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signals on Euclidean spaces
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MLPs for image processing?

Translation equivariant CNNs on Euclidean spaces
Affine equivariant steerable CNNs on Euclidean spaces

Group convolutions & convolutions on homogeneous spaces



Multilayer Perceptrons (MLPs)

universal function approximators f: RY — R
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composed of affine maps + nonlinearities:
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Multilayer Perceptrons (MLPs)

using MLPs for image processing
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Multilayer Perceptrons (MLPs)

using MLPs for image processing
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Multilayer Perceptrons (MLPs)

using MLPs for image processing ‘ p( 0

28px

< [
< >

A

OO0
= =
A W

28px

O
'0‘ N

o’i’i{/!‘\r\é\";’q

I
§e)
—

(9

l\>\\
@
=2,
o

MLPs don’t generalize over geometric transformations . p( 9

MLPs are ignorant of the geometric arrangement of pixels
(any permutation of pixels would be equivalent)
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convolutional networks
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convolutional networks

local connectivity

MLPs + equivariance

spatial encoding
in feature maps
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convolutional networks

MLPs + equivariance

convolution
local connectivity translational weight sharing
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convolutional networks == MLPs + equivariance

local connectivity translational weight sharing G-steerability
| v o v o v
ll ll l/ I \\ // // // \ VTZ .\ ll ll /I ’I F \
(5] e\ (] | . THA MR\

Jl

] | |

— | ||
\
— | ]|

L

| T

SSSS
N
=
—

vt

—

I I
H R e :
H N it
5 /40 ARANENANS B
) T | B\

RERETE. T I

L

fully connected (MLP) locally connected convolutional (CNN) steerable CNN

non-equivariant non-equivariant translation equivariant Aff(G)-equivariant



G-equivariant models generalize over G-orbits
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Translation equivariant CNNSs
on Euclidean spaces

nlutnl l convolution
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Equivariant Neural Networks

(feed forward) neural networks are sequences of layers:

L1 Lo L3 L1 Ly
%o ! 7 I —
equivariant NNs are sequences of equivariant layers:
Ly Lo Ls Ln_1 Ly
% 51 % s Iy —
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to design an equivariant network, we need to ...
... specify the feature spaces and group actions on them —> feature maps with translation action

... design equivariant layers, which commute with the group actions —> convolutions, bias summation,
nonlinearities, etc.
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discretized feature maps on R%are implemented as “tensors” of shape (Xy,..., X4, C

continuous feature maps are functions f : R? — R¢ that assign feature vectors f(z) € R°to points z € R?
m
L?*(R? R¢) =vector space|of feature maps

linear
feature maps carry a'translation group action > : (R, +) x L*(R% R¢) — L*(R%, R°)

defined by [t > f](z) := f(z —¢)

feature maps forma (R, +)-representation,

known as regular representation (D, L*(RY, RC))




Translation equivariant NNs

translation equivariant networks consist of layers £ : L?(R¢,R%») — L?(R% R¢u) that ...
... map between c¢;, and cqyt-dimensional input and output feature maps

.. commute with the group action: L[t > f](z) = [t> L[f]](z) Vte (R +), v € R

1,2 (Rd, an) L s [2 (Rd, Rcout)
t Din t Dout



Linear equivariant maps < convolutions

ansatz for linear map: generic integral transform I, : L?(RY,R%") — L?(R%, RC)

parameterized by 2-point correlator k : R% x R —s [RCout XCin

and defined by I,.[f](z):= /Rddy K(z,y) f(y)

intuition:
matrix multiplication

(Mv), Z Wy Ty




Linear equivariant maps < convolutions

ansatz for linear map: generic integral transform I, : L?(RY,R%") — L?(R%, RC)

parameterized by 2-point correlator kK : R? x R — RCut X¢in
and defined by  I,.[f](z) ::/ dy k(x,y) f(y)
R4
now demand equivariance:

Theorem (Regular translation intertwiners are convolutions). The integral transform 1, is translation
equivariant iff the correlator depends only on relative distances, i.e. satisfies

k(z+t, y+t)=r(x,y) forany z,y,t € R?

