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“Symmetry, as wide or as narrow as you may define 
its meaning, is one idea by which man through the 
ages has tried to comprehend and create order, 
beauty, and perfection”

Weyl 1952

Hermann Weyl



Euclid

~300 BC

The Origins



Early attempts

Omar Khayyam

1077

Khayyam-Saccheri quadrilateral 

“Three cases of angles in a quadrilateral: Fifth Postulate 
follows from the right-angle assumption”



”repugnant to the nature of straight lines” 
— Giovanni Saccheri

Early attempts

1736





End of Euclid’s Monopoly

J. V. Poncelet

1822
G. Desargues

1643
“Projective geometry”



End of Euclid’s Monopoly

J. Bolyai

1823
C. F. Gauss

“I have discovered such wonderful 
things that I was amazed...out of 
nothing I have created a strange new 
world.” — Jánus Bolyai to his father

“To praise it would amount to 
praising myself. For the entire 
content of the work...coincides 
almost exactly with my own 
meditations [in the] past thirty or 
thirty-five years.”

— Gauss to Farkas Bolyai
Gauss ~1800; Bolyai (1823) 1832



End of Euclid’s Monopoly

N. Lobachevsky

1829

“In geometry I find certain 
imperfections which I hold to be 
the reason why this science […] 
can as yet make no advance from 
that state in which it came to us 
from Euclid. I consider […] the 
momentous gap in the theory of 
parallels, to fill which all efforts 
of mathematicians have so far 
been in vain.”

Lobachevsky (1826) 1829



Nineteenth Century Zoo of Geometries



The Erlangen Programme

F. Klein

“Given a [homogeneous] 
manifold and a 
transformation group acting 
[transitively] on it, to 
investigate those properties of 
figures on that manifold 
which are invariant under 
transformations of that 
group” 1872

Klein 1872



The Erlangen Programme

AffineEuclidean Projective

angle
distance

area
parallelism

intersection

+ — —
+ — —
+ — —
+ + —
+ + +



Noether’s Theorem

E. Noether

1918

“Every [differentiable] 
symmetry of the action of a 
physical system [with 
conservative forces] has a 
corresponding conservation 
law”

Noether 1918



Gauge invariance

H. Weyl

1929

Weyl 1919; 1929 (see Straumann 1987) 

Lieber Kollege! —
Postcard dated 15 April 
1918 from Einstein to 
Weyl arguing with his 
initially proposed 
gauge theory



Unification of forces

R. L. Mills

1954
C. N. YangUnification of electromagnetic and weak forces (modelled 

with the groups U(1) × SU(2)) and the strong force (based on 
the group SU(3))

Yang, Mills 1954





“It is only slightly overstating the case to say that 
Physics is the study of symmetry”

Anderson 1972

P. Anderson



?



EARLY NEURAL NETWORKS 
& THE AI WINTER



Dartmouth AI Conference 1956



Early neural networks

1957

Rosenblatt 1957

Perceptron, one of the first neural network architectures

F. Rosenblatt



Early hype

1958

Manson, Stewart, Gill 1958

“First serious rival to the 
human brain even devised.”

“Remarkable machine 
capable of what amounts to 
thought”

— The New Yorker 



Early hype

Papert 1966



The “XOR Affair”

S. Papert

1969

Minsky, Papert 1969

M. Minsky“[simple] perceptron 
cannot represent even 
the XOR function”



“AI WINTER”



+

1
𝑏 = 𝑤!"#

𝑤#
𝑤$

𝑤!

𝑦 = sign 𝐰!𝐱
𝑥#
𝑥$

𝑥!

“Simple perceptron”



First “geometric” machine learning

Minsky, Papert 1969

Group Invariance Theorem: ”if a 
neural network is invariant to a group, 
then its output can be expressed as 
functions of the orbits of the group”

S. PapertM. Minsky

1969



Universal approximation

K. HornikD. Hilbert A. Kolmogorov

Hilbert 1900; Arnold 1956; Kolmogorov 1957; Cybenko 1989; Hornik 1991

V. Arnold G. Cybenko

13th Problem Results specific to multilayer 
neural networks



𝑥

𝑦

𝑦𝑥
+

+

+

+

+

⋮

⋮

Universal approximation

Cybenko 1989; Hornik 1991; Barron 1993; Leshno et al 1993; Maiorov 1999; Pinkus 1999

“A 2-layer perceptron can approximate 
a continuous function to any desired 
accuracy”



{cat,dog}

Deep learning = glorified curve fitting



𝑥

𝑦

𝑦𝑥
+

+

+

+

+

⋮

⋮ How many samples are needed to 
approximate to accuracy 𝜀 ?

Universal approximation

Cybenko 1989; Hornik 1991; Barron 1993; Leshno et al 1993; Maiorov 1999; Pinkus 1999



𝑦𝑥 𝑓
2-dimensional

The Curse of Dimensionality



3-dimensional

𝑓 𝑦𝑥

The Curse of Dimensionality



𝑓

O 𝜀!" samples

𝑑-dimensional

𝑦𝑥

The Curse of Dimensionality





The Lighthill Report

1972

J. Lighthill

Lighthill 1972

“Most workers in AI research and in 
related fields confess to a pronounced 
feeling of disappointment in what has 
been achieved in the past twenty-five 
years. […] In no part of the field have 
the discoveries made so far produced 
the major impact that was then 
promised.”



THE EMERGENCE OF 
GEOMETRIC ARCHITECTURES



Secrets of the visual cortex

Hubel, Wiesel 1959; 1962 

T. Wiesel

1959Experiments of Hubel and Wiesel that established the 
structure of the visual cortex

D. Hubel



Neocognitron

Fukushima 1980

K. Fukushima

1980
Neocognitron, an early geometric neural network



input image input vector

+

⋮

⋮



+

⋮

⋮

input image input vector

“The response of [Perceptrons] was severely affected by the shift 
in position […] of the input patterns. Hence, their ability for 
pattern recognition was not so high.”— Fukushima



Neocognitron

Fukushima 1980

K. Fukushima

1980Experimental evaluation of the Neocognitron



Neocognitron

Fukushima 1980

K. Fukushima

1980

• Deep neural network (7 layers tested)

• Local connectivity (“receptive fields”)

• Nonlinear filters with shared weights (S-layers)

• Average pooling (C-layers)

• ReLU activation function

• ”Self-organised” (unsupervised) – no backprop yet!



F. Rosenblatt

How to train your neural network?

