1,2, the intensity of N} is given by

X0 = M(t) (1+T7), (43)
thus a sufficient condition of risk neutrality (see for instance [11]) can be obtained by computing
M) KD L+ T8 = X)) K2 (1+U2) =

where

1 2
K K

_ M) K\ . M) KR\ *
1+U}) = =L 1+UY = YL .
o+ = (S e 100 = &2
Furthermore, denoting by IE the mean value under P we get

H(P|P) = [1og Z/ 1+ Ui log(1+ U — ff;') dt} < +00

since the integrand is bounded under the assumptions made in this note.
O

Remark 4.2 Setting A(t) = A1 (t) + Ao(t), which is the intensity of Ny under P, the function f, defined in
(3.10) can be also written as

fa(t,Zj,ZQ):&_@ exp{—a W} (4.4)

Theorem 4.3 The duality principle (4.2) holds true. Furthermore, the measure QP solution to the dual

problem has the density
2 t
= exp {Z (/ log(1 4 Ul (nP)) dN — / Ai(s) Ui(nP) ds )} (4.5)
}—t = 0

with, Ul (B) = exp{ —a(rPK! - zgl)} —1, U2(xB) =exp {a(waﬁ - 2572)} ~ 1.

dQ”
P

Proof.
Since, for ¢+ = 1,2

] . KlZB,2 _ KQZB,I
14 Ui(P) = (14 D7) exp{— S v
t

it is easy to verify that QP is a risk-neutral measure equivalent to P.

Next, following a method described in [12], we introduce the probability measure PB equivalent to P defined
by

% =Cpe*® with Cp= E[elaB]
and the duality relation (4.2) becomes
B T o . B
1rﬁfE lexp{ ~ ), s dSt} = exp {— Qle%f H(Q|P )} (4.6)

Let us note that we did not change the class M because the boundedness of B implies that

H(Q|P) < +o00 <= H(Q|P?) < 400

12



being
H(Q|P) = H(Q|P?) + [E®[aB] — log E[e*P]. (4.7)

The solution to the problem (4.6) is the minimal entropy martingale measure under PP, whose existence
and uniqueness is assured by Lemma 4.1 and by a result provided in [20], being the price process S; locally
bounded. We will prove that Q¥ is the solution by using Proposition 3.2 in [23]. To this end, recalling (3.14)
and (3.16) we have

B T B
aQ~ = e Y Mt”B = e_O‘YOBRfB = e Y e“Bexp —/ 2T ds; (4.8)
dP 0o Si-

and

dQP QP AP _.y» o .p T o B
7P — ap dPB_e FEle*"lexp] — 5. dS; ¢ .

Hence, H(QZ|PB) = log E[e*B] — aYZ, and by (4.7), H(QB|P) = E?”[aB] — aY{. Inserting this value
in (4.2), we realize the equality and this in turn implies the validity of duality relation (4.2).
|

Remark 4.4 A different version of the Duality Principle is given in [4]. There the relation (4.6) is provided
by introducing a set 1B defined by means of loss random variables. Let us denote by D the set of loss random
variables D > 1, P — a.s. verifying

t
(i) Ir: m#£0, P—as. Vtel[0,T]; ;—teﬂo,cmd \/
0

-

Ty
s, |< D
5. 45 1=

(#4) EeP] < 400 Ve >0,

and let us consider the following class of admissible strategies

T
b = {77 € Iy such that exist D € D, ¢>0: / ;T ds, > —cD}.
0 r—

It easy to see that II C IIB. In fact setting D = TK N + 1 we have, for any w € 11
T
/ ™ ds,
0 Sr*

The result given in the Theorem 4.3 allows us to claim that the infimum over II and that one over IIZ in
the L.h.s. of (4.6) coincide.

<D.

As a consequence we find the density of the minimal entropy martingale measure under P. This result can
be seen as the dual problem of the utility maximization one presented in (3.19), with o = 1.