One can always choose t = —y to obtain k(x,y) = k(x — y,0) =: K(z — y), where we defined the
matrix valued kernel

K :RY — Réwxen gy K(x):= k(z,0).

The integral transform is therefore equivalent to a convolution integral

L[f]@) = [K+f]@) = j dy K(z —y) F(5).

Rd‘



Linear equivariant maps < convolutions

ansatz for linea
key takeaways:

translation equivariant linear maps convolutions (assuming regular reps)

convolutional weight sharing = translation relativity

now demand equivariance:

Theorem (Regular translation intertwiners are convolutions). The integral transform 1, is translation
equivariant iff the|correlator depends only on relative distances) i.e. satisfies

k(z+t, y+t)=r(x,y) forany z,y,t € R?

One can always choose t = —y to obtain k(x,y) = k(x — y,0) =: K(z — y), where we defined the
matrix valued kernel

K :RY — Réwxen gy K(x):= k(z,0).

Thelintegral transform is therefore equivalent to a convolution integral |

L[f]@) = [K+f]@) = ] dy K(z —y) F(5).

R4




Translation equivariant bias summation

consider a general bias summation operation By : L*(R%, R — L2 (R4, R®), f— f+b

parameterized by a bias field b : R — R® = allows to sum a different bias b(x) € R ateach = € R?

Theorem (Translation equivariant bias summation). The bias field summation
is translation equivariant iff the bias field is spatially constant:

b(z) = b forsome beR”

similar spatial invariance results hold for other operations like nonlinearities, pooling, ...



Translation equivariant CNNs - Summary

we defined feature vector spaces as spaces of feature maps

(regular) translation group representation
we defined a (linear) translation group action on feature maps

we derived CNN operations like convolutions / bias summation / etc by:

1) asuming a flexible ansatz  (linear map, bias field summation)

2) demanding translation equivariance —>  resulting in spatial invariance / relativity / weight sharing

next we do the same with more general symmetries of Euclidean space



Affine equivariant steerable CNNs
on Euclidean spaces

(-steerable

kernel
fiber action % \?\,/) fiber action
Pin(9) { % Pouc(9)
(tg)™ (tg)™
spatial action spatial action




Affine group equivariant CNNs

translations

’— stabilizer / local symmetries (rotations / reflections / scaling / shearing / ...)
affine groups:  Aff(G) == (R, +) x G G < GL(d)

actionon R%:  (tg)z 1= gz +1t




Affine group equivariant CNNs

‘ translations

,— stabilizer / local symmetries (rotations / reflections / scaling / shearing / ...)
affine groups:  Aff(G) == (R, +) x G G < GL(d)

actionon R%:  (tg)z 1= gz +1t

i ?
action on feature spaces: affine

convolution
é
@

action | | affine | action

/ Y

affine
convolution
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Feature vector fields

feature vector fields on Euclidean spaces ...

.. are functions f : R? — R that assign feature vectors f(z) € R® to points = € R? (like feature maps)

... carry an Aff(G)-action (the details depend on their field type p )

examples: scalar fields s : R? — R! transform like: [(tg) > s](z) =| 1
tangent vector fields v : RY — R? transform like:  [(tg) > v](z) = | g-
Aff(G) acts here by... 1) moving feature vectors on R?

2) G-transforming feature vectors in R®

scalar field
p(g) =1

tg >,

calar

vector field

p(9)=g
v
gv




Feature vector fields

feature vector fields on Euclidean spaces ...

.. are functions f : R? — R that assign feature vectors f(z) € R® to points = € R? (like feature maps)

... carry an Aff(G)-action (the details depend on their field type p )

examples: scalar fields s : R? — R! transform like: [(tg) > s](z) =| 1
tangent vector fields v : RY — R? transform like:  [(tg) > v](z) = | g-
Aff(G) acts here by... 1) moving feature vectors on R?