A. Ivakhnenko S. Linnainmaa

Rosenblatt 1957; Ivakhnenko, Lapa 1966; Linnainmaa 1970; Werbos 1982; Rumelhart et al. 1986 

P. Werbos D. Rumelhart

Perceptron 
learning rule

(1 layer)

BackpropagationGroup method of 
data handling



Y. LeCun

LeCun et al. 1989

First version of a CNN

Convolutional neural networks

AT&T DSP-32C 
capable of 125m floating 

point multiply-accumulate 
operations/sec



Y. LeCun

LeCun et al. 1998

LeNet-5 classical CNN architecture

LeNet-5

MNIST digits dataset



Computer vision in the 2000s

Sivic, Zisserman 2003

A typical image classification pipeline from the 2000s 

SV
M

Feature detection Feature description Feature aggregation Classification



ImageNet

AlexNet beating all “handcrafted” approaches on ImageNet 
benchmark—the moment of truth for computer vision

L. Fei-Fei



AlexNet

Krizhevsky et al. 2012

A. Krizhevsky

AlexNet architecture

Nvdia GTX 580 GPU capable of 
~200G FLOP/sec



TRIUMPH OF DEEP LEARNING



GRAPH NEURAL NETWORKS & 
THEIR CHEMICAL PRECURSORS



First chemical abstracts journal
Chemisches Zentralblatt 1830–1969

Early chemoinformatics

Beilstein Handbusch
~500 volumes, 500k pages

Chemical Abstracts Service
as of today ~200m compounds



Early chemoinformatics

Punch card for early computer



Vlăduţ et al. 1959; Portrait: Ihor Gorskiy (from a photo courtesy of Serge Vlăduţ)

G. Vlăduţ

1959
Early “chemical ciphers” used for molecule representations 

fail to capture structural similarity

Structural similarity of molecules



Sylvester 1878

J. Sylvester

1878

Graph theory & Chemistry

The term “graph” appeared first in the 
chemical context



Weisfeiler, Lehman 1968; Portraits: Ihor Gorskiy

B. Weisfeiler

1968

A. Lehman

Weisfeiler-Lehman test



M. Gori

“Graph Neural Networks”

2005, 2008

A. Sperduti

Labeling RAAM

1994

C. Goller

Backprop through structure

1996

A. Küchler F. Scarselli

Gated GNN

2015

Y. Li

First Graph Neural Networks



Back to the chemical roots

Duvenaud et al. 2015; Gilmer et al. 2017

GNN-based 
molecular fingerprints

Chemical property prediction 
using message passing GNNs

D. Duvenaud J. Gilmer



Back to the chemical roots

Jumper et al. 2021

An “ImageNet” moment of structural biology



THE BLUEPRINT



Convolutional Neural Network Graph Neural Network



Convolutional Neural Network Graph Neural Network

Underlying domain: 
grid

Underlying domain: 
graph



Convolutional Neural Network Graph Neural Network
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Convolutional Neural Network Graph Neural Network

Symmetry:
Translation

Symmetry:
Permutation
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Convolutional Neural Network Graph Neural Network

Convolution: 
translation equivariant

Message passing: 
permutation equivariant
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Convolutional Neural Network Graph Neural Network

Convolution: 
translation equivariant

Message passing: 
permutation equivariant
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Geometric Deep Learning

Bronstein, Bruna, Cohen & Veličković



Twentieth Century Zoo of Neural Network Architectures



The Erlangen Programme of ML
Geometric Deep Learning



Geometric Deep Learning Blueprint

𝑓

domain Ω signals 𝒳 Ω functions ℱ 𝒳 Ω

symmetry group 𝔊 group representation 𝜌 𝔊 invariance
𝜌 𝔤 𝑥 𝑢 = 𝑥 𝔤!"𝑢 𝑓 𝜌 𝔤 𝑥 = 𝑓 𝑥

equivariance
𝑓 𝜌 𝔤 𝑥 = 𝜌 𝔤 𝑓 𝑥



Example: Convolutional Neural Networks

⋆

Plane ℝ# images 𝒳 ℝ# functions ℱ 𝒳 Ω

Translation group 𝑇 2 Shift operator 𝑆
𝑆$𝑥 𝑢 = 𝑥 𝑢 − 𝑣

Convolutional layer
𝑆𝑥 ⋆ 𝑦 = 𝑆 𝑥 ⋆ 𝑦



𝔊-invariance

cat𝑓

𝑓 𝜌 𝔤 𝑥 = 𝑓 𝑥

Invariant functions: Image Classification



𝑓 𝜌 𝔤 𝑥 = 𝜌 𝔤 𝑓 𝑥

𝑓

𝔊-equivariance

Equivariant functions: Image Segmentation



Example: Graph Neural Networks

𝐅

Graph 𝐺 = 𝑉, 𝐸 Node features 𝒳 𝐺 functions ℱ 𝒳 Ω

Permutation group Σ! Permutation matrix 𝐏
𝐏𝐗 = 𝑥%%& & ,(

Message passing
𝐅 𝐏𝐗, 𝐏𝐀𝐏⊤ = 𝐏𝐅 𝐗, 𝐀



Example: Equivariant Graph Neural Networks

𝐅

Graph 𝐺 = 𝑉, 𝐸 Node features 𝒳 𝐺 functions ℱ 𝒳 Ω

Permutation group Σ! Permutation matrix 𝐏 Equivariant message passing
𝐅 𝐏𝐗𝐑, 𝐏𝐀𝐏⊤ = 𝐏𝐅 𝐗, 𝐀 𝐑Rotation 𝐑



Geometric Deep Learning Blueprint



Scale Separation in Physics



Homogeneous 
spaces

Graphs & SetsImages & 
Sequences

Manifolds, Meshes & 
Geometric graphs

The “5G” of Geometric Deep Learning



Perceptrons
Function regularity

CNNs
Translation

Group-CNNs
Translation+Rotation, 

Global groups

GNNs
Permutation

Intrinsic CNNs
Isometry / Gauge choice

DeepSets / Transformers
Permutation

LSTMs
Time warping



geometricdeeplearning.com



GRAPHS



Social networksMolecules Interactomes

Graphs = Systems of Relations and Interactions



social network

Graphs



social network

node   𝑖

edge 𝑖~𝑗

𝑗

graph

Graphs



node   𝑖

edge 𝑖~𝑗

𝑗

node feature 𝐱'

graph

Graphs



node   𝑖

edge 𝑖~𝑗

𝑗

node feature 𝐱'

graph

1 2
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9
10 11

arbitrary ordering of nodes

Key Structural Properties of Graphs



𝐗

Feature 
matrix 𝑛×𝑑
1
2
3
4
5
6
7
8
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arbitrary ordering of nodes
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7

8

9
10 11

Key Structural Properties of Graphs



𝐗

Feature 
matrix 𝑛×𝑑

arbitrary ordering of nodes

2
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4
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7

