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“Symmetry, as wide or as narrow as you may define
its meaning, is one idea by which man through the
ages has tried to comprehend and create order,

beauty, and perfection”

Hermann Weyl

Weyl 1952



The Origins
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Early attempts
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Khayyam-Saccheri quadrilateral

“Three cases of angles in a quadrilateral: Fifth Postulate
follows from the right-angle assumption”

Omar Khayyam



Early attempts

EUCLIDES
E h . d ( {} 1 d. AB OMNI NAVO VINDICATUS:
t hujus quidem multa, ne dicam omnia,con-

.. . . ATUS GEOMETRICUS
ditionate expenfa ) abfolutam falfiratem in XXXIIL. tan- g e
dcm Oilendo, qu]a rﬁPUgﬂ&n[lS natura llnet-g reé}:-e ’ circa Prima ipfa univerfx Geometriz Principia.

ey 5 e B i AUCTORE
quam multa ib1 interfero p?ceﬁ'ana Lemmata . Tandem HIERONYMO SACCHERIO
verd in praacedente Propofitione abfolute demonfiro fibi SOCIETATIS |ESU
» M -1y . In Ticinenfi Univerfitate Mathefeos Profeffore.
ipfi repugnantem hypothefin anguli acuti . P pag
EX.* SENATUI
, : MEDIOLANENSI
“repugnant to the nature of straight lines” Ab Asdore Dicam.
— Giovanni Saccheri e







End of Euclid’s Monopoly

G. Desargues
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“Projective geometry”

J. V. Poncelet



End of Euclid’s Monopoly

“I have discovered such wonderful
things that I was amazed...out of
nothing I have created a strange new
world.” — Janus Bolyai to his father

“To praise it would amount to
praising myself. For the entire

C. E Gauss content of the work...coincides
almost exactly with my own
meditations [in the] past thirty or
thirty-five years.”

— Gauss to Farkas Bolyai

Gauss ~1800; Bolyai (1823) 1832



End of Euclid’s Monopoly

“In geometry I find certain
imperfections which I hold to be
the reason why this science [...]
can as yet make no advance from
that state in which it came to us
from Euclid. I consider [...] the
momentous gap in the theory of
parallels, to fill which all efforts
of mathematicians have so far
been in vain.”

Lobachevsky (1826) 1829
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O HAYAAAXD TEOMETPIHU (%)
(I. No6auescxaro.)

Kuemcn , MPYAHOCMb NOHAMIA yBesyu-
BAEMCA MO MBPH MXb NPUbAKeHIR Kb HAYAABHBIMD
MCMMHAMD Bb NPUPOAB; MAKXKe KaKb OHA BO3pPa-
cmaemdb Bb APYrOowmb HanpaBAeHiu , Kb moi rpa-
HALB, KyAa CMpeMAMCH ywb 33 HOBbIMyM TO3HA-
uisvu. Bomn nowemy mpyanocmu s [eomempin
AOKHDBI TPEHaAseKamb , BONEPBbIXb, CAMOMY Mped-
memy. Jlasbe , cpeAcmBsa , Kb KOMOPbiMb HAAOGHO
npuGBraymp YmModbl AOCMUrHYMb 3ABCh NMOCABAHEH
CMPOrocmy , eAsa A4 MOTYMb Oompbyamd Wb u
npocmomB cero yweHis. 1B , KOmopbie Xomba
YABOEMBOPAMDb CvMb MpPeBOBANIAVD, JAKAOUMAM
cebn Bb MakoA MBCHOA KPYrd , WMo BCH  ycudis
MXb He MOrMM Obimb BOJHArPAKACHBI YCITBXOMD.
Haxkoneurs  cxkaxes» u mo , wmo co spcvenw
Hiomona u Jlexapma , scs Mamemamuxa,
cabrapumcy Anammukod , nowsa cmosp  Gwcm-
pHIMM Iaravy BUepeAb, MO OCMABMAd A34eKO 34
coboft mo yuenie, Gexn» Komoparo morsa yxe 06-

(*) Havaeveno casums Conmummenems s pascyx-
AeRia , oA Ha : Expositi imet
des principes de la Gé ie ete., un
wMu oa sacpamin Omabienin Puanko-Mame
Nampueckuxy Hayxw, 12 Qespaas 1826 roAd.

N. Lobachevsky



Nineteenth Century Zoo of Geometries




The Erlangen Programme

“Given a [homogeneous]
manifold and a
transformation group acting
[transitively] on it, to
investigate those properties of
figures on that manifold
which are invariant under
transformations of that

group”

Klein 1872

Vergleichende Betrachtungen

iiber

neuere geometrische Forschungen

Dr. Felix Klein,
0. 6. Professor der Mathematik an der Universitit Erlangen.

—_—

zum Eintritt in die philosophische Facultit und den Senat
der k. Friedrich-Alexanders-Universitiit
zu Erlangen.

Erlangen

Verlag von Andreas Deichert.
1872.

E. Klein



The Erlangen Programme

Euclidean Affine Projective
—  <<— —— <<—x
<<
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angle + — —
distance + — —
area + — —
parallelism + + —
intersection + + +



Noether’s Theorem

“Every [differentiable]
symmetry of the action of a
physical system [with
conservative forces] has a
corresponding conservation

44

law

Noether 1918

Invariante Variationsprobleme.
(F. Klein zum fiinfzigjédhrigen Doktorjubilium.)
Von
Emmy Noether in Gdttingen.

Vorgelegt-von F. Klein in der Sitzung vom 26. Juli 19181).

Es handelt sich um Variationsprobleme, die eine kontinuier-
liche Gruppe (im Lieschen Sinne) gestatten; die daraus sich er-
gebenden Folgerungen fiir die zugehdrigen Differentialgleichungen
finden ihren allgemeinsten Ausdruck in den in § 1 formulierten,
in den folgenden Paragraphen bewiesenen Sitzen. Uber diese aus
Variationsproblemen entspringenden Differentialgleichungen lassen
sich viel prézisere Aussagen machen als tiber beliebige, eine Gruppe
gestattende Differentialgleichungen, die den Gegenstand der Lieschen
Untersuchungen bilden. Das folgende beruht also aunf einer Verbin-
dung der Methoden der formalen Variationsrechnung mit denen der
Lieschen Gruppentheorie. Fiir spezielle Gruppen und Variations-
probleme ist diese Verbindung der Methoden nicht neu; ich er-
wihne Hamel und Herglotz fiir spezielle endliche, Lorentz und
goiny Schiiler (z. B.-Fokker), Weyl wnd Klein fiir spezielle unend-
liche Gruppen®). Insbesondere sind die zweite Kleinsche Note und
die vorliegenden Anusfiihrungen gegenseitig durch einander beein-

1) Die endgiltige Fassung des Manuskriptes wurde erst Ende September
eingereicht, .

2) Hamel: Math. Ann, Bd. 59 und Zeitschrift f. Math. u. Phys. Bd. 50.
Herglotz: Ann. d. Phys. (4) Bd. 36, bes. § 9, 8.511. Fokker, Verslag d. Amster-
damer Akad., 27./1. 1917. Fur die weitere Litteratur vergl. die zweite Note von
Klein: Gottinger Nachrichten 19. Juli 1918.

In einer eben erschienenen Arbeit von Kneser (Math. Zeitschrift Bd. 2) handelt
es sich um Aufstellung von Invarianten nach ahnlicher Methode.

Fgl. Gee. d. Wiss. Nachrichten, Math.-pbys. Klasso,, 1918, Heft 2. 17

E. Noether



Gauge invariance

Lieber Kollege! —
Postcard dated 15 April
1918 from Einstein to
Weyl arguing with his
initially proposed
gauge theory

Weyl 1919; 1929 (see Straumann 1987)
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Unification of forces

PHYSICAL REVIEW VOLUME 96, NUMBER 1 OCTOBER 1, 1954

Conservation of Isotopic Spin and Isotopic Gauge Invariance™*

C. N. Yanc 1 anp R. L. M1rLs
Brookhaven National Laboratory, Upton, New York
(Received June 28, 1954)

It is pointed out that the usual principle of invariance under isotopic spin rotation is not consistant with
the concept of localized fields. The possibility is explored of having invariance under local isotopic spin
rotations. This leads to formulating a principle of isotopic gauge invariance and the existence of a b field
which has the same relation to the isotopic spin that the electromagnetic field has to the electric charge. The
b field satisfies nonlinear differential equations. The quanta of the b field are particles with spin unity,
isotopic spin unity, and electric charge =e or zero.