2) G-transforming feature vectors in R®

p-feature fields f:R% — R transform like: [(tg) > f](z) = p(g) f ((tg) '2)
where p: G — GL(c) isa G-representation acting on individual feature vectors in R¢

p-feature fields form an Aff(G)-representation, denoted as induced representation Indéﬂ(G) p



Feature vector fields - examples

fluid flow optical flow diffusion tensor image




Feature vector fields - direct sum

conventional CNNs operate on a “stack” of multiple independent feature map channels

= #channels as hyperparameter

steerable CNNs operate on "stacks” @ fi of multiple independent feature fields

= field types p; and multiplicities as hyperparameters

Ind @, p; = @;Ind p;

P1
Fy

F3 —Ind

Fy — |

P2
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Feature vector fields - examples




Feature vector fields - examples




Feature vector fields - examples
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Steerable CNNs

Steerable CNN layers map between feature fields of types pin and pout

L2 (Rd, Rcin) L s [2 (Rd, Rcoul)

Ind p, (tg)‘ l Ind p,,(tg)

£2 (Rd, Rcm) 3 ; £2 (Rd, RCO‘”)



Steerable CNNs

Steerable CNN layers map between feature fields of types pin and pout

local connectivity translational weight sharing G-steerability
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fully connected (MLP) locally connected convolutional (CNN) steerable CNN

non-equivariant non-equivariant translation equivariant Aff(G)-equivariant

approach: - start with flexible ansatz for layers

- demand Aff(G)-equivariance, resulting in...
1) spatial weight sharing (R%,+) x G =: Aff(G)
2) G-steerability |




Linear equivariant maps < (-steerable convolutions

ansatz for linear map: generic integral transform I, : L?(RY,R%") — L?(R%, RC)

parameterized by 2-point correlator k : R% x R —s [RCout XCin

and defined by I,.[f](z):= /Rddy K(z,y) f(y)

now demand equivariance:

Theorem. The integral transform 1, is Aff(G) equivariant iff:

1) it is a convolution integral

L@ = [K+f@ = [ K@=y 1.
with a matrix valued kernel K : R? — R« defined by translation relativity r(z,y) = K(x — 1)

2) the kernel is G-steerable: K (gz) = Idelitglpout(g) K(z)p, (9™ Vgeq, zeR?



Linear equivariant maps < (-steerable convolutions

ansatz for linear map: generic integral transform I, : L?(RY,R%") — L?(R%, RC)

given access to G-steerable kernels,

this is just a standard convolution as you know it

(our PyTorch library escnn implements them for compact ()
now demand equivaria

Theorem. The integral transform 1, is Aff(G) equivariant iff:

1) it is alconvolution integral

L[f]@@) = [K*f](@) = ] dy K(z— ) fu).

Rd

with a matrix valued kernel K : R? — R« defined by translation relativity r(z,y) = K(x — 1)

2)|the kernel is G-steerable} K(gx) = ldel—tglpout(g) K(z)p, (9™ Vgeq, zeR?




(G-steerable kernels

(G-steerable (or G-equivariant) kernels account for local stabilizer subgroup transformations of their field of view

G < GL() cos(3¢)
(R? +)

sin(3¢)

G =S0(2)

more precisely, if 1) the field of view transforms spatially via g

IndAfHG)IOin (9)
2) its feature vectors transform according to pin(g) ¢

then it is guaranteed by (G-steerability that the output feature transforms according to pout(9)



(-steerable kernels - reflection group examples

example: reflection steerable kernels

G={es} s*=e
1
K(92) = rommpon (9) K (@)pin(g 25
Vl|g € G] = € R?

representation
p

identity e

group elements

reflection s

trivial / scalar

sign-flip /
pseudo-scalar

regular

(1)
(1)

b1)