8

9
10 11

𝐀

Adjacency 
matrix 𝑛×𝑛

1

Key Structural Properties of Graphs



2 1
3

4
5
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7

8

9
10 11

𝐏𝐀𝐏& 𝐏𝐗

Adjacency 
matrix 𝑛×𝑛

Feature 
matrix 𝑛×𝑑

arbitrary ordering of nodes

Key Structural Properties of Graphs
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8
1 2

𝐏𝐀𝐏& 𝐏𝐗

Feature 
matrix 𝑛×𝑑

Adjacency 
matrix 𝑛×𝑛

arbitrary ordering of nodes
𝑛! permutations

Key Structural Properties of Graphs
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𝑓 𝐗, 𝐀graph function

Invariant Graph Functions
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𝑓 𝐗, 𝐀graph function

Invariant Graph Functions
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𝑓 𝐗, 𝐀

permutation-invariant

𝑓 𝐏𝐗, 𝐏𝐀𝐏⊤ =

Invariant Graph Functions
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𝐅 𝐗, 𝐀node function

Equivariant Graph Functions
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𝐅 𝐗, 𝐀node function

Equivariant Graph Functions



𝐅 𝐗, 𝐀

permutation-equivariant

𝐅 𝐏𝐗, 𝐏𝐀𝐏⊤ = 𝐏

5 10
7

11
4

6

3

9

8
1 2

Equivariant Graph Functions



Graph Neural Networks



Graph Neural Networks



𝑖

𝒩' = 𝑗: 𝑖~𝑗 or 𝑗~𝑖
neighbourhood

A General Blueprint for Constructing Graph Functions



𝒩' = 𝑗: 𝑖~𝑗 or 𝑗~𝑖
neighbourhood

𝐱"∈𝒩!𝐗𝒩! = 𝐱"∈𝒩!

𝑖
multiset of 

neighbour features

A General Blueprint for Constructing Graph Functions



𝐱"∈𝒩!𝐗𝒩! = 𝐱"∈𝒩!

𝑖
multiset of 

neighbour features

𝐗𝒩!

𝐱.

ϕ

local function

A General Blueprint for Constructing Graph Functions



𝑖

𝐗𝒩!

𝐱.

ϕ

local function

A General Blueprint for Constructing Graph Functions



𝑖

𝐗𝒩!

𝐱.

ϕ

permutation invariant

local function

A General Blueprint for Constructing Graph Functions



permutation invariant

𝑖

ϕ

local function

𝐅 𝐗, 𝐀 = −ϕ 𝐱. , 𝐗𝒩! −

−ϕ 𝐱/, 𝐗𝒩" −

−ϕ 𝐱!, 𝐗𝒩# −

⋮

⋮
𝐗𝒩!

𝐱.

A General Blueprint for Constructing Graph Functions



−ϕ 𝐱/, 𝐗𝒩" −

𝐅 𝐗, 𝐀 =
−ϕ 𝐱!, 𝐗𝒩# −

−ϕ 𝐱. , 𝐗𝒩! −
⋮

⋮

permutation equivariant

A General Blueprint for Constructing Graph Functions



permutation-invariant 
aggregation operator, e.g. sum

learnable 
functions

𝑓 𝐱! =

new feature of 
node 𝑖

ϕ 𝐱! , 𝑐!"ψ 𝐱#ψ 𝐱#
𝑗 ∈ 𝒩!

”Flavours” of Graph Neural Networks



“convolutional”

ϕ 𝐱! , 𝑐!"ψ 𝐱#
𝑗 ∈ 𝒩!

importance of node 𝑗 to
the representation of 𝑖

𝑓 𝐱! =

Defferard et al. 2016; Kipf, Welling 2016 (GCN)

”Flavours” of Graph Neural Networks



“attentional”
𝑗 ∈ 𝒩!

ϕ 𝐱! , 𝑎 𝐱! , 𝐱" ψ 𝐱#𝑓 𝐱! =

Monti et al. 2017; Veličković et al. 2018 (GAT)

”Flavours” of Graph Neural Networks



“message passing”
𝑗 ∈ 𝒩!

ϕ 𝐱! , ψ 𝐱! , 𝐱"𝑓 𝐱! =

Gilmer et al. 2017 (MPNN); Battaglia et al 2018; Wang et al. 2018

Message Passing



Weisfeiler, Lehman 1968; Portraits: Ihor Gorskiy

B. Weisfeiler

1968

A. Lehman

Weisfeiler-Lehman Test



Weisfeiler, Lehman 1968

Weisfeiler-Lehman Test



Weisfeiler, Lehman 1968

Weisfeiler-Lehman Test



Weisfeiler, Lehman 1968

Weisfeiler-Lehman Test



Weisfeiler, Lehman 1968

Weisfeiler-Lehman Test



Weisfeiler-Lehman Test



non-isomorphic graphs that are WL-equivalent

necessary but insufficient condition!



node   𝑖

edge 𝑖~𝑗

𝑗

graph

Special Cases of GNNs



node   𝑖

edge 𝑖~𝑗

graph

𝑗

set

Special Cases of GNNs



𝑖

ϕ 𝐱!

DeepSets

Zaheer et al 2017; Qi et al 2017



𝑖

complete graph

Transformers



𝑗 = 1

𝑛

𝑖

ϕ 𝐱! , c!"ψ 𝐱#

Transformers



𝑗 = 1
ϕ 𝐱! , 𝑎 𝐱! , 𝐱" ψ 𝐱#

𝑛

𝑖

Transformers

Vaswani et al. 2017



𝑗 = 1

𝑛

𝑖

positional encoding

𝑘

Transformers

Vaswani et al. 2017

ϕ 𝐱! , 𝑎 𝐱! , 𝐱" , 𝐩! , 𝐩" ψ 𝐱#



ϕ 𝐱! , ψ 𝐱! , 𝐱" , 𝐩!ψ 𝐱! , 𝐱" , 𝐩!
𝑗 ∈ 𝒩!

structural encoding

𝑘 2 triangles

𝑖1 triangle

1 4-clique

0 4-cliques

Graph Substructure Networks

Bouritsas, Frasca et B 2020



Molecule of caffeine

Molecule property prediction on ZINC 
using GSN with k-cycles 

Graph Substructure Networks

Bouritsas, Frasca et B 2020



ϕ 𝐱! , ψ 𝐱! , 𝐱" , 𝐩!

𝑖

ψ 𝐱! , 𝐱"
𝑗 ∈ 𝒩!