Unification of electromagnetic and weak forces (modelled C. N. Yang R. L. Mills
with the groups U(1) x SU(2)) and the strong force (based on
the group SU(3))

Yang, Mills 1954
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“It is only slightly overstating the case to say that
Physics is the study of symmetry”

P. Anderson /

Anderson 1972






EARLY NEURAL NETWORKS
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Early neural networks
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Perceptron, one of the first neural network architectures

Rosenblatt 1957

/)

F. Rosenblatt



Early hype

R ‘ THE Pri
NEW YORKER
“First serious rival to the
human brain even devised.” ;

“Remarkable machine
capable of what amounts to =
— The New Yorker e s S it

| =
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Manson, Stewart, Gill 1958



Early hype

Papert 1966

MASSACHUSETTS INSTITUTE OF TECHNOLOGY
PROJECT MAC

Artificial Intelligence Group July 7, 1966
Vision Memo. No. 100,

THE SUMMER VISION PROJECT

Seymour Papert

The summer vision project is an attempt to use our summer workers
effectively in the construction of a significant part of a visual system.
The particular task was chosen partiz because it can be segmented into
gub-problems which will allow individuals to work independently and yet
participate in the construction of a system complex enough to be a real

landmark in the development of "pattern recognition!l.



The “XOR Affair”

0,1 1,1
o [
0,0 1,0
° ®
Perceptrons
XOR

“[simple] perceptron
cannot represent even
the XOR function”

Minsky, Papert 1969






“Simple perceptron”

— y = sign(w'x)




First “geometric” machine learning

Group Invariance Theorem: "if a
neural network is invariant to a group,
then its output can be expressed as
functions of the orbits of the group”

Minsky, Papert 1969



Universal approximation

D. Hilbert A. Kolmogorov V. Arnold

2n n
13th Problem flx1,...,2n) = Z ®, (Z ¢q,p($p)) Results specific to multilayer
q=0 p=1

neural networks

Hilbert 1900; Arnold 1956; Kolmogorov 1957; Cybenko 1989; Hornik 1991



Universal approximation

T

X y »

“A 2-layer perceptron can approximate
a continuous function to any desired
accuracy”

£7

Cybenko 1989; Hornik 1991; Barron 1993; Leshno et al 1993; Maiorov 1999; Pinkus 1999



Deep learning = glorified curve fitting




Universal approximation

T

X y : x
How many samples are needed to
approximate to accuracy ¢ ?

£7

Cybenko 1989; Hornik 1991; Barron 1993; Leshno et al 1993; Maiorov 1999; Pinkus 1999



The Curse of Dimensionality

2-dimenstonal

\ 4



The Curse of Dimensionality

3-dimenstonal

X —>




The Curse of Dimensionality

d-dimenstonal







The Lighthill Report

“Most workers in Al research and in

related fields confess to a pronounced
feeling of disappointment in what has Artificial Intelligence
been achieved in the past twenty-five -
years. [...] In no part of the field have

the discoveries made so far produced

J. Lighthill

1972

the major impact that was then

promised.”

Lighthill 1972



THE EMERGENCE OF

GEOMETRIC ARCHITECTURES




Secrets of the visual cortex

Electrical signal
from brain

Recording electrode ——»

Visual area
of brain

Q Stimulus

Experiments of Hubel and Wiesel that established the
structure of the visual cortex

Hubel, Wiesel 1959; 1962



Neocognitron
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K. Fukushima
Neocognitron, an early geometric neural network

Fukushima 1980
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input image input vector




I O A A |

input image input vector

“The response of [Perceptrons] was severely affected by the shift
in position [...] of the input patterns. Hence, their ability for
pattern recognition was not so high.” — Fukushima



Neocognitron

0/0 '0/0l[0][0][3 -
I B =0
2222 2| 2& -
3333|3330 It
414 4|44 4|4~ K- Fukushima

Experimental evaluation of the Neocognitron

Fukushima 1980



Neocognitron

* Deep neural network (7 layers tested)

Local connectivity (“receptive fields”)

Nonlinear filters with shared weights (S-layers)

* Average pooling (C-layers)

Rel.U activation function

”Self-organised” (unsupervised) — no backprop yet! K. Fukushima

Fukushima 1980



How to train your neural network?

f/ N

F. Rosenblatt A. Ivakhnenko S. Linnainmaa P. Werbos D. Rumelhart

Perceptron Group method of Backpropagation
learning rule data handling
(1 layer)

Rosenblatt 1957; Ivakhnenko, Lapa 1966; Linnainmaa 1970; Werbos 1982; Rumelhart et al. 1986



Convolutional neural networks

10 output units ) [ B
fully connected

~ 300 links

layer H3

30 hidden units fully connected

~ 6000 links

layer H2 [/

12 x 16=192 , , _

hidden units ~ 40,000 links
from 12 kernels
5x5x8

layer H1

12 x 64 = 768

hidden units
~20,000 links
from 12 kernels

o AT&T DSP-32C
capable of 125m floating
point multiply-accumulate
operations/sec

256 input units

First version of a CNN

LeCun et al. 1989



LeNet-5

C3: f. maps 16@10x10
C1: feature maps S4: f. maps 16@5x5
6@28x28

S2: f. maps
6@14x14

INPUT
32x32

|
I Full oonr{ection | Gaussian connections
Convolutions Subsampling Convolutions ~ Subsampling Full connection

LeNet-5 classical CNN architecture

MNIST digits dataset

LeCun et al. 1998




Computer vision in the 2000s

LA 2
| L.
(%)
A0 m
PLOERLY B
Feature detection Feature description Feature aggregation Classification

A typical image classification pipeline from the 2000s

Sivic, Zisserman 2003



ImageNet

Top-5 error
o 26%

25% :
20%
15%
10% -

50/°

0%

2010 2011 2012 2013 2014 Human 2015 2016 2017
NEC-UIUC XRCE AlexNet ZFNet GooglLeNet ResNet GooglLeNet
VGGNet -v4

AlexNet beating all “handcrafted” approaches on ImageNet
benchmark—the moment of truth for computer vision

L. Fei-Fei



AlexNet

58 2048 2048 \dense

dense dense

1000

\ 128 Max
224\\ll€trige Max 128 Max pooling
Uof 4 pooling pooling

3 48

2048 2048

AlexNet architecture

A. Krizhevsky

Nvdia GTX 580 GPU capable of
~200G FLOP/sec

Krizhevsky et al. 2012
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GRAPH NEURAL NETWORKS &

THEIR CHEMICAL PRECURSORS




Early chemoinformatics

Pharmacentioches

Central -Blatt Py

®_o

CAS %

A division of the
American Chemical Society

A}

1830

*%

.......

First chemical abstracts journal Beilstein Handbusch Chemical Abstracts Service
Chemisches Zentralblatt 1830-1969 ~500 volumes, 500k pages as of today ~200m compounds



Early chemoinformatics
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Date—April 27, 1927
Quarter—Third

Type—go Invoice
Reference-Inveoice No. 13624

HOLLERITH TABULATING CARD
Requisition No. 20792 (Open)
Sub-Acet.—None

Fund-—o01 Support Fund

Budget—296 Bacteriology Supplies

Department ;:302 Medical

School—Bacteriology

Classification—azoz Chemicals

Amount—Debit $17.45

Punch card for early computer



Structural similarity of molecules

CHs H
>
/ C\\ C"—‘NH“"
N cH -
CHa | | I
e O € —CHgj —NH~C
. N
T a)
H'N3JICINC? J!' MC3NX3N3HJ! H!'N3R'C3R'NC3NRIN3HR!

Early “chemical ciphers” used for molecule representations
fail to capture structural similarity

Vladut et al. 1959; Portrait: Thor Gorskiy (from a photo courtesy of Serge Vladut)




Graph theory & Chemistry

CHEMISTRY AND ALGEBRA

IT may not be wholly without interest to some of the

readers of NATURE to be made acquainted with
an analogy that has recently forcibly impressed me
between branches of human knowledge apparently so
dissimilar as modern chemistry and modern algebra.

The weight of an invariant is identical with the number
of the bonds in the chemicograph of the analogous
chemical substance, and the weight of the leading term
(or basic differentiant) of a co-variant is the same as the
number of bonds in the chemicograph of the analogous
compound radical. Every invariant and covariant thus
becomes expressible by a grapk precisely identical with a
Kekuléan diagram or chemicograph.