(1)
(—=1)

(10)

Pout trivial sign-flip regular
K11 (S O) K11 (0 Kll(S.V) = —K11 (0) K11 (S.V) = K12 (0)
() @) @®)
K11 (S 0) = —K11 K11<8.v) = Kn(\)) K11 (s.v) = —Klz(v)
(e ) ®) (@®)
Ki1(s.9) = K1 (0) | K11(5.9) = —Ka1(0) ﬁ:gzz; _ ﬁ: Ez;
regular @7

Iy

full derivation of these examples @ Weiler et al. 2021, Coordinate Independent Convolutional Networks, Section 5.3.3




(-steerable kernels - reflection group examples

, »* n trivial sign-flip regular
example: reflection steerable kernels Pou
K11 (S O) K11 (0 Kll(S.V) = —K11 (0) K11 (S.V) = K12 (0)

e © @)

{Kll Ku] O [0 1] _ {Kll Klz} (2) [O 1] _ [K22 K21:|(m) Ku(s.0) = -Ku(o) | Ku(s.e) = Ku(o) | Ku(s.0) = -Kiz(v)

Ko Koo 1 0| [Ko Ko 110 Ki» K1y ( ) () (@ @)
representation group elements

P identity e reflection s K (5.9) = K (9) | Kin(5.0) = K (0) Ki1(s.0) = Kaa(9)
trivial / scalar (1) (1)

s I CO RN G @ @@
wlgy e e elee

full derivation of these examples @ Weiler et al. 2021, Coordinate Independent Convolutional Networks, Section 5.3.3

G={es}, s*=e trivial




(G-steerable kernels - expansion in linear basis

to solve the (G-steerability kernel constraint in general, observe that:

- the set {K : RY — Rcoutxcin} of unconstrained convolution kernels forms a vector space
- the constraint K (gz) = mpom(g) K(z)p (90" VgeG, x€R? islinear

— (5-steerable kernels form a linear (vector) subspace !

S

to parameterize steerable convolutions: @
1) solve for a basis { K, ..., Ky} of G-steerable kernels (precomputation step) \ )
N
2) expand kernel in this basis with trainable weights: K = Z w; K; (during forward pass)

=1



(G-steerable kernels - Wigner-Eckart theorem

the kernel constraint is for compact (G analytically solved (including in particular any G < O(d))
A WIGNER-ECKART THEOREM FOR A PROGRAM TO BUILD
GROUP EQUIVARIANT CONVOLUTION KERNELS E(n)-EQUIVARIANT STEERABLE CNNS
kf\(/illi;fan;L %&gg? ggﬂ\/e; Lab Gabriele Cesa N Le(_)n Lfmg Ma_uric_e Weiler
University of Amsterdam University of Amsterdam nglco&nm Al Research University of Amsterdam Umverguy of Amslerdgm
1l.lang@uva.nl m.weiler.ml@gmail.com gggz:g;sif‘é;s:lrizl;m_com Lolandeuasnl mewetleramldomatl:com [ PEN
Leon Lang Gabriele Cesa

the solution decomposes steerable kernels into:

circular harmonics angular parts

- harmonics on G-orbits (Peter-Weyl) (26) sin(2) cos(3d) sin(3p) cos(dd) sin(ds)

o
o
2
=)
=
a
o
2
=
=
@
5]
=
=
I
o
@

!

