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Probabilistic Abstract Reduction Systems

PARS cover
@ probabilistic algorithms and programs
@ scheduling strategies
@ protocols

Background

@ Almost-sure convergence and almost-sure termination
introduced for a subset of probabilistic programs by Hart et al
1983

@ PARS formulated by Bournez and Kirchner 2002

@ Almost-surely confluence formulated by Friihwirt et al 2002,
Bournez and Kirchner 2002
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Probabilistic Abstract Reduction Systems

Abstract Reduction System

) is a pair R=(A,—) where A is
0—1—a countable and —C A x A.
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Abstract Reduction System

) is a pair R=(A,—) where A is
0—1—a countable and —C A x A.
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if there are no infinite paths

R is confluent

if for all paths s; <* s —* s
there is a t such that
51 = t<+* s
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12 Abstract Reduction System
. Ol/z is a pair R=(A, —) where A is
0—1—a countable and -C A x A.
Ris terminating
if the probability of reaching a if there are no infinite paths
normal form is 1.
~
2(1/2)’ =1 if for all paths s; «* s —* s
=0 there is a t such that

R is almost-surely convergent s1 = t<+* s

if for all s; +* s —* s, there

is a normal form t such that
s1 —* t<«<* s and if R is confluent and
P(si =»*t)=P(s, > t)=1 terminating
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Probabilistic Abstract Reduction Systems

1/3 1/3
) v )
Oml
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Probabilistic Abstract Reduction System

RP = (R, P) where R = (A, —) is an ARS.
For each s € A\ Rnr,

For all s and t, P(s — t) > 0 if and only if s — ¢.
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Probabilistic Abstract Reduction Systems

Probability of a finite path ss — s; — ... — s, with n >0

P(So — S —7 ... — Sn) = H:-T:l P(S,'_l — S,').
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1/3 1/3
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Probability of s reaching t € Ryg(s)

P(s —* t) = ZJEA(s,t) 'D((s)
where A(s,t) ={d|d=5— ... = t}.

v

Probability of diverging from s

P(s = Z P(s =" t).
tERNF(S)
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Probability of diverging from s

P(s »®)=1— > P(s—"1).
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Probabilistic Abstract Reduction Systems

R is almost-surely convergent

For all s; «+* s —* s, there is a normal form t such that
si > t<+«*sand P(s; =»*t) = P(s, =»* t) = 1.

1/2 1/2
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1 1/2 a—»0 1—0b

0—1—a 1/2
1/3 1/3 1-1/4 1-1/4 1-1/4 1-1/4*
O 2 0 0 2=53
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Almost-surely convergent
R is almost-surely convergent

For all s; «<* s —* s, there is a normal form t such that
s1 > t<«*spand P(s; =»*t) = P(s, =" t) = 1.

| A

Theorem

A PARS is almost-surely terminating and confluent if and only if it
is almost-surely convergent.

\
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Two tasks:

@ almost-sure termination:

e.g. Lyapunov ranking functions.!

@ confluence

LL.M.Ferrer Fioriti, H.Hermanns, Probabilistic Termination POPL '15.
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Almost-surely convergent
R is almost-surely convergent

For all s; «<* s —* s, there is a normal form t such that
s1 > t<«*spand P(s; =»*t) = P(s, =" t) = 1.

| A

Theorem

A PARS is almost-surely terminating and confluent if and only if it
is almost-surely convergent.

\

Two tasks:

@ almost-sure termination:

e.g. Lyapunov ranking functions.!

e confluence:
e.g. transform to systems suited for automatic confluence
analysis.?

LL.M.Ferrer Fioriti, H.Hermanns, Probabilistic Termination POPL '15.
2p__L.Curien, G.Ghelli, On Confluence for Weakly Normalizing Systems '91.
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Almost-sure termination

A measure V : A — R™T is a Lyapunov ranking function if

Vs € A Je > 0: V(s)= > P(s—s)-V(s)+e

s—s’

Lemma (Ferrer Fioriti, Hermanns POPL '15 )

A PARS RP = ((A,—), P) is a-s. terminating if there is a
Lyapunov ranking function over A.

\
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V(0) > 1/3V(0) + 1/2V(1) + 1/6V(a)
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Almost-sure termination

A measure V : A — R™T is a Lyapunov ranking function if

Vse A, de > 0: ZPS—)S (s') +e

s—s’

Lemma (Ferrer Fioriti, Hermanns POPL '15 )

A PARS RP = ((A,—), P) is a-s. terminating if there is a
Lyapunov ranking function over A.

13 o 13 V(0) =100
() =) V(1) =100
0 w2 =1

V(0) > 1/3V(0) + 1/2V(1) + 1/6V(a)
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Almost-sure termination

A measure V : A — R™T is a Lyapunov ranking function if

Vse A, de > 0: ZPS—)S (s') +e

s—s’

Lemma (Ferrer Fioriti, Hermanns POPL '15 )

A PARS RP = ((A,—), P) is a-s. terminating if there is a
Lyapunov ranking function over A.

13 o 13 V(0) =100
() =) V(1) =100
0 /ﬁ\ 1

100 = V(0) > 1/3V(0) + 1/2V(1) + 1/6V(a) = 83 + 1/2
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Confluence

Lemma (Curien, Ghelli RTA '91)

Given two ARS R = (A,—Rr) and R’ = (A, —r') and a mapping
G: A— A, then R is confluent if the following holds.

o R’ is confluent,

@ R is normalizing,

o ifs—prt then G(s) < r G(t),

e Vt € Ryr, G(t) € Ryg, and

e Vt,u e Ryr, G(t) = G(u) = t=u.
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Confluence

Lemma (Curien, Ghelli RTA '91)

Given two ARS R = (A, —Rr) and R' = (A, —r/) and a mapping
G: A— A, then R is confluent if the following holds.
e R’ is confluent,

@ R is normalizing,

o ifs—grt then G(s) <5 G(t),
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1/3 " 1/3 number’
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Confluence

Lemma (Curien, Ghelli RTA '91)

Given two ARS R = (A, —Rr) and R’ = (A, —g') and a mapping
G: A— A, then R is confluent if the following holds.

e R’ is confluent,

@ R is normalizing,

o ifs—prt then G(s) <5 G(t),

e Vt € Ryr, G(t) € Ryg, and

e Vt,u € Ryr, G(t) = G(u) = t=u.

3 1 3 G “““ . number’
) ) O (.7
0 1/2 1 0 1
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Confluence iff

Lemma

Given two ARS R = (A, —Rr) and R’ = (A, —r/) and a mapping
G: A— A, satisfying

o (surjective) Vs' € A/, ds € A, G(s) = ¢/,

@ R and R’ are normalizing,

o ifs—prt then G(s) <% G(t), and

if G(s) <% G(t) then s <5 t,

o Vt € Rk, G(t) € Ryp, and Vt' € Ryg, G71(t') C Rur,

e Vt,u € Ryp, G(t) = G(u) =t =u,
then R is confluent iff R’ is confluent.

» &g > number’
2~ R /./ N .
a— l1-b a—=0 1—=b , a ¢ b
R~ L~ 500 7
o S
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Contributions

@ Self-contained definitions of PARS; proving basic properties
@ Almost-sure convergence generalized to PARS

@ Theorem: almost-sure convergence <
almost-sure termination A confluence

Unfolded methods for (dis-) proving almost-sure convergence
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