Baltimore, January 1 J. J. SYLVESTER

The term “graph” appeared first in the

chemical context

Sylvester 1878
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Weisfeiler-Lehman test

Aoen

VIK 519.1

TIPMBEHEHME TPA®A K KAHOHMYECKOMY BUAY ¥ BO3HMKAIOULAS

TNPM 2TOM AJITEBPA

B 1. DERCGEANED A A HEMAN

PACCiaTpHaseTen anropTM NPUBEABHHS SEAAHHOTO KONEUHOTQ Mysururpacs I K -ka-
B

HoHecKomy Enay. B
T3 Piywense tucicrs. anteSnon 01 (1) oxsamnacrca nonaamin How powemtn
HeKOTOpbIX 34Ra% TEOPHH rpachos
"

Cliecce TaKOr NPHASACHNS BOSHKIEST HOBMIF: HBGPHGHT rPacha—

1. “Pacoworpus  Iponseonsami Komewms rped T ero
warpuy cwexciocti A (N)="{a,7); saece a;j—wieao pelep, ne-
RYIOX TS i BepUNKY TRada B j-yi0; 4, j= 1, 2, vy 1) B Cryuac
WEODEATIPORANAOTO. TPEda NONATIEN &yj=aj;. Kenommseckit
BlUZOM Tpaa Mil GYREM HASWEATL ero MAaTPHAY CMEAKHOCTH TP
KEHOMECKO! HYNEDAZAM BEPILl, T. C. IpH TAKOM WaCTIMHOM
YNIOpSONEHTIH MHOKECTSA BEDIUME, TP KOTOPOM 13 707G, 4TO

© b Becpasumen creayer, w10

HeKoTopbIe

Mmexay caoficrnamu anrebpu 91 (T)  TpyMNOR aRToMOPGHIMOD rpacha Aut (T). NlocTpoen
npumep Heopuewtkposawnoro rpeca I, anrc6pa 9 (I) KoTOpore ‘coananaet ¢ rpyRNoRo
anre6poli HEKOTOROR HEKOMMYTATHEHOH FPYnMLL.

An algorithm is considered, reducing the spec
form. in the course of ihis reduction, 4 new invariant of the graph is generated —
algebra 9 (r). Study of. the properties of the algebra or (r) proves
{ .. &g .. anumber of graph-theorefic problems. Some propositions concern
(. W Detween the properties of the algebra of (T) and ihe graph’s aufomorphism
T . - Aut (I') are discussed. An example o Y

: algebra 9 (f) coincides with fhe group algebra of a non—commutative group.

{fled Tinite multigraph I to canonical

p}
helpful in solving
ing the relationships

D
non—oriented graphi I is constructed whose

Jlas zanshefitiero pasGMEsHs BEPILTR B8 KAGCCH PACCNOTPHM
snedent uz) natpuls U=X-X', rie X'—warprua, nonyuesnas
3 X 3aMCROf TIEPEMCHRHX. Xy, X2, +.. TEPEMERHLMH %y, Zp,

TPINCH Ce  TEPENCHNe Xy vy X % ... RESSRRCHNEL,
DIeMEAT s/ NBATETCH MHOTOUIENOM BTOPOH CTENEHH OT 1, Kaven
©eiZyy Xg.... ECIN TENGPh OGOSEAUATS PaSAMGMME MHOFOUIEHH

Tpachs, nepesogAm-BepIWIRY 2 B b 1 coxpanmomA oTROWeNKE
cuemsocT.

B 1. 6, 7 ODHCAN TIpOItece TpUBCACTIA Tpa( K KHOHMIECKONY
Buny, CoCTOMIET B NOSTANHOM _NepeynopsActenHi CTPO
croatnos  wapuass 4 ('), KOTOpME, rpyGo roBOpR, CBOANTR X
caezywonieny. s

PacoMoTpN  Z1S  TPOCTOTE  HOpReATHpoBAMMMA rpad
patasix cazsell. Criavana xazol bepwane rpaga conocTaBI
'X2paKTEDUCTRECKAR BEKTOD, EAMICTICHNAR KONTIOKEHTE KOTOPOrO
pasna wncTy cocemédl mamwoli mepmums. aren pasolsen pep-
mBEY Ra KIaCC, TAK YTODH BEUNIE C OZAHAXOBHN XapaxTe-
PUCTHYCCKEM BEKTODOM MPUHALIEHATH ORHOMY v; Kazcce
Ipi 5TOM YNOPIOUHM B COOTOETCTOMII C GCTECTBERHNA MOPAARON
b MHORecTS XapaKTeplcTiqcciuy Bextopos. Jlanee, Kamaol
BepluHe COROCTABEM XAPaKTeplCTHYecknli Bex7op vye={1, 05,
Uy .+.]s TA® Dgp—3NCHO COCenell A-TO Kyaccs y i-Oft Beplniml,
I—HoMep K7acca, K KOTOPOMY NDUHMBLICANT [-45 Bepulha.
Terept CHORA DasOObEN BEPUIHE HA KAACCH D COOTBCTCTSHN ¢
HoDEDMK sexropam:,  ynop
JEKCHKOTpAgEYECKE, H T. A. 3aMETHY, UTO ecar Bepuinuy 4 4 b
Ha REKOTOPOM mare MpRRANCHANE PAsEN Kiaccam i GO
BMORKEHO yCIOSWE G<b, TO § B JamuielimeM 570 ycaomue
nceraa Oyzer munomieno. OTCfa Cieayer, o omicanisi

BEPIANE OTHOCATCH K Pasuiil’ Kaacea (7. e. MOCTpOENa KaHO-
AI¥ECKER HYMEPRUIE), TGO AaAkeicro pasGiienis wa Kiaccl
Fe npoHCXOANT.
jude, ecw T'—ODUEHTNPOSANNLE MyABTNrPa, Bossyex

B XgHECTBS ' XAP@KTEPUCTHYECKOTO BEKTOPD T, YMOPRAOEHIYIO
i-yto crpoxy MaTpiusi A (T) (csuTas npy 5ToN, iro Anaromaii-
FHi SACHERT TPEAIUECTRYET nceM ocTanbiis). Bucero passini-
HEX SICKERTOD O] BRCAEN PAMIMILE NESADUCHNC TepeMCIe
X1, %3, ... YDOPAROYHS KX B COOTBETCTRHII C MOPAAKOM CPCAIL 4.
Honysensyio 7akM _cniocoGom maTpeuy obomignnm X =X (I).
Tlpy ouepexion pasGiiemsiis BePUIE Ea KAacCh & OOMY KAZECY,
KAK 1l TPEJAE, OTHECEM BN C OUINAKOBWN XAPIKTEPH-
CTUMCCKIM BEXTOPOM; MpIl STOM. /-d% KOMIOUCHTA RCKTOPR U
€CTL 710 ONPCACTERAIO CYWNA SAEMEHTOD i-Of CTPOXN MaTPILH
X (I), cooreercTsyiouus, Bepumhan £-ro kaacca (nperaymero
pastienns). Marpiua X (T) pasusaercs, Taki oGpasow, ua
GT0KH, B KaWMAOM 43 KOTODHX Ml MOKCM DRCCTH CBON Hesapi-
caue DebeMelHEe i T. A, (TOIHOE ONPCACIEHIE STAX ONEpAILl
ox. 1. 6, onepaumn oy, fy).

3aueras, 470 OMACANNAS KO CHX NOP NPOUEAYPA aiiarorivig,
wmerozay, msroxennss B [1] k [2].

2 HIM

Weisfeiler, Lehman 1968; Portraits: Thor Gorskiy

P noxy-
ueRNO! MATDINe CHOBA MOAMO GyJer NPHMEESTh BCe OMECANHKE
BUWIE OTEZIA 7 T. X, A0 TEX NOp, OK3 7 5T0T ApoNece He
oBopsercs (cu. m. 6, onepenmn s, f, B).

megenie

) u
warpis U=X-X' osauzer ciesyiomee. ECun HADTAY ¢ pEGDa-
M Rasaoro tpaa I paccMaTpmBaTh pelpa AOMOTHHTEABHONO

HEe JONOANNTENIY NEDENEINHX BEOAAT 5OBYIO DACKPACKY Pe-
Gep, mpmica 1) peSpa, OKpaeARbe Ha KAKOM-TO Ware no pas-
i OXPAWEHE  NO-paZHOMY;