0O ®:

- Clebsch-Gordan coefficients
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- irrep endomorphisms
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(G-steerable kernels - Wigner-Eckart theorem

the kernel constraint is for compact (G analytically solved (including in particular any G < O(d))
A WIGNER-ECKART THEOREM FOR A PROGRAM TO BUILD
GROUP EQUIVARIANT CONVOLUTION KERNELS E(n)-EQUIVARIANT STEERABLE CNNS
keMOIli;fan;L %&gg? ‘gglve; Lab Gabriele Cesa N Le(_)n Lfmg Ma_uric_e Weiler
University of Amsterdam University of Amisterdam Qufilcorpm Al Research University of Amsterdam  University of Amsterdam
1.1 Y i Y : University of Amsterdam l.lang@uva.nl m.weiler.ml@gmail.com
.lang@uva.nl m.weiler.ml@gmail.com

i
Leon Lang Gabriele Cesa

gcesa@qgti.qualcomm.com

the solution decomposes steerable kernels into:

- harmonics on G-orbits (Peter-Weyl)

- Clebsch-Gordan coefficients

- irrep endomorphisms @ @

00

o o=

we get transition rules between irrep-fields (as in quantum mechanics)

transition rules for SO(3)



Linear equivariant maps < (-steerable convolutions

R S N N

SRSl A o div -Lgutl STEERABLE PARTIAL DIFFERENTIAL OPERATORS FOR
T TN /—\ EQUIVARIANT NEURAL NETWORKS
Conil-m

NN : \\1 \i { x l Erik Jepner* Ma}u‘icg Weiler

SOSNRR R \ \ (33 +0, 8_5 — 0, 020, + 32 + Bz) Umlversu)lf of Amsterdam Umver's1ty of Amsterdgm

WU erik@ejenner.com m.weiler.ml@gmail.com

L/

Erik Jenner

linear maps revisited:

our integral transform ansatz I, [f](z) := / dy k(z,y) f(y) does not cover all possible linear maps
R4

a stronger version of the theorem proves:

continuous, Aff(G)-equivariant linear maps < convolutions with G-steerable Schwartz distributions

the distributional setting covers in particular equivariant partial differential operators



Aff(G)-equivariant bias summation

as before:
consider a general bias summation operation By : L*(R%, R¢) — L*(R% R¢), f+s f+b

parameterized by a bias field b : R — R® = allows to sum a different bias b(z) € R ateach x € R4

demanding equivariance, we get:

Theorem. The bias field summation Aff(G)-equivariant iff the bias field is Aff(G)-invariant.
This requires in particular

1) a spatially constant bias field, i.e. b(x) = b for some shared bias b € R®, and
2) this shared bias needs to be G-invariant, thatis, b = p(g)b Vge G.

= one may only sum biases to the trivial irrep subspaces of p (e.g. not to tangent vector fields)



Aff(G)-equivariant nonlinearities

(local) nonlinearities also need to be
1) spatially shared

2) G-equivariant

the admissible choices depend on the field type p

e.g. we can't use channel-wise ReLUs on tangent vectors

Rzk

\

more details in Pim's talk

A escnn

PACKAGE REFERENCE
escnn.group

escnn.kernels

escnn.gspaces

B escnn.nn

Non Linearities




Implementation & empirical results

from escnn import gspaces
from escnn import nn
import torch

r2_act = gspaces.rot2donR2(N=8)
feat_type_in = nn.FieldType(r2_act, 3*[r2_act.trivial _repr])
feat_type_out = nn.FieldType(r2_act, 10*[r2_act.regular_repr])

conv = nn.R2Conv(feat_type_in, feat_type_out, kernel_size=5)
relu = nn.ReLU(feat_type out)

I

x
1

torch.randn(16, 3, 32, 32)
feat_type_in(x)

X
1

= relu(conv(x))

s
|
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e2cnn / escnn library

PyTorch extension for Aff(G)-steerable CNNs

() github: https://github.com/QUVA-Lab/e2cnn
(for compact G) https://github.com/QUVA-Lab/escnn