"

decouple computational graph
from the input graph 

new graph

sampling

rewiring

multi-hop filters

Hamilton et al 2017; Klicpera et al. 2019; Alon & Yahav 2020; Frasca, Rossi et B 2020



learnable task-
specific graph

Wang et B 2018; Franceschi et al. 2019; Kipf et al. 2020; Kazi, Cosmo et B 2020; Cranmer et al. 2020

Latent Graph Learning



learnable task-
specific graph

graph computed on 
the fly & updated 

between layers

layer 1 layer L

Wang et B 2018; Franceschi et al. 2019; Kipf et al. 2020; Kazi, Cosmo et B 2020; Cranmer et al. 2020

Dynamic Graph CNN



Supervision 
signal

geometric
(local structure)

semantic

Wang et B 2018



Differentiable Graph Module (DGM) allowing to construct the graph 
from the data and use it for feature learning

Disease classification accuracy

Differentiable Graph Module

Kazi, Cosmo et B 2020



intrinsically low-dimensional 
data in a high-dimensional space

Manifold Learning



1. Represent data 
structure as a graph

2. Compute low-
dimensional embedding

3. Apply ML

intrinsically low-dimensional 
data in a high-dimensional space

Manifold Learning



intrinsically low-dimensional 
data in a high-dimensional space

1. Represent data 
structure as a graph

2. Compute low-
dimensional embedding

3. Apply ML1. Represent data structure 
as a graph apply ML 
directly on the graph

Manifold Learning 2.0



GNNs BEYOND NODES & EDGES



Data Symmetry in Geometric Graphs

𝐅

Graph 𝐺 = 𝑉, 𝐸 Node features 𝒳 𝐺 functions ℱ 𝒳 Ω

Permutation group Σ! Permutation matrix 𝐏 Equivariant message passing
𝐅 𝐏𝐗𝐑, 𝐏𝐀𝐏⊤ = 𝐏𝐅 𝐗, 𝐀 𝐑Rotation 𝐑



Figure: Atz et al. 2021



Towards More Expressive GNNs

Topological 
message passing

k-WL tests Positional & 
Structural  
encoding

Subgraph 
GNNs

Maron et al. 2019
Morris et al. 2019

Monti, Otness et B 2018
Sato 2020
Dwivedi et al. 2020
Bouritsas, Frasca et B 2020

Papp et al. 2021
Cotta et al. 2021
Zhao et al. 2021
Bevilacqua, Frasca et B 2021

Bodnar, Frasca et B 2021



Subgraph GNNs

colour histogramgraph WL colouring



Subgraph GNNs

Papp et al. 2021; Cotta et al. 2021; Zhao et al. 2021 Bevilacqua, Frasca et B. 2022

colour histogramsubgraph WL colouring

Graph perturbation allows to distinguish between structures 
otherwise indistinguishable by Weisfeiler-Lehman 



Collection of Subgraphs

Bevilacqua, Frasca et B. 2022

A multiset of subgraphs obtained by node deletion

1. 2. 3.

4. 5. 6.

{ }{ }



Equivariant Subgraph Aggregation Networks 

Bevilacqua, Frasca et B. 2022

input graph

multiset of subgraphs Tensor representation

{{ }}
Σ3 Σ3

Σ4Σ4



Topological Message Passing

Lift the graph into a cell complex

Bodnar, Frasca et B. 2021



Cellular Lifting Maps

Bodnar, Frasca et B. 2021

cycles

cliques



Cellular Weisfeiler-Lehman

Bodnar, Frasca et B. 2021

Cellular WL is strictly more powerful than WL 
with appropriate lifting transformation



GRIDS



grid = ring graph periodic b.c.

Grids vs Graphs



fixed neighbourhood structure

𝑖 𝑖+1𝑖-1

Grids vs Graphs



𝑖 𝑖+1𝑖-1

fixed neighbourhood structure

Grids vs Graphs



𝐱!#$, 𝐱!%$

𝑖 𝑖+1𝑖-1

local aggregation function

𝑓 𝐱! = ϕ 𝐱! , 𝐱!#$, 𝐱!%$

Grids vs Graphs



𝑖 𝑖+1𝑖-1

𝑓 𝐱! = ϕ 𝐱!#$, 𝐱! , 𝐱!%$

local aggregation function

Grids vs Graphs



𝑖 𝑖+1𝑖-1

linear local aggregation function

𝑓 𝐱! = 𝑎𝐱!#$ + 𝑏𝐱! + 𝑐𝐱!%$

Grids vs Graphs



circulant matrix = convolution

𝑏 𝑐 .
𝑎 𝑏 𝑐

𝑎 𝑏 𝑐
. 𝑎 𝑏

. . 𝑎

. . .

. . .
𝑐 . .

𝑓 𝐗 = 𝐗

Convolution



circulant matrix 𝐂 𝛉

𝑏 𝑐 .
𝑎 𝑏 𝑐

𝑎 𝑏 𝑐
. 𝑎 𝑏

. . 𝑎

. . .

. . .
𝑐 . .

𝑓 𝐗 = 𝐗

vector of parameters 𝛉

Convolution



circulant matrix 𝐂 𝛉

𝑏 𝑐 .
𝑎 𝑏 𝑐

𝑎 𝑏 𝑐
. 𝑎 𝑏

. . 𝑎

. . .

. . .
𝑐 . .

𝑓 𝐗 = 𝐗

vector of parameters 𝛉

𝑏 𝑐 .
𝑎 𝑏 𝑐

𝑎 𝑏 𝑐
. 𝑎 𝑏

. . 𝑎

. . .

. . .
𝑐 . .

=
𝑦 𝑧 .
𝑥 𝑦 𝑧

𝑥 𝑦 𝑧
. 𝑥 𝑦

. . 𝑥

. . .

. . .
𝑧 . .

𝑦 𝑧 .
𝑥 𝑦 𝑧

𝑥 𝑦 𝑧
. 𝑥 𝑦

. . 𝑥

. . .

. . .
𝑧 . .

𝑏 𝑐 .
𝑎 𝑏 𝑐

𝑎 𝑏 𝑐
. 𝑎 𝑏

. . 𝑎

. . .

. . .
𝑐 . .

circulant matrices commute

Deriving Convolution from Symmetry



=
. 1 .
. . 1

. . 1

. . .
. . .
1 . .

𝑏 𝑐 .
𝑎 𝑏 𝑐

𝑎 𝑏 𝑐
. 𝑎 𝑏

. . 𝑎

. . .

. . .
𝑐 . .

circulant matrix

shift 𝐒 shift 𝐒
𝑏 𝑐 .
𝑎 𝑏 𝑐

𝑎 𝑏 𝑐
. 𝑎 𝑏

. . 𝑎

. . .

. . .
𝑐 . .

. 1 .

. . 1

. . 1

. . .
. . .
1 . .

commutes with shift⟹

Deriving Convolution from Symmetry



=
. 1 .
. . 1

. . 1

. . .
. . .
1 . .

𝑏 𝑐 .
𝑎 𝑏 𝑐

𝑎 𝑏 𝑐
. 𝑎 𝑏

. . 𝑎

. . .

