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THERMODYNAMICS 

                          FIRST PRINCIPLES   
(classical, quantum, relativistic, Maxwell equations. QCD) 

LANGEVIN EQUATION 

FOKKER-PLANCK EQUATION 

STATISTICAL MECHANICS 
LIOUVILLE EQUATION 

VON NEUMANN EQUATION 

VLASOV EQUATION 

BOLTZMANN KINETIC EQUATION 
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   MASTER EQUATION 

N →∞

THEORY OF PROBABILITIES 

ENTROPY FUNCTIONAL ENERGY 



It is the natural (or artificial or social) system itself 
which, through its geometrical-dynamical  properties, 
mandates the specific informational tool --- entropy --- 
to be meaningfully used for the study of its 
thermostatistical and thermodynamical properties.  

TRIADIC CANTOR SET: 
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Enrico FERMI              Thermodynamics (Dover, 1936)  
 
The entropy of a system composed of several parts is very 
often equal to the sum of the entropies of all the parts. This 
is true if the energy of the system is the sum of the energies 
of all the parts and if the work performed by the system 
during a transformation is equal to the sum of the amounts 
of work performed by all the parts. Notice that these 
conditions are not quite obvious and that in some cases 
they may not be fulfilled. Thus, for example, in the case of a 
system composed of two homogeneous substances, it will 
be possible to express the energy as the sum of the 
energies of the two substances only if we can neglect the 
surface energy of the two substances where they are in 
contact. The surface energy can generally be neglected 
only if the two substances are not very finely subdivided; 
otherwise, it can play a considerable role.  



ENTROPIC FORMS 

Concave   

Extensive  

Lesche-stable 

Finite entropy production     
per unit time 

Pesin-like identity (with  
largest entropy production) 

Composable (unique trace 
form; Enciso-Tempesta) 

Topsoe-factorizable (unique) 

Amari-Ohara-Matsuzoe 
conformally invariant  
geometry (unique) 

Biro-Barnafoldi-Van 
thermostat universal 
independence (unique) 

           

ENTROPIC FUNCTIONALS 

nonadditive (if 1)q ≠

additive

Entropy Sq 
   (q real) 

BG entropy 

    (q =1) 

Possible generalization of                
Boltzmann-Gibbs statistical mechanics 
 
C.T., J. Stat. Phys. 52, 479 (1988) 
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TYPICAL SIMPLE SYSTEMS:  
     Short-range space-time correlations 

     Markovian processes (short memory), Additive noise 

     Strong chaos (positive maximal Lyapunov exponent), Ergodic, Riemannian geometry 

     Short-range many-body interactions, weakly quantum-entangled subsystems 

     Linear and homogeneous Fokker-Planck equations, Gaussians 

       à Boltzmann-Gibbs entropy (additive) 

          à Exponential dependences (Boltzmann-Gibbs weight, ...) 

TYPICAL COMPLEX SYSTEMS: 
     Long-range space-time correlations 

     Non-Markovian processes (long memory), Additive and multiplicative noises 

     Weak chaos (zero maximal Lyapunov exponent), Nonergodic, Multifractal geometry 

     Long-range many-body interactions, strongly quantum-entangled sybsystems 

     Nonlinear and/or inhomogeneous Fokker-Planck equations, q-Gaussians 

        à Entropy Sq  (nonadditive) 

          à q-exponential dependences (asymptotic power-laws) 

W (N ) ∝ µN  (µ >1)

e.g.,  ( )  ( 0)W N N ρ ρ∝ >
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Foundations of Statistical Mechanics: A Deductive Treatment 
(Pergamon, Oxford, 1970), page 167 

O. Penrose, 

		
Sq(A+B)

k
=
Sq(A)
k

+
Sq(B)
k

+(1−q)	
Sq(A)
k

	
Sq(B)
k



All happy families are alike; each unhappy family is unhappy in its own way. 
                                                       Leo Tolstoy (Anna Karenina, 1875-1877)  

   

EXTENSIVITY OF THE ENTROPY  (N →∞)
W ≡ total number of possibilities with nonzero probability,
        assumed to be equally probable
If W (N ) ∼ µN   (µ >1) 
             ⇒  SBG (N ) = kB lnW (N ) ∝ N        OK!       