HOMY, B Hembiei
2) pasSueniic bepwi k2 X7acck IPONIBORATCH B COOTBETCTBEN
© KoanveCTRON PEGEp XEXIOTO IBET2, KCXOAJLUIX M3 BEPUIMEL.
asecTuo, Aanee, 470 saeMent a;/EAF, A=A (T), rie —
fieopuenTipoBanuiit Tpag) Ges KpaTusix chssell, paves yEcay Iy
Teil LIMM 2, BEAVIAUX HS i-f DEPUNEN B jylo. Ananoruo,
XosipnienT Ip xpx; 5. uorouiene uyGU=X-X' paven uc-
2y nyTelt, BeAYINX B3 I-f BepWDNN B j-yio Ho pebpan cauaa
k-ro, a serew [0 upera.
mHefiuas  mpoleiypa  Npesefemns aga K
KCnomMayer | mpuuenemme omncan-
onepaunii x marpune, moaysewsol ns X (T) ma-
‘UEPKIBAINEN HEKOTOPOFO €€ CTOAGNA H COOTBRTCTRYIOMEf CTPOXH,
TpHL NOPAAKA k-<n—| mpnsenenye x Kanommmec-
iRy OMEAENEHD, TO BOSHHKAET HOBAS BOSMOMHOCTS Z1A
pa3dCHNA REpUK Ha Kiecos: CTApweli CURTAETCT T2 BepiNa,
TOCAC DLNepKHBANNS XOTOPOH NOXYYACTCH AeKCHKOTpauyeckH
cTapumii Kanoumseckuii BIR OCTABWEroCs Tpapa (CN. Onepamsm
@a, ag, f, Bl n. 7). Otemsgeo, wro m Taxoe pasGheniie #a
HeKoTopox ware oSopserca. J0KA3aKo, ITO OGHE ABe BepLI-
M@ b, oTecomide K OZuONy KABCCy NI HOCIEEN p
Guexnn, . e, rpada
T, nepesofmuifi @ 5 b It CONPEUAIOLINA OTHOMCHNA CMCKHOCTH,
(
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g
2
H

oaunaxonive Morovaeb. Marputa X (I) aisercs Toraa obmef
TOUKO 1eK0TOpol: MeTpIINOR azreGp Of (T), 7. €. ecan sanano
om0 K (vanpiiep, Xoisuo Uenux giced Z wam mose paio-
BEALHWX uicen Q), TO MIOKECTBO MATPUN, MOZYREHHHX MORCTA-
HOBKO B X EMECTO ee mepexeinx aiewcatos Komua K opa-
ayer aaredpy ol ()= (M@K. AsreSpa (1) mpasercs,
OUEDIANO, NHDIPHAHTON Tpagha. HekoTopiie COOTHOWeHNA MEXTY
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First Graph Neural Networks

A. Sperduti C. Goller A. Kiichler M. Gori E. Scarselli

Labeling RAAM Backprop through structure “Graph Neural Networks” Gated GNN

1994 1996 2005, 2008 2015



Back to the chemical roots

DFT Targets
~ 103 seconds |E,wp; ...

Message Passing Neural Net
Va S
v=r=2{ @{ (s
R\ R\ \ 4

~ 102 seconds

GNN-based D. Duvenaud Chemical property prediction J. Gilmer
molecular fingerprints using message passing GNNs

Duvenaud et al. 2015; Gilmer et al. 2017



Back to the chemical roots
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An “ImageNet” moment of structural biology

Jumper et al. 2021

Theinternational journal of science /26 August 2021 outlook

nat'ine

disease

PROTEIN
POWER

Alnetwork predicts highly

accurate 3D structures
for the human proteome

from climate chan; _ ontane forests







Convolutional Neural Network Graph Neural Network




Convolutional Neural Network Graph Neural Network

Underlying domain: Underlying domain:
grid graph
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Translation Permutation
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Translation Permutation



Convolutional Neural Network Graph Neural Network

Convolution: Message passing:
translation equivariant permutation equivariant



Convolutional Neural Network Graph Neural Network

Convolution: Message passing:
translation equivariant permutation equivariant



Michael M. Bronstein, Joan Bruna, Yann LeCun,
Arthur Szlam, and Pierre Vandergheynst

any scientific fields study data with an underlying

structure that is non-Euclidean. Some examples

include social networks in computational social sci- a

ences, sensor networks in communications, func- .
tional networks in brain imaging, regulatory networks in
genetics, and meshed surfaces in computer graphics. In
many applications, such geometric data are large and com-
plex (in the case of social networks, on the scale of billions)
and are natural targets for machine-learning techniques.
In particular, we would like to use deep neural networks,
which have recently proven to be powerful tools for a broad
range of problems from computer vision, natural-language
processing, and audio analysis. However, these tools have
been most successful on data with an underlying Euclidean or
grid-like structure and in cases where the invariances of these
structures are built into networks used to model them.

Geometric deep learning is an umbrella term for emerging

techniques attempting to generalize (structured) deep neural mod- [ J
els to non-Euclidean domains, such as graphs and manifolds. The @
purpose of this article is to overview different examples of geometric
deep-learning problems and present available solutions, key difficul- "
ties, applications, and future research directions in this nascent field.

Overview of deep learning

Deep learning refers to learning complicated concepts by building them from

simpler ones in a hierarchical or multilayer manner. Artificial neural networks are

popular realizations of such deep multilayer hierarchies. In the past few years, the growing

computational power of modern graphics processing unit (GPU)-based computers and the avail-

ability of large training data sets have allowed successfully training neural networks with many layers

and degrees of freedom (DoF) [1]. This has led to qualitative breakthroughs on a wide variety of tasks, from
speech recognition [2], [3] and machine translation [4] to image analysis and computer vision [S]-[11] (see [12]

-

ﬁeomelrlc neen learnlng Brenstein, Bruna, Cohen & Veli¢kovié

Going beyond Euclidean data




Twentieth Century Zoo of Neural Network Architectures
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The Erlangen Programme of ML
Geometric Deep Learning



Geometric Deep Learning Blueprint
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signals X ((1)

group representation p(®)

p(@)x(u) = x(g7 u)

functions F (X (Q))

— f -

equivariance
flp(a)x) = p(a)f (x)

invariance

f(p(g)x) = f(x)




Example: Convolutional Neural Networks

Plane R? images X (R?) functions F (X (Q))
T H
T T L1
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Translation group T(2) Shift operator S Convolutional layer

Spx(u) = x(u—v) (Sxxy)=S(x~*y)



Invariant functions: Image Classification

®-invariance f(p(g)x) = f(x)

@
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Equivariant functions: Image Segmentation

®-equivariance f(p(g)x) = p(a)f (x)

—>f—>_.d




Example: Graph Neural Networks

Graph ¢ = (V,E) Node features X (G) functions T(X (Q))

Permutation group X, Permutation matrix P Message passing

PX = (x,-1()) F(PX,PAPT) = PF(X,A)



Example: Equivariant Graph Neural Networks

Graph ¢ = (V,E) Node features X (G) functions T(X (Q))

Permutation group X, Permutation matrix P Equivariant message passing

Rotation R F(PXR,PAP') = PF(X,A)R



Geometric Deep Learning Blueprint



Scale Separation in Physics
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The “5G” of Geometric Deep Learning

Images & Homogeneous Graphs & Sets Manifolds, Meshes &
Sequences spaces Geometric graphs
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Graphs = Systems of Relations and Interactions

Molecules Interactomes Social networks



Graphs

social network
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Key Structural Properties of Graphs

node feature x;

arbitrary c%’é?é%]ihg of nodes

11



Key Structural Properties of Graphs

Feature
matrix nxd
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arbitrary ordering of nodes



Key Structural Properties of Graphs

Adjacency Feature
matrix nXn matrix nXd
[T T T
X

arbitrary ordering of nodes



Key Structural Properties of Graphs

Adjacency Feature
matrix nXn matrix nXd

.II_II w

PAP' PX
arbitrary ordering of nodes



Key Structural Properties of Graphs

Adjacency Feature
matrix nXn matrix nXd
[ 1]
PAPT PX

/ arbitrary ordering of nodes

n! permu’catiows



Invariant Graph Functions
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Invariant Graph Functions

permutation-invariant

f(PX,PAP') = f(X,A)




Equivariant Graph Functions

node function F(X,A)

O




Equivariant Graph Functions

S

node function F(X,A) el
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Equivariant Graph Functions

permutation-equivariant

F(PX, PAPT) = PF(X,A)[]




Graph Neural Networks
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A General Blueprint for Constructing Graph Functions

netghbourhood

N; ={j:i~j orj~i}\

'y




A General Blueprint for Constructing Graph Functions

netghbourhood

Ni = {j:i~j or j~i}
multiset of \_ E—
neighbour features

i

X, = Xjen; }




A General Blueprint for Constructing Graph Functions

mudtisgh efion -

neighbour featyires
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A General Blueprint for Constructing Graph Functions

local function

T R
O x;
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A General Blueprint for Constructing Graph Functions

local function

T R
A x;
o|EH,,
- J

permutation invariant



A General Blueprint for Constructing Graph Functions

local function
(Emmx; | o0 Xn)

[
BNAL T (| -0 . &
\ I\ = o(xn Xy, ) 5
permutation invariant

|




A General Blueprint for Constructing Graph Functions

(_ ¢(x1’XN1) B \
FOX,A) = | = o(xxn) -

— (%n X)) —

permutation equivariant



"Flavours” of Graph Neural Networks

Permutatiow—iwva reant

aggregation operator, e.9. sum \
Fx) = b (xi [] w(x)))