. . .
𝑐 . .

convolution

shift 𝐒 shift 𝐒
𝑏 𝑐 .
𝑎 𝑏 𝑐

𝑎 𝑏 𝑐
. 𝑎 𝑏

. . 𝑎

. . .

. . .
𝑐 . .

. 1 .

. . 1

. . 1

. . .
. . .
1 . .

shift-equivariant⟹

𝐂𝐒 = 𝐒𝐂

Deriving Convolution from Symmetry



=
. 1 .
. . 1

. . 1

. . .
. . .
1 . .

𝑏 𝑐 .
𝑎 𝑏 𝑐

𝑎 𝑏 𝑐
. 𝑎 𝑏

. . 𝑎

. . .

. . .
𝑐 . .

convolution

shift 𝐒 shift 𝐒
𝑏 𝑐 .
𝑎 𝑏 𝑐

𝑎 𝑏 𝑐
. 𝑎 𝑏

. . 𝑎

. . .

. . .
𝑐 . .

. 1 .

. . 1

. . 1

. . .
. . .
1 . .

shift-equivariant⟺

convolution emerges from translation symmetry

Deriving Convolution from Symmetry



=
𝑏 𝑐 .
𝑎 𝑏 𝑐

𝑎 𝑏 𝑐
. 𝑎 𝑏

. . 𝑎

. . .

. . .
𝑐 . .

. 𝜆# .

. . 𝜆$

. . 𝜆3

. . .

commuting matrices are jointly

𝐮3𝐮# ⋯

𝐮#∗

𝐮3∗

⋮

diagonalisable

same eigenbasis for all 
convolutions

different eigenvalues 
for each convolution

by eigenvectors of 𝐒

Deriving Fourier Transform from Symmetry



=
𝑏 𝑐 .
𝑎 𝑏 𝑐

𝑎 𝑏 𝑐
. 𝑎 𝑏

. . 𝑎

. . .

. . .
𝑐 . .

. ?θ# .

. . ?θ$

. . ?θ3

. . .

𝐮3𝐮# ⋯

𝐮#∗

𝐮3∗

⋮

Fourier basis

Fourier transform
A𝛉 = 𝐔∗𝛉

by Fourier Transform
𝛉

𝐮6 =
1
𝑛

1

𝑒7
$8
3 6

⋮

𝑒7
$8
3 39# 6

commuting matrices are jointly
diagonalisable

Deriving Fourier Transform from Symmetry



𝐔∗𝐔

𝐂 𝛉

𝐔∗𝐔

Circulant matrix

Element-wise product

DFT

1𝛉⋆ 𝐱
3𝜃/ . .
. ⋱ .
. . 3𝜃!

7𝐱

𝐱 𝛉 ⋆ 𝐱

IDFT



GROUPS



Convolution, revisited



𝑥 ⋆ 𝜓 𝑢 = 𝑥, 𝑇"𝜓 =)
#$

%$
𝑥 𝑣 𝜓 𝑢 − 𝑣 d𝑣

shift operatorshift vector

convolution = matching shifted filter

domain Ω = symmetry group 𝔊

Convolution, revisited



𝑥, 𝜌 𝔤 𝜓 =

group representationgroup element

𝑥 ⋆ 𝜓 𝔤 = )
&

.
𝑥 𝑣 𝜓 𝔤#(𝑣 d𝑣

Group Convolution

convolution = matching transformed filter



sphere Ω = 𝕊!

spherical signal 𝑥
rotation group 𝔊 = SO 3

Convolution on the Sphere

Cohen, Welling 2016



𝐮

sphere Ω = 𝕊!

spherical signal 𝑥
rotation group 𝔊 = SO 3

𝐑𝐮

𝑥 ⋆ 𝜓 𝐑 = )
𝕊#

.
𝑥 𝐮 𝜓 𝐑#(𝐮 d𝐮

signal on SO 3 rotation 
transformation

Convolution on the Sphere

Cohen, Welling 2016



𝑥 ⋆ 𝜓 ⋆ 𝜙 𝐑 = )
*+ ,

.
𝑥 ⋆ 𝜓 𝐐 𝜙 𝐑#(𝐐 d𝐐

spherical signal 𝑥

Convolution on 
SO 3

Ω = 𝔊 = SO 3

𝐮

𝐑𝐮

rotation 
transformation

Convolution on the Sphere

Cohen, Welling 2016



𝑢

𝑣

𝔤

∃𝔤 ∈ 𝔊 s.t. 𝔤𝑢 = 𝑣

𝐮

𝐑𝐮global symmetry group

Homogeneous Spaces



MANIFOLDS & MESHES 



Why Manifolds?

More efficient representation: no “waste” 
for internal structures

Natural model for 
deformable shapes



Why Manifolds?

In protein modeling, 
abstract out internal 
structure that is irrelevant 
for interactions + allow 
some conformation 
changes



𝑢

𝑣

𝔤

global symmetry group
∃𝔤 ∈ 𝔊 s.t. 𝔤𝑢 = 𝑣

Homogeneous Spaces

𝑢

𝑣

no useful global 
symmetry group



Euclidean space: Transport the filter around the domain

Euclidean Convolution

Figure: Weiler et al. 2021



Manifold: Result of transport is path dependent

Non-Euclidean Convolution

Figure: Weiler et al. 2021



Manifold: Result of transport is path dependent

Non-Euclidean Convolution

Figure: Weiler et al. 2021



Two Types of Invariance

Local gauge 
transformation



Two Types of Invariance

Local gauge 
transformation

Global
deformation



Fixed path

Non-Euclidean Convolution Recipes

“Group pooling” Isotropic filter
(spectral)

Gauge-equivariant 
filter

Fixed gauge



tangent space 
𝑇:Ω ≅ ℝ$

𝑢

manifold Ω

manifold = locally Euclidean space
Riemannian metric = local 
length/direction
Intrinsic quantity = expressed solely 
in terms of the Riemannian metric

Manifolds

Isometry = metric-preserving 
deformation



exp% is an intrinsic map allowing to express 
the signal 𝑥 locally in the tangent space 𝑇%Ω

manifold Ω
isometry group Iso Ω

𝑥 ⋆ 𝜓 𝑢 = )
-$&

.
𝜓 𝑣 𝑥 exp"𝑣 d𝑣

𝑢

Geodesic CNNs

Masci et al. 2015; Boscaini et al. 2016; Monti et al. 2017

Exponential map
exp:: 𝑇:Ω → Ω

intrinsic filter = invariant to isometries



Geodesic CNNs

Masci et al. 2015; Boscaini et al. 2016; Monti et al. 2017

Anisotropic intrinsic filters on a manifold



manifold Ω
isometry group Iso Ω

𝑥 ⋆ 𝜓 𝑢 = )
-$&

.
𝜓 𝑣 𝑥 exp"𝑣 d𝑣

𝑢

Geodesic CNNs

Masci et al. 2015; Boscaini et al. 2016; Monti et al. 2017

Problem: these are abstract vectors!