If W (N ) ∼ N ρ   (ρ > 0) 
             ⇒  Sq (N ) = kB lnq W (N ) ∝[W (N )]1−q ∝ N ρ (1−q)

             ⇒  Sq=1−1 ρ (N ) ∝ N                          OK!

If W (N ) ∼ν Nγ
  (ν >1; 0 < γ <1) 

             ⇒  Sδ (N ) = kB lnW (N )⎡⎣ ⎤⎦
δ
∝ N γ  δ

             ⇒  Sδ =1 γ (N ) ∝ N                             OK!

IMPORTANT:        µN >>ν Nγ
>> N ρ    if   N >>1



 
 

 

 
 

 

 
 

   
 
 

 
 
 

 
 

 
 
 

 
 
 

 
 

 
 

 
 

EXTENSIVE

SYSTEMS
   W (N )
(equiprobable)

EXTENSIVE
(q =1−1/ ρ)

EXTENSIVE
  (δ =1/γ )

NONEXTENSIVE

NONEXTENSIVE NONEXTENSIVE

NONEXTENSIVE

NONEXTENSIVE NONEXTENSIVE

ENTROPY  SBG

  (ADDITIVE)

   ENTROPY  Sq
         (q ≠ 1)
(NONADDITIVE)

   ENTROPY  Sδ
         (δ ≠ 1)
(NONADDITIVE)

e.g.,  µN

 (µ >1)

e.g.,  N ρ

 (ρ > 0)

e.g.,  ν Nγ

(ν >1;
0 < γ <1)

	(ADDITIVE) 	(NONADDITIVE) 	(NONADDITIVE)



King Thutmosis I 
18th Dynasty 
circa 1500 BC 



A theory is the more impressive the greater the 
simplicity of its premises is, the more different 
kinds of things it relates, and the more extended  
is its area of applicability. Therefore the deep 
impression that classical thermodynamics made 
upon me. It is the only physical theory of 
universal content concerning which I am 
convinced that, within the framework of 
applicability of its basic concepts, it will never be 
overthrown. 
 
 

                                                   Albert Einstein (1949) 



		v13 = v12 + v23 								(Galileo)

		

v13 =
v12 + v23

1+ v12
c
v13
c

			(Einstein)

COMPOSITION OF VELOCITIES OF INERTIAL SYSTEMS (d=1) 

Newton mechanics:  
It satisfies Galilean additivity but violates Lorentz invariance (hence 
mechanics can not be unified with Maxwell electromagnetism) 
 
Einstein mechanics (Special relativity):  
It satisfies Lorentz invariance (hence mechanics is unified with Maxwell 
electromagnetism) but violates Galilean additivity 
 
Question: which is physically more fundamental, the additive composition 
of velocities or the unification of mechanics and electromagnetism? 



		 

Special	relativity	recovers	Newtonian/Galilean	mechanics	
as	particular	case:

v13 =
v12 + v23

1+ v12
c
v23
c

	 ∼ 	v12 + v23 	

if							1/c→0,		∀v 								or						∀	1/c ≠0		with		v /c→0

q-statistics	recovers	Boltzmann-Gibbs	statistics
as	particular	case:
Sq(A+B)

k
=
Sq(A)
k

+
Sq(B)
k

+(1−q)	
Sq(A)
k

	
Sq(B)
k

	 ∼ 	 SBG(A)
k

+
SBG(B)
k

and																																					

eq−βE ≡
1

1+(q−1)βE⎡⎣ ⎤⎦
1
q−1
	 ∼ 	e−βE

if							(q-1)→0,	∀βE 								or						∀	(q-1)≠0		with		βE→0



Prediction of the q - triplet:   C. T., Physica A 340,1 (2004) 