[ JEN;

new feature of Llearnable
woole i functions



"Flavours” of Graph Neural Networks

Lmportance of node j to
the representation of i

cijb(x)))

“convolutional”

Fx) = (x;

JEN;

Defferard et al. 2016; Kipf, Welling 2016 (GCN)



"Flavours” of Graph Neural Networks

a(xi %) w(x))

“attentional”

fx) = (xq

JEN;

Monti et al. 2017; Velickovié et al. 2018 (GAT)



Message Passing

W(xi ;)

“message passing”

fx) = o (x;

JEN;

Gilmer et al. 2017 (MPNN); Battaglia et al 2018; Wang et al. 2018



Weisfeiler-Lehman Test

Aoen

VIK 519.1

TIPMBEHEHME TPA®A K KAHOHMYECKOMY BUAY ¥ BO3HMKAIOULAS

TNPM 2TOM AJITEBPA

B 1. DERCGEANED A A HEMAN

PACCiaTpHaseTen anropTM NPUBEABHHS SEAAHHOTO KONEUHOTQ Mysururpacs I K -ka-
B

HoHecKomy Enay. B
T3 Piywense tucicrs. anteSnon 01 (1) oxsamnacrca nonaamin How powemtn
HeKOTOpbIX 34Ra% TEOPHH rpachos
"

Cliecce TaKOr NPHASACHNS BOSHKIEST HOBMIF: HBGPHGHT rPacha—

1. “Pacoworpus  Iponseonsami Komewms rped T ero
warpuy cwexciocti A (N)="{a,7); saece a;j—wieao pelep, ne-
RYIOX TS i BepUNKY TRada B j-yi0; 4, j= 1, 2, vy 1) B Cryuac
WEODEATIPORANAOTO. TPEda NONATIEN &yj=aj;. Kenommseckit
BlUZOM Tpaa Mil GYREM HASWEATL ero MAaTPHAY CMEAKHOCTH TP
KEHOMECKO! HYNEDAZAM BEPILl, T. C. IpH TAKOM WaCTIMHOM
YNIOpSONEHTIH MHOKECTSA BEDIUME, TP KOTOPOM 13 707G, 4TO

© b Becpasumen creayer, w10

HeKoTopbIe

Mmexay caoficrnamu anrebpu 91 (T)  TpyMNOR aRToMOPGHIMOD rpacha Aut (T). NlocTpoen
npumep Heopuewtkposawnoro rpeca I, anrc6pa 9 (I) KoTOpore ‘coananaet ¢ rpyRNoRo
anre6poli HEKOTOROR HEKOMMYTATHEHOH FPYnMLL.

An algorithm is considered, reducing the spec
form. in the course of ihis reduction, 4 new invariant of the graph is generated —
algebra 9 (r). Study of. the properties of the algebra or (r) proves
{ .. &g .. anumber of graph-theorefic problems. Some propositions concern
(. W Detween the properties of the algebra of (T) and ihe graph’s aufomorphism
T . - Aut (I') are discussed. An example o Y

: algebra 9 (f) coincides with fhe group algebra of a non—commutative group.

{fled Tinite multigraph I to canonical
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ing the relationships

D
non—oriented graphi I is constructed whose

Jlas zanshefitiero pasGMEsHs BEPILTR B8 KAGCCH PACCNOTPHM
snedent uz) natpuls U=X-X', rie X'—warprua, nonyuesnas
3 X 3aMCROf TIEPEMCHRHX. Xy, X2, +.. TEPEMERHLMH %y, Zp,
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DIeMEAT s/ NBATETCH MHOTOUIENOM BTOPOH CTENEHH OT 1, Kaven
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B 1. 6, 7 ODHCAN TIpOItece TpUBCACTIA Tpa( K KHOHMIECKONY
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AI¥ECKER HYMEPRUIE), TGO AaAkeicro pasGiienis wa Kiaccl
Fe npoHCXOANT.
jude, ecw T'—ODUEHTNPOSANNLE MyABTNrPa, Bossyex

B XgHECTBS ' XAP@KTEPUCTHYECKOTO BEKTOPD T, YMOPRAOEHIYIO
i-yto crpoxy MaTpiusi A (T) (csuTas npy 5ToN, iro Anaromaii-
FHi SACHERT TPEAIUECTRYET nceM ocTanbiis). Bucero passini-
HEX SICKERTOD O] BRCAEN PAMIMILE NESADUCHNC TepeMCIe
X1, %3, ... YDOPAROYHS KX B COOTBETCTRHII C MOPAAKOM CPCAIL 4.
Honysensyio 7akM _cniocoGom maTpeuy obomignnm X =X (I).
Tlpy ouepexion pasGiiemsiis BePUIE Ea KAacCh & OOMY KAZECY,
KAK 1l TPEJAE, OTHECEM BN C OUINAKOBWN XAPIKTEPH-
CTUMCCKIM BEXTOPOM; MpIl STOM. /-d% KOMIOUCHTA RCKTOPR U
€CTL 710 ONPCACTERAIO CYWNA SAEMEHTOD i-Of CTPOXN MaTPILH
X (I), cooreercTsyiouus, Bepumhan £-ro kaacca (nperaymero
pastienns). Marpiua X (T) pasusaercs, Taki oGpasow, ua
GT0KH, B KaWMAOM 43 KOTODHX Ml MOKCM DRCCTH CBON Hesapi-
caue DebeMelHEe i T. A, (TOIHOE ONPCACIEHIE STAX ONEpAILl
ox. 1. 6, onepaumn oy, fy).

3aueras, 470 OMACANNAS KO CHX NOP NPOUEAYPA aiiarorivig,
wmerozay, msroxennss B [1] k [2].
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Weisfeiler, Lehman 1968; Portraits: Thor Gorskiy
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Weisfeiler-Lehman Test

Weisfeiler, Lehman 1968



Weisfeiler-Lehman Test

¢ (o, {0, 0})
¢(o, {@,0,0})

Weisfeiler, Lehman 1968



Weisfeiler-Lehman Test

(o, {o,0}) dCo, {, P
¢(o, {@,0,0}) ¢C,{ ,0,0})

d(e, { ,0})

Weisfeiler, Lehman 1968



Weisfeiler-Lehman Test

(o, {o,0}) dCo, {, P
¢(o, {@,0,0}) ¢C,{ ,0,0})

d(e, {,0})

Weisfeiler, Lehman 1968



Weisfeiler-Lehman Test

d (o, {o,0}) d(o, ., B
¢(o, {0,0,0}) eC,{ ,0,0})
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A Ay Ay Py




necessary but insufficient condition!

N

J

non-isomorphic graphs that are WL-equivalent




Special Cases of GNNs




Special Cases of GNNs




DeepSets

Zaheer et al 2017; Qi et al 2017



Transformers

complete graph



Transformers




Transformers

Vaswani et al. 2017



Transformers

posi’ciowat encooing

Vaswani et al. 2017



Graph Substructure Networks

1 triangle
0 4-cligues

2 triangles
1 4-clique

(I) (Xi; L|J(XiJXjJ pl))
J EN; !
structural encoding
Bouritsas, Frasca et B 2020



Graph Substructure Networks

0.20 1 — —4— vertex motifs o /
5 edge motifs DNy
o018 N
(0]
E 0.16 )\
i N
< O |
c 0.14
o
= 0.12 Molecule of caffeine
§ .

3 4 5 6 7 8 9 10

k
Molecule property prediction on ZINC
using GSN with k-cycles

Bouritsas, Frasca et B 2020



decouple computational graph
from the

sampling
rewiring

multi-hop filters

nwew graph
Hamilton et al 2017; Klicpera et al. 2019; Alon & Yahav 2020; Frasca, Rossi et B 2020



Latent Graph Learning

Learnable task-
specific graph

Wang et B 2018; Franceschi et al. 2019; Kipf et al. 2020; Kazi, Cosmo et B 2020; Cranmer et al. 2020



Dynamic Graph CNN

learnable task-
specific graph

graph computed on
the fly § updated
between layers

Wang et B 2018; Franceschi et al. 2019; Kipf et al. 2020; Kazi, Cosmo et B 2020; Cranmer et al. 2020



geometric
(Local structure)

L

A
il

Segmentation

\

Supervision
stgnal
Input Layer 1 Layer 2 Layer 3

semantie

+ % %

Wang et B 2018



Differentiable Graph Module

Differentiable Graph Module (DGM) allowing to construct the graph

Kazi, Cosmo et B 2020

Graph

Node feature
learning

th
1™ layer [ L+ 1% tayer
1
Q) I - (1) X(Hl)
X T ;X >
l
DGM A : —{xX" | DGm A .
1
1
1
(1) (1+1)
> Diffusion : X > Diffusion >
1
1

from the data and use it for feature learning

Method TADPOLE ' UK Biobank ‘
Transductive Inductive Transductive Inductive
DGCNN | 84.59+4.33 82.99+4.91 58.35+0.91 51.84+8.16
LDS 87.06+3.67 T OOM T
cDGM 92.91+2.50 91.85+2.62 | 61.32+1.51 55.91+3.49
dDGM | 94.10+2.12 92.17+3.65 | 63.22+1.12 57.34+5.32