Corollary 4.5 The minimal entropy martingale measure for the model discussed in this note is defined by

the density
dQ* o T oy
p =~ © 0 exp{/o S, ds; ;. (4.9)

where

1 A (t) K} 501 | 50,2
= — <1 z; z 4.10
a=1 Kt { o8 ()\Q(t)Ktz + ¢ + ¢ ( )
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and (f’to, 2?’1,22’2) is the solution to (3.22) for a = 1. Moreover H(Q*|P) = —XA/OO and the intensities of
N}, i=1,2 under Q*, are given by \;(t) = (1 + U}(r*)) Ni(t) for a« =1, that is

- MK TR K? 7' — K} 707
* _ _(xpsl 70,1 _ 1 t t “t t “t
\E(E) = exp{ (m1 K} — Z )} A () = M\ (2) (AQ 5 KE) exp{ t (4.11)
- (KD K2 70" — K1 702
* — *K2 _ ZO,Q _ 1 t t t t t .
A5 (t) exp{(ﬂ't ; h )} A2(t) = Aa(t) ()\g(t)Kf exp @

Proof.

By (4.8), for « =1 and B = 0, (4.9) follows. The last assertion is a standard consequence of the Girsanov
Theorem.

O

Remark 4.6 In a particular case, similar to that studied in [9, 10], a restrictive hypothesis on the model

consists in assuming the existence of a deterministic function T'(t) such that
K}
— =T(t). 4.12

In this case we are able to give an explicit expression of the value process (3.24).

First, we observe that, as a consequence of (4.12), the intensity X is a deterministic function of t, and the
function fo given in (4.4),

fa(t,z1,22) = MY A exp {a

(0% (&%

zZ1 — F(t)ZQ }
1+T@) J°

is a deterministic function of (t,z1,22). This allows us to claim that the unique bounded solution to the
equation (8.22) is given by (Y°,0,0), with

Thus, the optimal control (see (3.23)) is

70 = aiKt log (;;Eg r(t)>

and the value process is a deterministic function given by

T ~
V2 (z) = e exp {—/t (A(s) = A(s)) ds} .

More, by Corollary 4.9 the probability measure P coincides with the MEMM.
If in addition A1 (t), \o(t) and K!, i = 1,2, are constant we get that 7 does not depend on time, hence the
optimal cash amount invested in the stock is constant as in the Merton model for exponential utility.

5. Indifference valuation

In this section we introduce the notion of the utility indifference price and hedging strategy for the contingent
claim B. The utility indifference value p¢ process for B is defined at any time ¢ € [0, T as the implicit solution
to the equation

VP(x) = VP (o + ).

14



This means that starting with the capital 2 one has the same maximal utility from solely trading on (¢, 77,
as from selling the claim at time ¢ for p$* again trading and then paying out B at time 7.

The utility indifference hedging strategy ¥¢ is defined as the difference of the respective optimal investment
strategies

a __ B 0
U =7 — 7.

By Theorem (3.6) and Theorem (3.9), V,Z(z) = —ea(¥”=2) and VO (x) — eV ’~) where (YB,ZB:1, 7B2)
and (Y9, Z%1 Z92) are the bounded solutions of the BSDE (3.9) and (3.22), respectively. Then p¢ does not
depend on x and

1
=P W= (P -2 2P - 7)), (5.1)

In the next Proposition we will prove that p is the unique solution to a BSDE under the MEMM Q*. By
this BSDE description we will able to prove that p$* converges to IE*[B|F;] as the risk aversion parameter «
goes to zero and that the hedging strategies U§ converge to the strategy ¥y which is risk-minimizing in the
sense of Follerman and Sondermann, [17], under the MEMM.

These results have been proved for a Brownian filtration in [16], for a general underlying continuous filtration
n [27] and in [2] for a noncontinuous filtration (generated by a Brownian motion and an integer-valued
random measure) but always for continuous underlying assets.

Proposition 5.1 Let (ﬁo‘, Z?"l, Zaz) be the unique bounded solution to the following BSDE under Q*

T T T yx 17,2 2 7a,l

~ ~ ~ A K, Z%* — K2Z%*

Yt@:B—/ Zo! stl—l—/ Ve dN§+/ CES)<eXp{—a B }—1)d$ (5.2)
t t t s

where X*(s) = \{(s) + A3(s) is the intensity of Ny under Q* (see (4.11)).
Thus, the exponential utility indifference value process p¢* coincides with Y, and |p¥| < |B|. Moreover the
indifference hedging strategy is given by

1 ~ ~
Uy = E(zﬁ»1 +Z77) (5.3)

and Zi = 2P — 7207 i=1,2.