L.F. Burlaga and A. F.-Vinas (2005) / NASA Goddard Space Flight Center; Physica A 356, 375 (2005) 

[Data: Voyager 1 spacecraft (1989 and 2002); 40 and 85 AU; daily averages] 

SOLAR WIND: Magnetic Field Strength 

0.6 0.2senq = − ±

3.8 0.3relq = ± 1.75 0.06statq = ±
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C.T., M. Gell-Mann and Y. Sato, Proc Natl Acad Sc USA 102, 15377 (2005)  
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Block entropy for the d=1+1 model, with central charge c, at its quantum 
phase transition at T=0 and critical transverse “magnetic” field 

analytically obtained 
from first principles 

Self-dual Z(n) magnet (n =1, 2,...)           [FC Alcaraz, JPA 20 (1987) 2511]

                        → c = 2(n −1)
n + 2

∈[0, 2]    

SU(n) magnets (n =1, 2,...;  m = 2,3,...)   [FC Alcaraz and MJ Martins, JPA 23 (1990) L1079]

                        → c = (n −1) 1− n(n +1)
(m + n − 2)(m + n −1)

⎡
⎣⎢

⎤
⎦⎥
∈[0,n −1] 



EDGE OF CHAOS OF THE LOGISTIC MAP: 
(Using result in  http://pi.lacim.uqam.ca/piDATA/feigenbaum.txt)  
  
Q  
 
0.2444877013412820661987704234046804052344469354900576736703650
986327749672766558665755156226857540706288349640382728306063600
193730331818964551341081277809792194386027083194490052465813521
503174534952074940448165460949087448334056723622466488083333072
142318987145872992681548496774607864821834569063370205946820461
899021675321457546117438305008496860408846969491704367478991506
016646491060217834827889993818382522554582338038113118031805448
236757944990397074395466146340815553168788535030113821491411266
246328940130370152354936571471269917921021622688833029675405780
630706822368810432015790352123740735444602970006055250423142028
089193578811239731977974844235152456040926446709579570304658614
129566479666687743683240492022757393004750895311855179558720483
992696896827555852445024436526825609423780128033094877954403542
524859043379761802711830004573585550738941136758784400629135630
421674541694092135698603207859088199859359007319336801069967496
707904456092418632112054130547393985795544410347612222592136846
219346009360…                             (1018 meaningful digits) 

 

q =1− ln 2
lnαF

= M.L. Lyra and C. T. , Phys Rev Lett 80, 53 (1998)  



(d = 1 - q) 

Accademia dei Lincei, Rome (24-25 June 2019) 

Arrhenius law 
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The q - product is defined as follows: 

 L. Nivanen, A. Le Mehaute and Q.A. Wang, Rep. Math. Phys. 52, 437 (2003)  
 E.P. Borges, Physica A 340, 95 (2004)  

(extensivity of Sq) 

(nonadditivity of Sq) 



q - GENERALIZED CENTRAL LIMIT THEOREM: 

S. Umarov, C.T. and S. Steinberg, Milan J Math 76, 307 (2008)                    
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For q<1 see K.P. Nelson and S. Umarov, Physica A 389, 2157 (2010) 
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(area-preserving) 

STANDARD MAP  (Chirikov 1969) 

Particle confinement in magnetic traps,  
particle dynamics in accelerators,  
comet dynamics,  
ionization of Rydberg atoms,  
electron magneto-transport 

pi+1 = pi − K sin xi  (mod  2π )
xi+1 = xi + pi+1         (mod  2π ) 
                          (i = 0,1,2,...)
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Tirnakli and Borges  
Nature / Scientific Reports 6, 23644 (2016)  