intrinsic filter = invariant to isometries



manifold Ω

𝑥 ⋆ 𝜓 𝑢 = )
ℝ#

.
𝜓 𝐯 𝑥 exp"𝜔"𝐯 d𝐯

𝜔:𝑢

gauge

Geodesic CNNs local reference frame
𝜔:: ℝ$ → 𝑇:Ω

isometry group Iso Ω



= )
ℝ#

.
𝜓 𝐯

manifold Ω
structure group 𝔊

𝜔:𝑢

𝔤 𝑢

𝑥 exp"𝜔"𝐯 d𝐯
𝑢;

𝑢;;

𝔤 𝑢′

𝔤 𝑢′′
gauge

Cohen et al. 2019; Weiler et al. 2021

𝑥 ⋆ 𝜓 𝑢

Gauge Transformations

Gauge defined up to gauge transformation
𝔤: Ω → 𝔊



Structure Group

A gauge is defined up to a gauge transformation 𝔤: Ω → 𝔊

• “Naked” manifold GL s invertible matrices

• Manifold+orientation GL" s invertible matrices with det>0

• Manifold+volume SL s matrices with det=1

• Manifold+metric O s orthogonal matrices

• Manifold+metric+orientation SO s orthogonal matrices with det=1

• Manifold+frame field {id} identity (no ambiguity)

Weiler et al. 2021



Structure Group

A gauge is defined up to a gauge transformation 𝔤: Ω → 𝔊

• “Naked” manifold GL s invertible matrices

• Manifold+orientation GL" s invertible matrices with det>0

• Manifold+volume SL s matrices with det=1

• Manifold+metric O s orthogonal matrices

• Manifold+metric+orientation SO s orthogonal matrices with det=1

• Manifold+frame field {id} identity (no ambiguity)

Weiler et al. 2021



= )
ℝ#

.
𝜓 𝐯

manifold Ω
structure group 𝔊

𝜓 𝔤&'𝐯 = 𝜌 𝔤&' 𝜓 𝐯 𝜌 𝔤
gauge-equivariant filter

𝑢

𝔤 𝑢

𝜌 𝔤𝑥 exp"𝜔"𝐯 d𝐯
𝑢;

𝑢;;

𝔤 𝑢′

𝔤 𝑢′′
gauge

Cohen et al. 2019

𝑥 ⋆ 𝜓 𝑢

Gauge-equivariant CNNs

Gauge defined up to gauge transformation
𝔤: Ω → SO 2

= SO 2



“Hairy Ball” (a.k.a. Poincaré-Hopf) Theorem

Image: Minutephysics



Theory vs Practice: Stable Gauges

Gradient of intrinsic function Deformation-invariant 
stable gauge 

Melzi et al. 2019; Monti et al. 2017



Structure Group

Weiler et al. 2021

rotation
SO 2

reflection
R

fixed gauge
{id}



Euclidean (extrinsic) 
convolution

Geometric (intrinsic) 
convolution

Masci et al. 2015



FaceShift 2015



Shape Analysis & Synthesis

Analysis Synthesis



3D Hand Reconstruction

Kulon et B 2020



Kulon et B 2020





Particle physics

Drug discoveryStructural biology

NavigationFake news detection

Pure math



WRAP UP



Groups GraphsGrids Geodesics & 
Gauges

The “5G” of Geometric Deep Learning



Perceptrons
Function regularity

CNNs
Translation

Group-CNNs
Translation+Rotation, 

Global groups

GNNs
Permutation

Intrinsic CNNs
Isometry / Gauge choice

DeepSets / Transformers
Permutation

LSTMs
Time warping



“The knowledge of certain principles easily 
compensates the lack of knowledge of certain facts”

—Claude Adrien Helvétius



PHYSICS-INSPIRED GDL



Grid Mesh

Instances of GDL Blueprint: Different domains

Graph



Instances of GDL Blueprint: Different domains

1. Continuous model for graphs?

Plane (Homogeneous space) Manifold Graph

?



Graphs vs Meshes vs Grids

Mesh Graph

1 1

2 2

3 3
4 4

5 5

6 6

Grid

1

2

3
4

5

6



Graphs vs Meshes vs Grids

Mesh Graph

6 3

1 4

2 5
3 1

4 6

5 2

Grid

1

2

3
4

5

6

Rotation PermutationFixed

Graphs have the least structure 



• Random node features1

• Graph Laplacian eigenvectors2

• Graph substructure counts3

• Bags of subgraphs4

2. How to choose positional encoding?

1Sato et al. 2020; 2Vaswani et al. 2017; Qiu et al. 2020; Dwivedi et al. 2020; 3Bouritsas, Frasca, et B. 2020; 4Bevilacqua, Frasca, Lim, et B., Maron 2021

Positional Encoding Approaches



Long-distance dependency + Fast volume growth
= Over-squashing

Alon, Yahav 2020

Over-squashing & Bottlenecks

In small-world graphs metric ball volume vol 𝐵# = ∑$∈&< 𝑑$
grows exponentially with ball radius k



Decouple input graph from information propagation graph (at the expense of link to WL)

• Neighbourhood sampling (GraphSAGE)1

• Multi-hop filters (SIGN)2

• Complete graph3

• Topology diffusion (DIGL)4

• Learnable graph (Dynamic Graph CNN)5

1Hamilton et al. 2017; 2Rossi, Frasca, et B. 2020; 3Alon, Yahav 2020; 4Klicpera et al. 2019; 5Wang et B 2018; Kazi, Cosmo, et B. 2020 

Graph Rewiring

3. How to rewire the graph?



Wright et al. 2022

Physical systems as learning metaphor



Wright et al. 2022

Physical systems as learning metaphor

parameter
space

system state 
space



Diffusion Equation

Fourier 1822; Fick 1855



Diffusion Equation

Fourier 1822; Fick 1855

2
23𝑥 𝐮, 𝑡 = div 𝑎∇𝑥 𝐮, 𝑡

heat flux ℎ ∝ −∇𝑥

conservation condition: $$%𝑥 = −div ℎ
(“no heat created or disappears”)