Proof.

By Proposition 3.8, pf = V;? — Y = L(V,Z - Y), where (YB,ZP' ZP?) and (Y, 2>, Z>?) are the
solutions to the BSDE (3 18) with tcrminal data B and 0, respectively.

Denote by 6Y; = Y,Z — Y and 6Z} = — 7> i=1,2. Since, by (4.11)

fl(t72tB)172tB72) - fl(t72t0’172$>2) =

K{ ~ ~
Ky (MK R K27 — K702 Kfazl Klazt
=-M{t)— | —%= -1
ok by ¥ g I (00
K, ., K25zl K}6Z2 . K26Z1 K672
— i) (GXP{ : £} - ) = —-X°(1) (exp{ t £} - )
t
where the last equality is a consequence of the risk neutrality of @Q*
Ni(t) K} = \5(t) K2 =0 P xdt—ae. (5.4)
we get that
622
At Ki =

L(R0.20. 20 - 11,200, 20%)) = =20 (e { o B 2w }—1)
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and

T 551 T 552 T y\x 182! 2622
57 57 A (s) KVZ |
O _— B _ s gN? —Zs IN? / 7( —q e T8 a —1>d. .
D} /t 5 s —|—/75 5 S+ A exp{ — « X } s (5.5)
Taking into account that 62} = 22" — Z{"" = 15Z} we have that
T T T 1571 2572
A K, 6Z, — K67
pg:B—/ V4 de+/ 5zde3+/ Cis)(exp{—oz e }—1)ds. (5.6)
t t t S

O

Remark 5.2 Comparing the result given in the previous Proposition with that one given in Theorem 3.6 we

get that
T
Pt = ess inf IE* [exp {—a (/ i dsSy — B) }
mwelly t ST*

Here and in what follows IE* denotes the expectation w.r.t. the minimal entropy martingale measure. Fur-
thermore the optimal control of this exponential utility optimization problem with respect to the MEMM,
coincides with the indifference hedging V¢ given in (5.3).

ft] . (5.7)

Always in order to prove the mentioned convergence results we need some additional preliminaries.
Since S; is a locally bounded (Q*, F;)-martingale we can apply the Kunita-Watanabe decomposition

T
B =FE*(B)+ / U*dS, + Ly (5.8)
0

where ¥} is a (Q*, F;)-predictable process such that E*(fOT(\Iljj)Qd<S>T) < 400 and Ly is a square-integrable
(Q*, Fy)-martingale orthogonal to S;. The integrand, ¥}, in the Kunita-Watanabe decomposition is risk-
minimizing in the sense of Follerman and Sondermann [17] with respect to @*. The next Lemma provides a
representation of the process Wy.

Lemma 5.3 Let (Y7, Z', Z%) be the unique bounded solution to the BSDE

T T
Y = B—/ Z51 (AN} — Xi(s)ds) +/ Z532 (AN? — \3(s)ds). (5.9)
t t
Then L )
. 1z + 2z
\I/t = 5}77% P x dt — a.s. (510)
Proof.
By (5.8) we deduce that
t T
E*[B|F] = E*(B) +/ vrdS, + Ly =B — / UrdS, — (Lt — Ly). (5.11)
0 t

Let us now observe that in our framework L; can be written as

t t
L :/ LY (AN} — Xi(s)ds) +/ L2 (AN? — \5(s)ds)
0 0

where L! are (Q*, F;)-predictable processes such that E*( foT(Lfn)2dr) < +o00. Moreover, since L; is orthog-
onal to S, and since the MEMM is a risk-neutral probability measure, we get that for any ¢ € (0, 7]

as, = Si- (K} (AN} = Xi(t) db) — K} (aNF = X5(t) b)),
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t
0=(L,S), = / Sp— (Ly K} Xi(r) — LEK2N5(r))dr
0
which implies together with the risk neutrality condition (5.4) that P x dt — a.e.