EUROPHYSICS NEWS 2015 HIGHLIGHTS 



CLASSICAL XY CHAIN: ANOMALOUS HEAT CONDUCTANCE 

Y. Li, N. Li, U. Tirnakli, B. Li and C. T. 
EPL 117,  60004 (2017) 

		σ ∝e1.55
−0.40(TN1/3 )2



J.W. GIBBS 
Elementary Principles in Statistical Mechanics - Developed with Especial 
Reference to the Rational Foundation of Thermodynamics 
C. Scribner�s Sons, New York, 1902; Yale University Press, New Haven, (1981), 
page 35 

In treating of the canonical distribution, we shall always suppose the 
multiple integral in equation (92) [the partition function, as we call it 
nowadays] to have a finite valued, as otherwise the coefficient of 
probability vanishes, and the law of distribution becomes illusory. This 
will exclude certain cases, but not such apparently, as will affect the 
value of our results with respect to their bearing on thermodynamics.  
It will exclude, for instance, cases in which the system or parts of it 
can be distributed in unlimited space […]. It also excludes many cases 
in which the energy can decrease without limit, as when the system 
contains material points which attract one another inversely as the 
squares of their distances. […]. For the purposes of a general 
discussion, it is sufficient to call attention to the assumption implicitly 
involved in the formula (92). 
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EXTENSIVE 
SYSTEMS 

NONEXTENSIVE 
SYSTEMS 

dipole-dipole 

Newtonian gravitation 

  

V (r) ∼ − A
rα      (r →∞)        ( A > 0,   α ≥ 0)

                        integrable if       α / d >1       (short-ranged)
                non-integrable if  0 ≤α / d ≤1        (long-ranged)

      HMF                
(inertial XY model) 

CLASSICAL LONG-RANGE-INTERACTING MANY-BODY HAMILTONIAN SYSTEMS 

 

α -XY
α -Heisenberg 
α -FPU 



  λmax ∝ N −κ (α ,d ) ≡ L−dκ (α ,d )





d-DIMENSIONAL XY MODEL 

L.J.L Cirto, A. Rodriguez, F.D. Nobre and C.T., EPL 123, 30003 (2018) 



d-DIMENSIONAL XY MODEL 

L.J.L Cirto, A. Rodriguez, F.D. Nobre and C.T., EPL 123, 30003 (2018) 



[see also P. Quarati and A. Scarfone,  
Astrophys. J. 666, 1303 (2007)] 



q = 1 
(Debye-Huckel / Yukawa) 

q = 1.35 
		
∝1
r
eq
−β(r−r1 )

		 (β !1/r1)





q = 0.57927 

MENDELEEV TABLE 

(1834-1907) 

1H 

103Lr 

( EH = -13.6057 eV ) 



FULLERENES  (C60 ) 

q = 0.57927 



The conclusion we reach is that at low temperatures ergodicity does not 
occur, and thus the Gibbs prescriptions are not dynamically justified, up 
to geological time scales. 



LiF   (ionic crystal) 

(Buckingham phenomenological potential) 



		∝e1.14
−E/67.8

		∝e
−E/120

(N=512) 



		(q≠1)
		(BG)





  

P(k) = P(0) eq
−k /κ = P(0)

1+ (q −1)k /κ⎡⎣ ⎤⎦
 1
q−1

S.G.A. Brito, L.R. da Silva and C. T., Nature/Scientific Reports 6, 27992 (2016) 
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S.G.A. Brito, L.R. da Silva and C. T., Nature/Scientific Reports 6, 27992 (2016) 
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q − generalized Schroedinger equation
    (quantum non-relativistic spinless free particle)

    i
∂
∂t

Φ x

,t( )

Φ0

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥ = − 1

2− q
2

2m
∇2

Φ x

,t( )

Φ0

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

2−q

    (q ∈R)

Its exact solution is given by

          Φ x

,t( ) =Φ0  eq

i p


 . x

−Et( )   =Φ0  eq

i k


 . x

−ωt( )    

 with               

E = p2

2m
  (Newtonian relation!)  