Diffusion Equation

constant diffusivity

!
!"𝑥 = div 𝑐∇𝑥



Diffusion Equation

!
!"𝑥 = 𝑐∆𝑥

Homogeneous
Isotropic

1. Gradient flow of the Dirichlet energy

ℇ 𝑥 = #
$*

%

.
∇𝑥 𝐮 $d𝐮



Diffusion Equation

!
!"𝑥 = 𝑐∆𝑥

Homogeneous
Isotropic

1. Gradient flow of the Dirichlet energy

ℇ 𝑥 = #
$*

%

.
∇𝑥 𝐮 $d𝐮

𝑥 𝐮, 𝑡 = 𝑥 𝐮, 0 ⋆ *
+,- T/V𝑒! 𝐮 V/+-

2. Closed form solution: Gaussian filter



Diffusion Equation

!
!"𝑥 = 𝑐∆𝑥

Homogeneous
Isotropic

!
!"𝑥 = div 𝑎∇𝑥

Non-homogeneous
Isotropic

!
!"𝑥 = div 𝐀∇𝑥

Non-homogeneous
Anisotropic

Position-dependent 
diffusivity 𝑎 𝑢

Position & direction 
dependent diffusivity 𝐀 𝑢



Diffusion Equation in Image Processing

Perona, Malik 1990
“Do not diffuse across edges”

Edge indicator 𝑎 𝑢 ∝ ∇𝑥 𝑢 9#

!
!"𝑥 = div 𝑎 𝑥 ∇𝑥



Diffusion in Image Processing

Perona, Malik 1990; Kimmel et al. 1997; Sochen et al. 1998; Tomasi, Manduchi 1998; Weickert 1998; Buades et al. 2005

Homogeneous 
diffusion

Non-homogeneous 
diffusion



Diffusion in Image Processing

Perona, Malik 1990; Kimmel et al. 1997; Sochen et al. 1998; Tomasi, Manduchi 1998; Weickert 1998; Buades et al. 2005



Chamberlain, Rowbottom, et B. 2021

'
'(𝐱) 𝑡 = Y

$: ),$ ∈,

𝑎 𝐱) 𝑡 , 𝐱$ 𝑡 𝐱$ 𝑡 − 𝐱) 𝑡

Diffusion Equation on Graphs

gradient
∇𝐗

diffusivity
𝐀 𝐗div



Chamberlain, Rowbottom, et B. 2021

'
'(𝐱) 𝑡 = Y

$: ),$ ∈,

𝑎 𝐱) 𝑡 , 𝐱$ 𝑡 𝐱$ 𝑡 − 𝐱) 𝑡

Diffusion Equation on Graphs

Explicit (Forward Euler) discretization: 𝑡 = 𝑘𝜏

𝐱)
#"- − 𝐱)

#

𝜏
= Y

$: ),$ ∈,

𝑎 𝐱)
# , 𝐱$

# 𝐱$
# − 𝐱)

#

forward
difference



Chamberlain, Rowbottom, et B. 2021

'
'(𝐱) 𝑡 = Y

$: ),$ ∈,

𝑎 𝐱) 𝑡 , 𝐱$ 𝑡 𝐱$ 𝑡 − 𝐱) 𝑡

Diffusion Equation on Graphs

Explicit (Forward Euler) discretization: 𝑡 = 𝑘𝜏

𝐱)
#"- = Y

$: ),$ ∈,

𝑎 𝐱)
# , 𝐱$

# 𝐱$
#

GAT is a particular discretisation of graph diffusion  

normalised ∑= 𝑎'= = 1
Unit step 𝜏 = 1



Explicit 
Fixed step

Explicit
Multi-step (Runge-Kutta)

Implicit



Chamberlain, Rowbottom, et B. 2021

Graph Neural Diffusion (GRAND)

Given graph 𝐺 = 𝑉, 𝐸 with input node features 𝐗./
• Set initial condition: 𝐗 0 = 𝜙 𝐗./

• Solve graph diffusion eqn: 𝐗 𝑇 = 𝐗 0 + ∫0
1 div 𝐀 𝐗 𝑡 𝛁𝐗 𝑡 d𝑡

using an iterative solver 

• Output: 𝐘 = 𝜓 𝐗 𝑇

where 𝜙, 𝜓 and the diffusivity A are learnable functions



What do we gain?

• New perspectives on old problems (e.g. oversmoothing, bottlenecks, etc)

• New architectures

• Many GNNs can be formalised as a discretised Graph Diffusion equation

• More efficient solvers (multistep, adaptive, implicit, multigrid, etc.)

• Implicit schemes = multi-hop filters

• Theoretical guarantees (e.g. stability, convergence, etc.)

• Deep links to other fields less known in GNN literature (e.g. differential 
geometry and algebraic topology)



Different discretisations of 2D Laplacian

Spatial Derivative: Graph Rewiring?



Kimmel et al. 1997; Sochen et al. 1998

Non-linear diffusion

/
/0𝐱 = −div 𝑎 𝐱 ∇𝐱 /

/0𝐳 = ∆𝐆𝐳

Non-Euclidean diffusion

Images as embedded manifolds



Beltrami flow

Kimmel et al. 1997; Sochen et al. 1998

• Consider image as embedded 2-manifold
𝐳 𝐮 = 𝐮, 𝛼𝐱 𝐮

• Pullback metric: 2×2 matrix 

𝐆 = 𝐈 + 𝛼! ∇𝐮𝐱 𝐮
T
∇𝐮𝐱 𝐮

• Beltrami flow = gradient flow of the 
Polyakov energy (harmonic energy of the 
embedding used in string theory)

/
/0𝐳 = ∆𝐆𝐳

positional 
coordinates

feature coordinates

Eugenio Beltrami



Graph Beltrami flow

Chamberlain, Rowbottom, et B. 2021 

• Graph with positional and feature node 
coordinates 𝐳) = 𝐮) , 𝐱)

• Graph Beltrami flow

:
:;𝐳< = G

=: <,= ∈@&
𝑎 𝐳< , 𝐳= 𝐳= − 𝐳<

fe
at

ur
e 
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di
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𝐱

𝐮'

𝐱'



Graph Beltrami flow

Chamberlain, Rowbottom, et B. 2021 

• Graph with positional and feature node 
coordinates 𝐳) = 𝐮) , 𝐱)

• Graph Beltrami flow

:
:;𝐳< = G

=: <,= ∈@&
𝑎 𝐳< , 𝐳= 𝐳= − 𝐳<

• Evolution of 𝐱 = feature diffusion
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Graph Beltrami flow

Chamberlain, Rowbottom, et B. 2021 

• Graph with positional and feature node 
coordinates 𝐳) = 𝐮) , 𝐱)

• Graph Beltrami flow

:
:;𝐳< = G

=: <,= ∈@&
𝑎 𝐳< , 𝐳= 𝐳= − 𝐳<

• Evolution of 𝐱 = feature diffusion

• Evolution of 𝐮 = graph rewiring
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Graph Beltrami flow

Chamberlain, Rowbottom, et B. 2021 

• Graph with positional and feature node 
coordinates 𝐳) = 𝐮) , 𝐱)