L

@:ﬁ:m

(Kth*’l - Ktlzt*ﬁ)

and .
— 1 2r7x,1 1r7%,2 VK
L= /0 —T(KTZT K'z* ) (AN, — X*(r) dr).

Replacing in (5.11) we obtain
T T
IE*[B|F] = B — / {U*S, - K! 4+ LI} (dN} — X;(r)dr) +/ {U*S, - K? — LY (dN? — X5(r)dr).  (5.12)
t t

On the other hand, the unique bounded solution to (5.9) is such that Y;* = IE*[B|F].
By a comparison between (5.9) and (5.12) we finally obtain (5.10).
U

In the next Proposition we will prove the convergence, for vanishing risk aversion, of the exponential utility
indifference value to the MEMM price and of the exponential utility indifference hedging strategy to the
Q*-risk-minimizing strategy. This means, loosely speaking that, in small risk aversion limit, exponential
indifference hedging converges to risk-minimization under the MEMM.

Lemma 5.4 Let (Y, Z®, Z%) be the unique bounded solution to BSDE (5.2) and (Y;*, Z", Z;%) be the
unique bounded solution to the BSDE (5.9).
Then there is a constant C > 0 such that, for all o € (0,1]

T T
B swp [0 V7P [ |20 -z e [ 1200 2
t€[0,7T] 0 0

2dt] < o®C. (5.13)

Proof.
To prove (5.13) we apply the estimate (2.5)

T T T

E*[ sup |V —Y/ ]+ / \Zt = Z0 Pdt+ / 2% =z Pat] < B / 0f(t, 2", Z%)Pdt]
te[0,T] 0 0 0

where

A"(t)

(0%

17,1 27,2
Kt Zt B Ks Zt

016, 2", 7% = -2 (e { —a z o)+ NOZ - N2

By the risk neutrality condition (5.4) we have that

\ K{ . \ K},
()= ZEA 0, X0 =200,

Since Zf”, i = 1,2 are bounded uniformly in o, more precisely |Z| < 2C4, i = 1,2, (see (2.14)), finally we
get that
6f(t, 2", Z2?)|? < const.o®. (5.14)

and the thesis.
O

Proposition 5.5 For vanishing risk aversion we get

sup [p¢ — E*[B|F]? <a*C a€(0,1], and lim sup [p¥ — E*[B|F]| =0 in L™.
te[0,T] a—=04¢c(0,1]
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Furthermore

t o
r

lim
a—0 0 r—

t

ds, = / UrdS, in H*(Q).
0

Here H?(Q*) denotes the space of (Q*, F;)-square integrable martingales.

Proof.
By (5.2) and (5.9) we can write

T
pi — E¥[BIF] =Y =Y = E* V 8f(r, 2", Z2?) dr | ft]
t

Thus, by (5.14), Vt € [0,T],

P — E"[B|F]| < E*

T
/ |6f(r, Z2, Z22)| dr | .7'}] < const.«
t
and we obtain the first claim. More, Vt € [0, T],

lpf — E*[B|R))? < T E*

T
/ |5f(rv Z}X’l,Zﬁ’z)F dr | f;| S COTLSt.Oz2.
t

Finally, recalling (5.3)

t \I]a t
lim/ —’"dSr:/ UrdS, in H*(Q¥)
a=0 Jo Sy 0

is a consequence of the previous Lemma,
¢ 2 t(7o1)2 212y
K. )°A KZ)* A = 2 = 2
/ d<S>T] < E* |:/ ( 7") I(T) +( r) Q(T) {‘Zg,l _ Z:’1’ + ‘Zg,Z _ Z:’2’ }d’l":l < const.a2
0 0

2
K?
since, under Q*

g

E*
Sy

_\Ij;‘j

d(S), = SEA(K)? A (r) + (K7)?A5(r) }ar.
O

6. Markovian case

In this section we consider a Markovian setting. More precisely we assume that the dynamics of the traded
stock price is given by

a8, = Si- (K" (t, 51, Zi- AN} = K2(t, 5, Z,-) dNE), (6.1)

with Sy = s € IR", Ki(t,y, 2),i = 1,2, jointly measurable and positive functions, K2(¢,y,x) < 1.

