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Types and effects of time delays

Types of time delays

Discrete time delay
Distributed time delay

Figure: Janus the god of transitionsEffects of time delay coupling

Amplitude death
Oscillation death
Chimera state
Synchronization (isochronal, anti-phase, and splay-phase synchronous)



The hot shower problem

T. Erneux, Applied delay differential equations. Vol. 3. Springer, 2009.



Population of Lemmings

T.J. Case, An Ilustrated Guide to Theoretical Ecology, Oxford University
Press, Oxford, 2000.



Deep Hole Drilling System

Dynamics on stick-slip vibrations of deep hole drilling with time delay

z and φ are the disturbed axial displacement and angular
displacement under stable drilling of the drilling system. m mass of
bit, I rotary of bit, βA and βT axial and torsion damping, respectively.
κA and κT axial and torsion stiffness. Time delay required for the bit
to rotate an angle 2π/N to its current position.

J. Huang et al. Bifurcation and stability analyses on stick-slip vibrations of
deep hole drilling with state-dependent delay. Applied Sciences, 8(5), 2018.



Political system

The model of a multiparty political system is given by the following system
of coupled delay differential equations:

dx1
dt = a1x1 − d1x1 +

β1x
2
1 x3(t − τ)

x1 + x2
+ d2p21x2,

dx2
dt = a2x2 − d2x1 +

β2x
2
2 x3(t − τ)

x1 + x2
+ d2p12x1,

dx3
dt = a3x3 − d3x3 −

β1x
2
1 x3

x1 + x2
− β2x

2
2 x3

x1 + x2
+ d1p13x1 + d2p23x2,

dx4
dt =

β1x
2
1 x3

x1 + x2
− β2x

2
2 x3

x1 + x2
− β1x

2
1 x3(t − τ)

x1 + x2
− β2x

2
2 x3(t − τ)

x1 + x2

xi the number of ruling (R), opposition(O), third party(T), non-above
parties (N) i , i = 1, ..., 4. ai rates of members enter into the R, O, and T. di
members rate of the R, O, and T entering into other parties. x3(t − τ) rates
of T who leave the party at time t − τ and entering into new party at time t.
Pij are the probabilities of successful transition. βi are the conversion rates.

Q. J. Khan, ”Hopf bifurcation in multiparty political systems with time
delay in switching.” Applied Mathematics Letters, 43-52, 2000.



Neural systems with discrete and distributed time delays

Consider a coupled two sub-networks with time delays

u̇1(t) = −u1(t) + a12f (u2(t − τ)) + α

∫ ∞

0

g(s)f (u4(t − s))ds,

u̇2(t) = −u2(t) + a21f (u1(t − τ)),

u̇3(t) = −u3(t) + a12f (u4(t − τ)) + α

∫ ∞

0

g(s)f (u2(t − s))ds,

u̇4(t) = −u4(t) + a21f (u3(t − τ)),

ui are voltages of neurons i , i = 1, ..., 4.

a12 and a21 are the strength of connections.

τ is discrete time delay.

α is long-rang coupling strength.

Distributed time delays between sub-networks.

B. Rahman, B.K. Blyuss, and Y. N. Kyrychko. ”Dynamics of neural
systems with discrete and distributed time delays.” SIAM Journal on
Applied Dynamical Systems, 2069-2095, 2015.



A mosquito delayed mathematical model

A mathematical model to break the life cycle of mosquito

ẋ1(t) = bN − (η + µ)x1(t) + ρx4(t)
ẋ2(t) = ηx1(t) − (γ + µ)x2(t)
ẋ3(t) = γx2(t) − νx3(t − τ) − µx3(t)
ẋ4(t) = νx3(t − τ) − (ρ+ µ)x4(t)

xi Adult mosquitoes, Eggs, Larva, and
Pupa at time t i , i = 1, ..., 4 respectively.

b and µ birth and death rate respectively.

η rate adult mosquitoes oviposit.

γ rate the eggs hatch.

ν rate larva develops to pupa.

ρ rate pupa develops to adult mosquitoes.

M. Yau and B. Rahman, ”A Delayed Mathematical Model to break the life
cycle of Anopheles Mosquito.” Ratio Mathematica, 79-92, 2016.



Neuroscience

Vedio: ARQHIE



Wilson-Cowan Model



Developments of Wilson-Cowan Model



STN-GP network with three delays

Consider a STN-GP model introduced by Pavlides et al. (2012),

τSS
′(t) = FS(−wGSG (t − TGS) + wCSCtx) − S(t),

τGG
′(t) = FG (wSGS(t − TSG ) − wGGG (t − TGG ) − wXGStr) − G (t),

S(t) and G (t) are the firing rates.

TGS , TSG , TGG ≥ 0 are time delays.

The synaptic weights wGS , wCS , wSG , wGG ,
and wXG are all non-negative constants.

τS and τG are the membrane time constants
of the neurons.

Ctx and Str are the constant inputs from
cortex and striatum.

FS(·) and FG (·) are the sigmoid activation
function.

FS(·) = MS

1+
(

MS−BS
BS

)
e
−4(.)
MS

FG (·) = MG

1+
(

MG−BG
BG

)
e
−4(.)
MG



Previous analysis

The membrane time constants are exactly the same.

The transmission delays in the neural populations are taken to be
equal.

nonlinear activation functions are replaced by linear functions.

Our analysis

The membrane time constants are taken to be different.

The three time delays in the connections between the excitatory and
inhibitory populations of neurons are taken to be different.

We consider a general nonlinear class of activation functions.

B. Rahman, Y.N. Kyrychko, K.B. Blyuss, and J.S. Hogan, Dynamics of a
subthalamic nucleus-globus palidus network with three delays,
IFAC-PapersOnLine, 294-299, 2018.



Stability analysis: single delay

Figure: (a) Stability of the non-trivial steady state, for T1 = 0 and T2 > 0. (b)
Amplitude and (c) period of the periodic solutions.



Stability analysis: single delay

Figure: (a) Stability of the non-trivial steady state, for T1 > 0 and T2 = 0. (b)
Amplitude and (c) period of the periodic solutions.



Stability analysis: two time delays

Figure: (a)-(d) Stability of the non-trivial steady state, for T1 > 0 and T2 > 0.
(e) Amplitude and (f) period of the periodic solutions.



Numerical simulation
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