Disease classification accuracy



Manifold Learning

intrinsically low-dimensional
data in a high-dimensional space

o



Manifold Learning

intrinsically low-dimensional
data in a high-dimensional space

e

1. Represent data
structure as a graph

e

2. Compute low-
dimensional embedding




Manifold Learning 2.0

intrinsically low-dimensional
data in a high-dimensional space

Latent graph neural networks:
Manifold learning 2.0?
resent data

Can we use graph neural networks when Ire as a graph
the graph is unknown?

o) g Michael Bronstein

\&P” Sep 10,2020 - 12 min read *

1. Represent data structure
as a graph apply ML
directly on the graph

3. Apply ML



w GNNs BEYOND NODES & EDGES [




Data Symmetry in Geometric Graphs

Graph ¢ = (V,E) Node features X (G) functions T(X (Q))

Permutation group X, Permutation matrix P Equivariant message passing

Rotation R F(PXR,PAP') = PF(X,A)R



original

\

rotation

|
reflection (inversion) reflection (mirroring)
Figure: Atz et al. 2021



Towards More Expressive GNNs

A
£

g
k-WL tests Positional & Subgraph Topological
Structural GNNs message passing
encoding
Maron et al. 2019 Monti, Otness et B 2018 Papp et al. 2021 Bodnar, Frasca et B 2021
Morris et al. 2019 Sato 2020 Cotta et al. 2021
Dwivedi et al. 2020 Zhao et al. 2021

Bouritsas, Frasca et B 2020 Bevilacqua, Frasca et B 2021



Subgraph GNN’s

[

graph WL colouring colour histogram




Subgraph GNN’s

O O
O—O
O—O
O O
O—O
O—O

1B

subgraph WL colouring colour histogram

X
A

Graph perturbation allows to distinguish between structures
otherwise indistinguishable by Weisfeiler-Lehman

Papp et al. 2021; Cotta et al. 2021; Zhao et al. 2021 Bevilacqua, Frasca et B. 2022



Collection of Subgraphs

IS W

Soe

A multiset of subgraphs obtained by node deletion

O »~»0

O—O
O—O
Oo—0O

5.

Bevilacqua, Frasca et B. 2022



Equivariant Subgraph Aggregation Networks

input graph

multiset of subgraphs Tensor representation

Bevilacqua, Frasca et B. 2022



Topological Message Passing

=1 v4

Lift the graph into a cell complex

Bodnar, Frasca et B. 2021



Cellular Lifting Maps

cliques

[~

Bodnar, Frasca et B. 2021



Cellular Weisfeiler-Lehman

<>
o

Bodnar, Frasca et B. 2021

HASH {o o) (o} (@@ @e@)(®0) (@0 (®0) 00}}

el TN N

. 2D cells the Edges part of a 2D Edges sharing a
Boundary .
. edge is part of cell & the shared vertex & the
vertices
. cell shared vertex

Theorem 15. For some finite k, there exists a pair of graphs indistinguishable by 3-WL but distin-
guishable by CWL with the lifting maps from Corollary 14. For the clique complex and induced cycle
liftings, the statement holds for k > 4. For the simple cycle based lifting, it holds for k > 8.

Corollary 14. For all k > 3, the following lifting transformations make CWL strictly more powerful
than the WL test. (1) The clique complex lifting considering cliques of size at most k. (2) The map

that attaches 2-cells to all the simple cycles of size at most k. (3) The map that attaches 2-cells to all
the induced cycles of size at most k. (4) The union of all the transformations above.

Cellular WL is strictly more powerful than WL
with appropriate lifting transformation






Grids vs Graphs

-

O

O
O
O
O
O

O

grid = ring graph



Grids vs Graphs

O—0—0—06-0-0-0—0-0~

fixed neighbourhood structure




Grids vs Graphs

fixed neighbourhood structure




Grids vs Graphs

local aggregation function

fx) = dx %1, %41 3)



Grids vs Graphs

O—0-0-0—0-0-0-00~

local aggregation function

f(xi) — ¢(Xi—1JXirXi+1)




Grids vs Graphs

O—0-0-0—0-0-0-00~

linear local aggregation function

f(x) = ax;_1 + bx; + cX;44



Convolution

Q¢ all )
a b c
fX) = X
a b c
L C a bjl |
circulant matrix = convolution



Convolution

C a
b c
fX) = X
a b c
\ a bJl .

circulant matrix C(0)



Deriving Convolution from Symmetry

. c a\ Y
(b g al( b‘ C ANl b jl
| C a b))\ x ) b XC P\e
circllant matrice€cofute

circulant matrix C(0)

a

ISl )

S QO




Deriving Convolution from Symmetry

(b
a

L C

circulant matrix = commutes with shift

C
b

Cc

a b
a

C
ban

1

shift S

1
1

(1

shift S

1
1

\N g
b
a

ihC

C
b

Cc

a b
a

Cc
b,



Deriving Convolution from Symmetry

(b
a

C
b

Cc

a b
a

C
ban

1

shift S

1

1

shift S

1

(1

1

\N g
b
a

ihC

C
b

Cc

a b
a

convolution = shift-equivariant

CS =SC

Cc
b,



Deriving Convolution from Symmetry

b
a

convolution emerges from translation symmetry

c
b

Cc

a b
a

c
b‘ ]

1

shift S

1
1

|1

shift S

1
1

IIb
a

L iC

c
b

Cc

a b
a

convolution & shift-equivariant

c
b,



Deriving Fourier Transform from Symmetry

same eigenbasis for all
convolutions

b
a

C
b

Cc

a b
a

c
b,

commuting matrices are jointly

diagonelgaiectors of S




Deriving Fourier Transform from Symmetry

Fourter basts

1
2T
1 i—k
uk - l € n

D
N

a b
a

D)
3

(=]
3

b
commuting matrices are jointly
diagonalisable by Fourier Transform




Circulant matrix
Cc(0)

Element-wise product

Deriving convolution from first
principles

Have you even wondered what is so
special about convolution? | show how to

derive the convolution from translational
symmetry

/\sn Michael Bronstein

\& )ul 26,2020 - 9 min read *






Convolution, revisited




Convolution, revisited

convolution = matching shifted filter

(e % ) () = (6, Tah) = j (D) — v)dv

domain () = symmetry group ®



Group Convolution

convolution = matching transformed filter

G * (@) = (%, p(a)h) = fﬂxw)w(g-lv)dv



Convolution on the Sphere

sphere ( = §*
rotation group G = SO(3)

’

spherical signal x

Cohen, Welling 2016



Convolution on the Sphere

(x*xyP)(R) = [ x(WyPp(R™"u)du

rotation
transformation

signal on SO(3)

sphere ( = §*
rotation group G = SO(3)

Cohen, Welling 2016 spherieal stgnal x




Convolution on the Sphere

((ex ) *xp)(R) = (x x P)(QP(R™1Q)dQ
503 \

Conyglatii on

t ormation

Q=6 =S0(3)

Cohen, Welling 2016 spherieal stgnal x



Homogeneous Spaces







Why Manifolds?

Nozvirardt
Vi

X
eI,
A

»
Y ﬁ'gss,vv 5 A .‘
A YA e st A 1] Rl
AT S
B gy
VAT Neanrsany
%y

A
Gy

20
e
F AP

s

e

o
Ay
o

CERCLTS

More efficient representation: no “waste”

for internal structures

Natural model for
deformable shapes



Why Manifolds?

In protein modeling,
abstract out internal
structure that is irrelevant
for interactions + allow
some conformation
changes




Homogeneous Spaces

global symmetry group no useful global
dg€® s.t. gu=v symmetry group



Euclidean Convolution

* *

Euclidean space: Transport the filter around the domain

Figure: Weiler et al. 2021



Non-Euclidean Convolution

Manifold: Result of transport is path dependent

Figure: Weiler et al. 2021



Non-Euclidean Convolution

Manifold: Result of transport is path dependent

Figure: Weiler et al. 2021



Two Types of Invariance

Local gauge
transformation




of Invariance

Two Types

S
=
oyl
wld
m
i
=}
A
75)
S
(4]
i
wld

Local gauge

Global
deformation




Non-Euclidean Convolution Recipes

Fixed path  Fixed gauge “Group pooling” Isotropic filter =~ Gauge-equivariant
(spectral) filter



Manifolds

\.
tangent spa}:e z
T,0 = R?