Here Z; is an F;-adapted marked point process which may be considered as a stochastic factor as, for
instance, in [34], describing the amount of information received by the traders related to intraday market
activity, the activity of other markets, macroeconomics factors or microstructure rules. Alternatively, it may
represents the level of a nontradable asset as in [11, 30, 1]. In this latter situation the agent expects to
receive or pay out the claim depending on the nontradable asset and trades on the correwlated asset S to
manage his risk. Examples include option on basket of stocks where the basket is illiquid, executive stock
options and weather derivatives.

We assume that the process Z; is the solution to
dZ, = H'(t,Z,-)dN} — H?(t, Z,~) dN?, (6.2)

with Zog = z9 € IR, and H'(t,z),i = 1,2, bounded jointly measurable functions.

18



In this model S and Z are correlated since common jump times are allowed. More precisely, the quadratic
variation of S and Z is given by

t
S, Z), = / Sy [K'(t, e, Z- )H (4, Zy- ) + K2(t, Sy, Z,- )H(t, Z,-)] dr
0

and, for H', H? both nonnegative, [S, Z]; > 0, while for H', H? both nonpositive, [S, Z]; < 0. Both cases
make sense from an economic point of view.

We consider a contingent claim with the payoff at time T' of the form B = B(Sr, Zr), where B(y, z) is a
measurable and bounded function. As in Section 3 the agent’s objective is to maximize his expected utility
from terminal wealth given in (3.3)

T
Tr

0 Sr_

E[—exp{—a(XT—B)}}:E[—exp{—a(xo+ ds, —B)}]

Since we are in a markovian setting we introduce the value function

UB(t,I‘vy,Z) = Sup ]E|: - exp{ - a(XT - B)} ‘ Xy = z, Sy = Y, Zy = Z:| =—e 'wB(t,y,z) (63)
welly

where

T
wB(t,y,z) = 7TiélliE[exp{ —a(/ ;TTT_ ds, — B)}) | Si =y, Z; = z} (6.4)

t

Clearly,
UB(t,x,St,Zt) = ‘/tB(.Z‘), wB(t,S’t,Zt) = WtB.

Proposition 6.1 Let (YE, 251 ZB:2) be the unique bounded solution to the BSDE (3.9)
T T T
VP =B [ zPvant+ [ 2Pt ani - [ g 2P 20 as
t t t

with the function fo(t, 21, 22) given by (4.4)

(6.5)

fult 21, 7) = 28 _ A0 exp{_a K (8,8, 2 )z = K*(t, 8-, Z- ) }

o K(t,S-,Z-)

In the setting of this section we obtain the markovian property of (Y2, ZB:1 ZB:2). This means that there
exist measurable functions uP(t,y, z), d2(t,y, 2), d2(t,y,z) such that

Y,E =uB(t, S, Z,), zPt=dP, 8-, 2,-), zP? =dbt, 8, Z,-).

The optimal control (3.11) is markovian and given by w2 (t,S,—, Z,~) where

1 1 M (KLt y, 2)
B 1 5 Y B B
t =—q—1 —_— dy (t dy (t 6.6
™ (,y,Z) K(t,y,Z){OZ Og()\z(t)Kz(t,y,Z) + 1(,y72)+ 2(7yvz) ) ( )
and the value function is

vB(t,x,y,2) = —e(u® (ty,2)=z) (6.7)
Proof. .
By Theorem 3.6 the value process is given by V,Z(z) = —e®(s" =%) hence

1 1
= -~ log WP = -~ logw?(t, Sy, Zy) = uP(t, S;, Zy),

with 1
U’B(ta Y, Z) = IOg wB(ta Y, Z)
o
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Moreover, setting

df(t, Y, 2) = uB (t,y(l + K(t,y,2)), 2 + H(t, z)) — uB(t,y, 2)
(6.8)
df(t, Y, z) = —uB (t, y(1 — K%(t,y,2)),z — H?(t, z)) + uB(t, Y, 2),
the processes
a?t,S,-,2,-), i=1,2,
verify (2.6) in Lemma 2.4 and are predictable, thus

ZtB’i:diB(taSt_aZt_)v Z:172

Finally (6.6) is a consequence of Theorem 3.6.
O

The Markov property of the solution to BSDEs with Markovian coefficients has been proved in a Brownian
filtrations setting under standard assumptions in [15] and in the case of generators with quadratic growth in

[1].