• Graph Beltrami flow

:
:;𝐳< = G

=: <,= ∈@&
𝑎 𝐳< , 𝐳= 𝐳= − 𝐳<

• Evolution of 𝐱 = feature diffusion

• Evolution of 𝐮 = graph rewiring

rewired graph fe
at

ur
e 
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or

di
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te
s

u

𝐱



Graph Beltrami flow

Chamberlain, Rowbottom, et B. 2021 

Evolution of positional/feature components + rewiring of the Cora graph



Ricci 1903; Hamilton 1988; Perelman 2003

Ricci flow

• Ricci flow: “diffusion of the Riemannian metric”
𝜕𝑔)$
𝜕𝑡

= 𝑅)$

Evolution of a manifold under Ricci flow

Gregorio Ricci-
Curbastro

Richard 
Hamilton



Long-distance dependency + Fast volume growth
= Over-squashing

Alon, Yahav 2020

Over-squashing & Bottlenecks

In small-world graphs metric ball volume vol 𝐵# = ∑$∈&< 𝑑$
grows exponentially with ball radius k



Topping, di Giovanni, et B. 2021

Characterisation of Over-squashing in GNNs

fr
om

𝑥'

𝑥>

r-distant nod
e

update

Over-squashing: small Jacobian ?@!
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(“bottleneck”) to blame!
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Characterisation of Over-squashing in GNNs
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Pathological example: binary tree 
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It’s the graph structure 
(“bottleneck”) to blame!



Ricci 1903

Ricci Curvature on Manifolds

Euclidean (=0) Hyperbolic (<0)Spherical (>0)

“geodesic dispersion”

𝑝 𝑞



Forman 2003; Ollivier 2007; Topping, di Giovanni, et B. 2021

Ricci Curvature on Graphs

𝑝
𝑞

𝑘

Grid (=0) Tree (<0)Clique (>0)



Forman 2003; Topping, di Giovanni, et B. 2021

Balanced Forman Curvature

Balanced Forman Curvature of edge 𝑖~𝑗 in simple unweighted graph Ric 𝑖, 𝑗 =0 if 
min 𝑑) , 𝑑$ = 1 and otherwise 

Ric 𝑖, 𝑗 =
2
𝑑)
+
2
𝑑$
+ 2

♯∆ 𝑖, 𝑗
max 𝑑) , 𝑑$

+
♯∆ 𝑖, 𝑗

min{𝑑) , 𝑑$}
+

𝛾:;<=-

max{𝑑) , 𝑑$}
♯□) 𝑖, 𝑗 + ♯□

$ 𝑖, 𝑗 − 2

Triangles based at i~j

Neighbours of i forming a 4-cycle 
based at i~j (w/o diagonals)

Max number of 4-cycle based at i~j
traversing the same node

Degree of i



Balanced Forman Curvature of edge 𝑖~𝑗 in simple unweighted graph Ric 𝑖, 𝑗 =0 if 
min 𝑑) , 𝑑$ = 1 and otherwise 

Ric 𝑖, 𝑗 =
2
𝑑)
+
2
𝑑$
+ 2

♯∆ 𝑖, 𝑗
max 𝑑) , 𝑑$

+
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Forman 2003; Topping, di Giovanni, et B. 2021

Balanced Forman Curvature

Grid 𝐺3:  0 Tree 𝑇A :  B
A"#

− 2Clique 𝐾3:  3
39#

𝐶3CD:  0Cycle 𝐶E:   E
$

𝐶B:  1



Topping, di Giovanni, et B. 2021

Over-squashing & Bottleneck via Curvature

Theorem 1 (main result): Consider an MPNN with 𝐿 ≥ 2 layers and ∇ϕℓ ≤ 𝛼 and 

∇ψℓ ≤ 𝛽. Let 𝑖~𝑗 with 𝑑) ≤ 𝑑$ and assume ∃𝛿 s.t. 0 < 𝛿 < max 𝑑) , 𝑑$
-/!, 𝛿 < 𝛾:;<=- and 

Ric 𝑖, 𝑗 ≤ −2 + 𝛿. Then, there exist nodes 𝑄 ⊂ {𝑠: 𝑑6 𝑖, 𝑠 = 2} of size 𝑄 >1/𝛿 s.t.

1
𝑄
Y

#∈?

𝜕𝑥#
ℓ"!

𝜕𝑥)
ℓ < 𝛼𝛽 !𝛿-/@

Over-squashing is caused by negatively-curved edges! 

Small 𝛿 = 
negative curvature

more nodes

stronger over-squashing



Topping, di Giovanni, et B. 2021

Stochastic Discrete Ricci Flow (SDRF)

Input: graph 𝐺 = 𝑉, 𝐸 , temperature 𝜏 > 0, (optional 𝐶)

• For edge 𝑖~𝑗 with smallest Ric 𝑖, 𝑗

• Calculate the improvement 𝛿#A = Ric6F 𝑖, 𝑗 − Ric 𝑖, 𝑗 from 
adding edge 𝑘~𝑙 with 𝑘 ∈ 𝐵- 𝑖 and 𝑙 ∈ 𝐵- 𝑗

• Sample index 𝑘, 𝑙 with probability Softmax 𝜏𝛿#A and add 
edge 𝑘~𝑙 to 𝐸B

• (optional) Remove edge 𝑖~𝑗 with largest Ric 𝑖, 𝑗 > 𝐶

Output: new graph 𝐺 B = 𝑉, 𝐸B

𝑗𝑖

𝑘
𝑙



Topping, di Giovanni, et B. 2021; Klicpera et al. 2019 (DIGL)
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DIGL
+308% edges

Curvature rewiring
+36% / -36% edges

Original 
Cornell graph

Curvature- vs Diffusion-based Rewiring



Bodnar, di Giovanni, et B. 2022

Analogy to parallel transport 
on manifolds

Cellular sheaf

Cellular Sheaves

Endow graph with ”geometry” leading to richer diffusion
with better separation, ability to cope with heterophily, 

and no oversmoothing



Cellular Sheaves

learnable transport map
ℱ%⊴A = 𝚽 𝐱%, 𝐱A

𝐱%

𝐱A

Sheaf Laplacian: ∆ℱ𝐱 A = ∑A,%⊴CℱA⊴CD ℱA⊴C𝐱A − ℱ%⊴C𝐱%



Bodnar, di Giovanni, et B. 2022

Diffusion on Cellular Sheaves

Node classification = limit of sheaf diffusion equation 
with an appropriate sheaf, alternative to WL

𝐗̇ 𝑡 = −∆ℱ𝐗 𝑡 with i.c. 𝐗 0 = 𝐗



Rusch et B. 2022

Dynamics of a system of coupled oscillators on a molecular graph

Graph-Coupled Oscillators



Image: Michael Galkin



Are we done with Message Passing?