\
L2
{ N

_

manifold ()

manifold = locally Euclidean space

Riemannian metric = local
length / direction

Intrinsic quantity = expressed solely
in terms of the Riemannian metric

Isometry = metric-preserving
deformation



Geodesic CNNs

Exponential map
exp,: T, —

/
(x xYP)(u) = Y (v)x(exp,v)dv

T, Q

exp,, is an intrinsic map allowing to express
the signal x locally in the tangent space 7, ()

intrinsic filter = invariant to isometries

manifold Q |
isometry group Iso((2)

Masci et al. 2015; Boscaini et al. 2016; Monti et al. 2017



Geodesic CNNs

Anisotropic intrinsic filters on a manifold

Masci et al. 2015; Boscaini et al. 2016; Monti et al. 2017



Geodesic CNNs

(x xYP)(u) = Y(v)x(exp,v)dv

T, Q

Probleme: these are abstract vectors!

intrinsic filter = invariant to isometries

manifold 0
isometry group Iso((2)

Masci et al. 2015; Boscaini et al. 2016; Monti et al. 2017



Geodesic CNNs

Local reference frame
w,: R2 = T,0

/
(xxyP)(w) = | Yv)x(exp,w,v)dv
R2

manifold 0
isometry group Iso((2)



Gauge Transformations

exP)() = | p(v)x(exp,w,v)dv
]RZ

Gauge defined up to gauge transformation
Q-0

manifold ()
structure group ®

Cohen et al. 2019; Weiler et al. 2021



Structure Group

A gauge is defined up to a gauge transformation g: 1 > ®

“Naked” manifold GL(s) invertible matrices
Manifold+orientation GL* (s) invertible matrices with det>0
Manifold+volume SL(s) matrices with det=1
Manifold+metric 0(s) orthogonal matrices
Manifold+metric+orientation SO(s) orthogonal matrices with det=1
Manifold+frame field {id} identity (no ambiguity)

Weiler et al. 2021



Structure Group

A gauge is defined up to a gauge transformation g: 1 > ®

Manifold+metric+orientation SO(s) orthogonal matrices with det=1

Manifold+frame field {id} identity (no ambiguity)

Weiler et al. 2021



Gauge-equivariant CNNs

(cxP)) = | p(Wp(exp,w,v)dv

]RZ

Gauge defined up to gauge transformation
q:Q - S0(2)

gauge-equivariant filter

P 'v) = p(a” DY (Mp(9)

manifold ()
structure group & = SO(2)

Cohen et al. 2019



“Hairy Ball” (a.k.a. Poincaré-Hopf) Theorem

Image: Minutephysics



Theory vs Practice: Stable Gauges

Gradient of intrinsic function Deformation-invariant
stable gauge

Melzi et al. 2019; Monti et al. 2017



Structure Group

fixed gauge

reflection

rotation
SO(2)

{id}

Weiler et al. 2021



FILTER

e

e RN
=y

Euclidean (extrinsic) Geometric (intrinsic)
convolution convolution

Masci et al. 2015






Shape Analysis & Synthesis

Analysis Synthesis



3D Hand Reconstruction

/
AN

Encoder
CNN
Decoder
mesh CNN

4

Kulon et B 2020
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Snap Acquires Ariel Al To Enhance AR Features
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The “5G” of Geometric Deep Learning

Grids Groups Graphs Geodesics &
Gauges
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“The knowledge of certain principles easily

compensates the lack of knowledge of certain facts”
—Claude Adrien Helvétius






Instances of GDL Blueprint: Different domains

Grid Graph



Instances of GDL Blueprint: Different domains

Plane (Homogeneous space) Manifold Graph

1. Continuous model for graphs?



Graphs vs Meshes vs Grids

Mesh




Graphs vs Meshes vs Grids

®
& @
@
Grid Mesh
Fixed Rotation

Graphs have the least structure

Graph

Permutation



Positional Encoding Approaches

Random node features'

Graph Laplacian eigenvectors”

Graph substructure counts’

Bags of subgraphs*

2. How to choose positional encoding?

ISato et al. 2020; 2Vaswani et al. 2017; Qiu et al. 2020; Dwivedi et al. 2020; *Bouritsas, Frasca, et B. 2020; “Bevilacqua, Frasca, Lim, et B., Maron 2021



Over-squashing & Bottlenecks

(4

VNN

© 0000 00606

In small-world graphs metric ball volume Vol(Bk) = Yjen, 4

grows exponentially with ball radius k

Long-distance dependency + Fast volume growth
= Over-squashing

Alon, Yahav 2020



Graph Rewiring

Decouple input graph from information propagation graph (at the expense of link to WL)
Neighbourhood sampling (GraphSAGE)
Multi-hop filters (SIGN)

Complete graph
Topology diffusion (DIGL)

Learnable graph (Dynamic Graph CNN)

3. How to rewire the graph?

"Hamilton et al. 2017; 2Rossi, Frasca, et B. 2020; *Alon, Yahav 2020; *Klicpera et al. 2019; Wang et B 2018; Kazi, Cosmo, et B. 2020



Physical systems as learning metaphor

Mechanics Electronics
| |
a , © : i
| |
| |
| |
| |
| |
| |
| |
| |
| |
b Input _ Output Parameters R i o | Four channel x th layer SHG
B - 80- 5 . . . o T -
| I & | M l' M~
Input 5 - | < ,fJ"JL | s | ' : :
image r [ | (' | > | 8 § T . T,
: / — M Tk
Physical input-output Classification : g 3 r ‘ 3 . " : N |
transformation Vil BFgmex | _— - o / | Digital linear input layer
| |

Average of seven PNNs

Wright et al. 2022



Physical systems as learning metaphor

Mechanics

b Input _ Output Parameters
B ’=+ b
Input K_;‘@:_. e | parameter
image . . . Space
Physical in;;ut—outpm Classification
transformation via argmax

Wright et al. 2022

system state
space



Diffusion Equation

Fourier 1822; Fick 1855



Diffusion Equation

conservation condition: aitx = —div(h)
(“no heat created or disappears”)

9 x(u,t) = div(avx(u,t))

Fourier 1822; Fick 1855



Diffusion Equation

constant diffus L\/L’cg

\

mx = div(cVx)



Diffusion Equation

0. _
WX_CAX

Homogeneous
Isotropic

1. Gradient flow of the Dirichlet energy

elx] = § [ Ivx(u)du



Diffusion Equation

% ¥ = cAx 1. Gradient flow of the Dirichlet energy
elx] = 1 [ 173w du
Homogeneous Q
Isotropic

2. Closed form solution: Gaussian filter

— 1 —|lul|?/4t
x(u,t) = x(u,0) * PR




Diffusion Equation

0. _
5% = CAx
Homogeneous

Isotropic

Positiow-depewdewt
diffusivity a(u)

0 )

5% = div(aVx)

Non-homogeneous
Isotropic

Position § direction
dependent diffusivity A(u)

\

0 . .
X = div(AVx)

Non-homogeneous
Anisotropic



Diffusion Equation in Image Processing

Edge indicator a(u) o ||Vx(u)||~*

0 )

ot

= div(a(x)Vx)

| “Do not diffuse across edges”
Perona, Malik 1990



Diffusion in Image Processing

Homogeneous Non-homogeneous
diffusion diffusion

Perona, Malik 1990; Kimmel et al. 1997; Sochen et al. 1998; Tomasi, Manduchi 1998; Weickert 1998; Buades et al. 2005



Diffusion in Image Processing

©
MATHEMATICAL AN

W= Q™) ™

“«—‘-Mk)t

Anisotropic Diffusion
in Image Processing

Luminita A.Vese
Carole Le Guyader

Perona, Malik 1990; Kimmel et al. 1997; Sochen et al. 1998; Tomasi, Manduchi 1998; Weickert 1998; Buades et al. 2005



Diffusion Equation on Graphs

O =) e(xOx0)(y©O-x0)

JUDEE i ttsivity gradient
div A(X) VX

Chamberlain, Rowbottom, et B. 2021



Diffusion Equation on Graphs

gexi(t) = Z a (Xi(t);x'(t)) (Xj(t) — xi(t))

J:(i,j)€E

Explicit (Forward Euler) discretization: t = kt

(k+D _ xlgk)

P S () ()

forward j:(i,)€EE
difference

Chamberlain, Rowbottom, et B. 2021



Diffusion Equation on Graphs
0= ) a(x®.x50)(x0-x®)
j:(i,j)EE

Explicit (Forward Euler) discretization: t = kt
(k+1) _ (k) (k)Y (k)
X; = z a(xi X )xj
J:(i,j)€E
normalised Z] aij =1
Unit step 7 =1

GAT is a particular discretisation of graph diffusion

Chamberlain, Rowbottom, et B. 2021



<)

v

x(k+1)

Explicit
Fixed step

% x®

NS

A
T
6
x(k+ 1) X(k.+1)
Explicit Implicit

Multi-step (Runge-Kutta)



Graph Neural Diffusion (GRAND)

Given graph G = (V, E) with input node features X;,
Set initial condition: X(0) = p(Xi,)

Solve graph diffusion eqn: X(T) = X(0) + fOT div (A(X(t))VX(t)) dt

using an iterative solver
Output: Y = 9(X(T))

where ¢, and the diffusivity A are learnable functions

Chamberlain, Rowbottom, et B. 2021



What do we gain?