Remark 6.2 Let us observe that the BSDE approach allows us to solve the situation described in Remark
3.2 in [11] in the particular case where the diffusive component of the nontradable asset dynamics is equal
to zero.

In what follows, we deal with the control problem we are discussing in this Section by the classical approach
that consists in writing down the Hamilton-Jacobi- Bellman equation. In [11] the assumption on the model
allowed us to deduce a linear equation providing an explicit expression of the value function by Feynman-
Kac formula and of the optimal control. This is not the case of the model described by (6.1) and (6.2).
Nevertheless useful results can be obtained, that is an implicit definition of the function u(¢,y, 2).

First, let us observe that since A(t) is a markovian process also the function f,(t, 21, 2) in (6.5) is markovian,
that is we can define a measurable deterministic function g, (¢, vy, 2, 71, z2) such that

fa(t7zlaz2) = g(x(tvst77Zt77zlaZ2)-

Proposition 6.3 If the function uP(t,y, z) is absolutely continuous w.r.t. t, it is defined implicitly by the
equation

T
u®(t,y,2) = By, 2) —/ 9o (8,9, 2,d7 (5,9, 2), d3 (5,9, 2)) ds (6.9)
t
where dP(s,y,2), i = 1,2, are defined in (6.8).

Proof.
For a constant 7, the process (X¢, St, Z;) is a Markov process with a generator that for a bounded measurable
function f(¢,z,y, z) is given by

Lf(t,z,y,2) = %f(t,w,y,ZHLtf(t,x,y,Z)
Lif(ta,y,2) = M()|f(ta+ K Ly, 2)y( + K 6y, 2) 2 + B (Ly,2) = flt.2.,2)] +

+

A1(t) [f(t,x - WKZ(t,y,z),y(l + K2(t,y,z)),z - HZ(t,y,z)) — f(t,z,y,z)}

thus the Hamilton-Jacobi- Bellman equation that the value function satisfies is

0
sup {&UB(t,x,y, z) + Lth(t,x,y, z)} =0, Vvtelo,T), vB(T,x,y, z) = —e e®B:2) (6.10)
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—ax eauB (t,y,

Since vB(t,z,y,2) = —e 2), replacing this expression in (6.10) we obtain that uf(t,y, z) solves

vVt €[0,7T)

inf{a%uB(uy,z) + M) exp{ —anK'(t,y,z) +adf (t,y,2)} (6.11)

+ Aot exp{omK (t,y,2) — adB(t,y, z } At }

with the final condition u”(T,y,2) = B(y, 2).

By the latter equation it is easy to find that the infimum in (6.11) is achieved in 752 (¢,y, z) defined in (6.6)
(compare with (3.11)). Finally, inserting this expression in (6.11), we get that u” (¢, 7, ) solves the following
nonlinear equation

5t WPy, 2) — ga(ty, z,df (t,y,2),d5 (t,y,2)) =0, Vte[0,T), u®(T,2,y,2)=B(y,z). (6.12)
0

The Hamilton-Jacobi-Bellman approach under a nontrivial assumption could provide the following verifica-
tion result. Moreover the BSDE could be derived by Ito Formula.

Corollary 6.4 If there exists a bounded measurable function uB(t,y, 2) verifying (6.9), then the value func-
tion is .

VB (t, 2, y.2) = —e7 0% e (Ly:2) (6.13)
and an optimal feedback control is given by (6.6). The process (uP(t, Sy, Z;),dP (t, Sy, Z,-),dB (t,S—, Z,-)),
with dB(t,y,2), i = 1,2, defined in (6.8), is a bounded solution to the BSDE

U/B(ta Sta Zt)

T T
B(St,Zt)—/ d?(r,sﬁ,z,ﬁ)de+/ d8(r,S,-,Z,.-) dN?
t t

T
B /ga(r,Sr,Zr,df(r,ST,ZT),df(r,ST,ZT)) ds.
t
Proof.