E = ω    (Planck relation!)  
p = k      (de Broglie relation!) 

⎫

⎬

⎪
⎪⎪

⎭

⎪
⎪
⎪

 ∀q         

F.D. Nobre, M.A. Rego-Monteiro and C. T., Phys Rev Lett  106, 140601 (2011) 



   

q-generalized Klein-Gordon equation: 
           (quantum relativistic spinless free particle: e.g., mesons π )

∇2Φ x

,t( ) = 1

c2

∂2Φ x

,t( )

∂t2 + q
m2c2

2 Φ x

,t( ) Φ x


,t( )

Φ0

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

2(q−1)

  (q ∈R)

 Its exact solution is given by

           Φ x

,t( ) =Φ0  eq

i p


 . x

−Et( )   =Φ0  eq

i k


 . x

−ω  t( )    

 with

            E2 = p2c2 + m2c4       (∀q)      (Einstein relation!)

Particular case:     m = 0 ⇒  q-plane waves
  F.D. Nobre, M.A. Rego-Monteiro and C. T., Phys Rev Lett  106, 140601 (2011) 



   

q-generalized Dirac equation: 
  (quantum relativistic spin 1 2  matter and anti-matter free particles: 
                                                                  e.g., electron and positron)

 i
∂ Φ x


,t( )

∂t
+ ic α


.∇
( )Φ x


,t( ) =  βmc2 A(q) x


,t( )  Φ x


,t( )      (q ∈R)

with

           α
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     (4× 4 matrices)

           A i  j
(q) x
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,t( ) ≡ δ ij

Φ j x
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aj
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   A i  j
(1) x

,t( ) = δ ij( )     (4× 4 matrix)

where aj{ }  are complex constants.

  
F.D. Nobre, M.A. Rego-Monteiro and C. T., Phys Rev Lett  106, 140601 (2011) 



Its exact solution is given by
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
,t( ) ≡
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    being the same  ∀q

hence
            E2 = p2c2 +m2c4    (q∈R)    (Einstein relation!)

F.D. Nobre, M.A. Rego-Monteiro and C. T., Phys Rev Lett  106, 140601 (2011) 





Combe, Richefeu, Stasiak and Atman 
PRL 115, 238301 (2015) 



CT and DJ Bukman, PRE 54 (1996) R2197 

Combe, Richefeu, Stasiak and Atman 
PRL 115, 238301 (2015) 
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with		q1 =13/11=1.1818...

and				q2 =
1
2−q =11/9=1.2222...

electrons 

positrons 



LHC (Large Hadron Collider) 
  CMS, ALICE, ATLAS and LHCb detectors  
  ~ 4000 scientists/engineers from ~ 200 institutions of ~ 50 countries 



C.Y. Wong, G. Wilk, L.J.L. Cirto and C. T.,  
        EPJ Web of Conferences 90, 04002 (2015), and PRD 91, 114027 (2015)  

SIMPLE APPROACH: TWO-DIMENSIONAL SINGLE RELATIVISTIC FREE PARTICLE 

dN±±dydpT
  = A eq

− ET / T

[A] = GeV−2c3

(A, q, T) = (38, 1, 0.13)
     Boltzmann−Gibbs

±±2π pT

A / 100

A / 101

A / 102

A / 104

A / 106

[T] = GeV

1 «
«η∼0

(A, q, T) = (38, 1.150, 0.13)
(A, q, T) = (43, 1.151, 0.13)
(A, q, T) = (30, 1.127, 0.13)
(A, q, T) = (32, 1.125, 0.13)
(A, q, T) = (27, 1.124, 0.13)

CMS  √s = 7  TeV
ATLAS  √s = 7  TeV

CMS √s = 0.9 TeV
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ALICE √s = 0.9 TeV10−14
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q = 1.139+i 0.0385 

q = 1.134+i 0.0269 q = 1.117+i 0.0307 

q = 1.135+i 0.0321 



Grazie! 