New perspectives on old problems (e.g. oversmoothing, bottlenecks, etc)
New architectures
Many GNNs can be formalised as a discretised Graph Diffusion equation
More efficient solvers (multistep, adaptive, implicit, multigrid, etc.)
Implicit schemes = multi-hop filters
Theoretical guarantees (e.g. stability, convergence, etc.)

Deep links to other fields less known in GNN literature (e.g. differential
geometry and algebraic topology)



Spatial Derivative: Graph Rewiring?

Different discretisations of 2D Laplacian



Images as embedded manifolds

J _ - 0, _
=X = —div(a(x)Vx) 572 = AgZ

Non-linear diffusion Non-Euclidean diffusion

Kimmel et al. 1997; Sochen et al. 1998



Beltrami flow

feature coordinates

Consider image as embedded 2-manifold /
z(u) = (u, ax(u)) X

Pullback metric: 2X2 matrix

T
G =1+ a?(Vyx(u) Vyx(u)

. positional
Beltrami flow = gradient flow of the coordinates

Polyakov energy (harmonic energy of the
embedding used in string theory)

: Eugenio Beltrami
Kimmel et al. 1997; Sochen et al. 1998



Graph Beltrami flow

Graph with positional and feature node
coordinates z; = (u;, x;)

Graph Beltrami flow
0, _
Su= ) a(zz)(y-w)
J:(L,j)€EE

Chamberlain, Rowbottom, et B. 2021

feature coordinates




Graph Beltrami flow

Graph with positional and feature node
coordinates z; = (u;, x;)

Graph Beltrami flow
0, _
Su= ) a(zz)(y-w)
J:(L,j)€EE

Evolution of x = feature diffusion

Chamberlain, Rowbottom, et B. 2021

feature coordinates




Graph Beltrami flow

Graph with positional and feature node

coordinates z; = (u;,X;)

Graph Beltrami flow
0, _
Su= ) a(zz)(y-w)
J:(L,j)€EE

Evolution of x = feature diffusion

Evolution of u = graph rewiring

Chamberlain, Rowbottom, et B. 2021

feature coordinates




Graph Beltrami flow

Graph with positional and feature node
coordinates z; = (u;, x;)

Graph Beltrami flow
0, _
Su= ) a(zz)(y-w)
J:(i,j)€E’

Evolution of x = feature diffusion

Evolution of u = graph rewiring

Chamberlain, Rowbottom, et B. 2021

feature coordinates




Graph Beltrami flow
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Evolution of positional/feature components + rewiring of the Cora graph

Chamberlain, Rowbottom, et B. 2021



Ricci flow

Ricci flow: “diffusion of the Riemannian metric”

agij
or

Evolution of a manifold under Ricci flow

Ricci 1903; Hamilton 1988; Perelman 2003
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Over-squashing & Bottlenecks

(4

VNN

© 0000 00606

In small-world graphs metric ball volume Vol(Bk) = Yjen, 4

grows exponentially with ball radius k

Long-distance dependency + Fast volume growth
= Over-squashing

Alon, Yahav 2020



Characterisation of Over-squashing in GNNs

Multilayer MPNN-type GNN of the form
=0 (40 awe(27))
|IVd,| < aand |[VY,| < B for£ =01, ..., L.
Lemma 1 (sensitivity): Let node s be geodesically
d;(i,s) = r + 1 away from node i. Then
axi(r+1)

0x,

< (alg)r+1(A\r+1)iS

Topping, di Giovanni, et B. 2021
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leads to poor information propagation

Over-squashing: small Jacobian
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Characterisation of Over-squashing in GNNs

Multilayer MPNN-type GNN of the form
=0 (40 awe(27))
|IVd,| < aand |[VY,| < B for£ =01, ..., L.
Lemma 1 (sensitivity): Let node s be geodesically
d;(i,s) = r + 1 away from node i. Then
axi(r+1)

0x,
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(t’s the graph structure
(“bottleneck”) to blame!

Topping, di Giovanni, et B. 2021

Pathological example: binary tree
(A‘r+1) —1.3-r
is

-2



Ricci Curvature on Manifolds
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Spherical (>0) Euclidean (=0) Hyperbolic (<0)
“geodesic dispersion”

Ricci 1903



Ricci Curvature on Graphs

k
@
q
@
@
Clique (>0) Grid (=0) Tree (<0)

Forman 2003; Ollivier 2007; Topping, di Giovanni, et B. 2021



Balanced Forman Curvature

Balanced Forman Curvature of edge i~j in simple unweighted graph Ric(i, j) =0 if

min{di, dj} = 1 and otherwise

Triangles based at i~] Max number of 4-cycle based at i~]
v M S traversing the same node
2 2 LA 9)] Vmax - |
Ric(i,j) = —+—+2 +— + B @@ D]+ [#5 @ D)) — 2
Degree of L Neighbours of L forming a 4-cycle

based at i~j (w/o diagonals)

Forman 2003; Topping, di Giovanni, et B. 2021



Balanced Forman Curvature

Balanced Forman Curvature of edge i~j in simple unweighted graph Ric(i, j) =0 if

min{di, dj} = 1 and otherwise

2 2 ENCOYD] ENCOYD] Vimax : :
Ric(i,j) =—+—+2 + — + g (D] + 8L G D)) -2
Gi=3 d; " “max{d, d;} ' min{d; d;} max{di,dj}(l b @]+ s @)
°
L e
S o
Cycle Cs: % Cp: 1 Cras: O Clique Ky: — Grid G,: 0 Tree T: —— — 2

Forman 2003; Topping, di Giovanni, et B. 2021



Over-squashing & Bottleneck via Curvature

Theorem 1 (main result): Consider an MPNN with L > 2 layers and |V¢,| < a and
|VU,| < B. Let i~j with d; < d; and assume 36 s.t. 0 < § < max{di,dj}l/z, 5 < Yqie and
Ric(i,j) < —2 + &. Then, there exist nodes Q c {s: d.(i,s) = 2} of size |Q| >1/8 s.t.

Swmall § = 1
negative curvature m z
kEQ

ax£€+2) more nooles

< (ap)?s’/*

stronger over-sgquashing

)
axl.

Over-squashing is caused by negatively-curved edges!

Topping, di Giovanni, et B. 2021



Stochastic Discrete Ricci Flow (SDRF)

Input: graph G = (V,E), temperature t > 0, (optional ()
For edge i~j with smallest Ric(i, j)

Calculate the improvement §y; = Ric (i, j) — Ric(i, j) from
adding edge k~[ with k € B;(i) and [ € B{(j)

Sample index k, [ with probability Softmax(zdy;) and add
edge k~[ to E’

(optional) Remove edge i~j with largest Ric(i,j) > C
Output: new graph ¢' = (V,E’)

Topping, di Giovanni, et B. 2021




Curvature- vs Diffusion-based Rewiring

Edge: Ricci curvature

Original DIGL
Cornell graph +308% edges

Topping, di Giovanni, et B. 2021; Klicpera et al. 2019 (DIGL)

Curvature rewiring
+36% [ -36% edges

o
=)

Node: max Jacobian from 2-hops



Cellular Sheaves

F(v) Fl F(e) B F(u)
~|= o |=|
]:vgle fuﬂe
} (I)zu € (I)‘u.(: K
Cellular sheaf Analogy to parallel transport
on manifolds

Endow graph with “geometry” leading to richer diffusion
with better separation, ability to cope with heterophily,
and no oversmoothing

Bodnar, di Giovanni, et B. 2022



Cellular Sheaves
XU

learnable transport map
Fusv = P(Xy, Xyp)

Xu

Sheaf Laplacian: (Arx), = Zv,uﬂe Tgﬂe(?vslexv — FuseXy)



Diffusion on Cellular Sheaves

X(t) = —AzX(t) with i.c. X(0) = X

Node classification = limit of sheaf diffusion equation
with an appropriate sheaf, alternative to WL

Bodnar, di Giovanni, et B. 2022



Graph-Coupled Oscillators

Dynamics of a system of coupled oscillators on a molecular graph

Rusch et B. 2022
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