By a verification result, the function defined in (6.13) is a solution to the HJB-equation (6.10), then it
coincides with the value function. Next, by the Ito Formula,

t
uB(t,S,,Z) = uB(o,So,Zo)+/ gu (.S Z,) dr+ ( (r, Sy, Z,) — (r,sr,z,ﬁ)) Tanizo +
0 0<r<t
+ Z (UB(Ta Ser)iuB(rv Sr*vzr*)) ]IAN,?,#O
o<r<t

taking into account (6.9) and the definition of the functions d;, i = 1,2, the conclusion.
[l

Remark 6.5 Let us observe that the reduced HJB-equation (6.12) can be written as

FTi uP(t,y, 2)— Lo (t,y,2)—Ga(t,y, 2, d0 (t,y, 2),d5 (t,y,2)) =0, Vte[0,T),  uB(T,z,y,2) = B(y,z),

where Ly denotes the generator of the pair (S,Z) and

Go(t,y,2,dP (t,y,2),d5 (t,y,2)) = ga(t,y, 2, d0(t,y, 2),d2 (t,y, 2)) + A1 (£)dD (t,y, 2) — Aa(t)dZ (¢, y, 2).

By the BSDE representation of uP(t, S, Z;) we get the following generalized Feynman-Kac formula

T
uB(taf%Z) = ‘ZE[B(STa ZT) _/ Ja (T» SthvdJlB(ra ST”ZT)vdf(Ta STWZ?”))dr | St =y, Zy = Z}
t
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Proposition 6.1 implies, moreover, the Markovian property of the utility indifference price and the indifference
hedging strategy, whose expression has been found in (5.1) that here recall

1
I R AR L
Thus, setting, with a little abuse of notations
pa(t7 Y, Z) = U/B(ta Y, Z)—Uo(t, Y, Z)a \Ija(t7 Y, Z) = m (dlB(t7 Y, Z>_d?(ta Y, Z)+d23 (t7 Y, Z)_dg(ta Y, Z))

where K (t,y,2) = K'(t,y,2) + K2(t,y, 2), one easily gets

p? :pa(ta St7Zt) lI/? = \I,a(tﬂst*?Zt*)'

On the other hand we recall two facts. The first one is that py = f”t"‘ and that the indifference hedging
strategy is given by

1
K
where (Y;*, Z*', Z*?) is the unique bounded solution to the BSDE under Q* (5.2).
The second one is that p$* is involved in the optimization problem defined by (5.7) in Remark 5.2, under Q*.
Then, following the same procedure adopted in Proposition 6.3 we obtain a result analogous to (6.9) under
an analogous regularity assumption, that is

P02 = B2~ [ 8D T { o (8D - B0 g0, )]

v = (@ 2

Moreover

U (t,y,z) = d (t,y,2z) + Jg(t,y, z)) (6.14)

K(t,y,2) (

where, the expression of A*(¢,y, z) can be deduced by (4.11) and czv, 1 = 1,2, have to be defined in analogy
with (6.8)

di(ty,2) = p* (t,y(L+ K'(t,y,2)), 2 + H'(t, 2)) — p*(t,y, 2)
(6.15)

do(t,y,2) = —p*(t,y(1 — K2(t,y,2)), 2 — H2(t,2)) + p*(t,y, 2),

Remark 6.6 In the case where K'(t,y, z), i = 1,2, are only function on (t,2) we get that the value functions
vB(t,z,y, 2), wB(t,y, 2), the optimal strateqy w8 (t,y, 2), the indifference price p®(t,y, z) and the indifference
hedging strategy V< (t,y, z) do not depend on the variable y but only on (t,z), that is are functions on time
and on the value of the stochastic factor (or the nontradable level) at time t.

In this situation (6.14) can be compared with the results in [1, 34] in a continuous frame where the hedging
strategy is expressed in terms of the partial derivative of p®(t, z) w.r.t. z.
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