A PROGRAM TO BUILD

General E(Z) = Equ1varlant Steerable CNNs E(l’l) - EQUIVARIANT STEERABLE CNNSs
Gabriele Cesa Leon Lang Maurice Weiler
Maurice Weiler* Gabriele Cesa*t Qualcomm AI Research* University of Amsterdam  University of Amsterdam
University of Amsterdam, QUVA Lab University of Amsterdam University of Amsterdam l.lang@uva.nl m.weiler.ml@gmail.com
m.weiler@uva.nl cesa.gabriele@gmail.com gcesalqgti.qualcomm.com

convolution in native PyTorch:

convolution in e2cnn / escnn:

fix symmetry group G =Zg + action on R?
fix types + multiplicities of feature fields

construct Aff(G)-equivariant convolution

conv nn.Conv2d(in_channels=3, out_channels=64, kernel_ size=5)

r2_act gspaces.Rot2dOnR2(N=8)

feat_type_in nn.FieldType(r2_act, 3*[r2_act.trivial_repr])
feat_type_out nn.FieldType(r2_act, 10*[r2_act.regular_repr])

conv nn.R2Conv(feat_type_in, feat_type_out, kernel_size=5)


https://github.com/QUVA-Lab/e2cnn

Equivariance demonstration

input feature fields stabilized view

SE(2)-steerable CNN:

feature map stabilized view

-

conventional CNN:





Empirical results - group size

consider: cyclicgroups GG = Cy

dihedral groups G =Dy for different N

G-augmented MNIST variants for G = O(2) or SO(2)

HHOmY

apply G-invariant (!) map at final layer

results:
decreasing classification error for larger groups

too much invariance hurts,
but can be solved via group restriction Resgjj

test error (%)
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group  representation nonlinearity invariant map  citation MNISTO(2) MNISTrot MNIST 12k

- 5.53+020 2.87+009 0.91+0.06
729 5.19+0.08 48+013  0.82+0.01
1729 3.29+007 1.32x002 0.87+0.04

2.87+004 1.19+006 0.80+0.03

Emperical results A= |

Cy 16.1.7.9.10] 2.40+0.05 1.02£0.03 0.99x0.03
Gy regular Pres ELU G-pooling 18 2082003 0.89%003 0.84£002
Cs 1709 1.96 +0.04 0.84+002 0.89+0.03
G 7 1952007 0.80+003 0.89+003
Cis (7091 1932001 0822002 095004
(6} 17 1952005 0832005 0.94%0.06

P2 P .03+ 0.05 0.91+0.02
P = 2042001 0812002 0.95£002
- 2004001 086001 0.98+004

extensive benchmark of: £ e oo e

Cj2  quotient *®2pq

groups G < O(2) cn

Ciof

= - 2.01+005 0.83+003 0.96+0.04
regular/scalar ELU, G-pooling 16.36 2.02+002 0.90+003 0.93+0.04

. . Cys  regular/vector 1), y IR, gy vector field (13]377  212:002  1.072003 0.78£0.03

- G-representations / field types © Ltiem 0S5som 085s0m
Dy - 3.40+007 3.44x010 0.98+003

- G-equivariant nonlinearities o —T
D3 = 2.17+0.06 0.94 +0.02

2 Dy 16.1.38 1.88+0.04 1.87+0.04 1.69+0.03

. o D¢  regular Pisi ELU G-pooling 18 177006  1.77+004 1.00+0.03

= |nvar|ant ma pS Ds ‘ - 1.68+006 1.73x003 1.64+0.02
D12 » 1.66+0.05 1.65+005 1.67+0.01

Dis - 162004  1.65+002 1.68+0.04

Dao - 1.64+006 1.62+005 1.69+0.03

Dig  regular/scalar 1,0 ™ prg Gl ELU, G-pooling = 1.92+003 1.88+0.07 1.74+0.04

ieps < 1 £001  1.38£0.09

covering a wide range of related work and new models s < T
fmeps <7 ELU, norm-ReLU conv2triv S 530 o'+ Q5 T on O Al 0.0
Cirreps < 1 (12 3394010 147=006 1.42+004
C-irreps < 3 12 3.48 +0.16 51+005 1.53+0.07

Crirreps < 5
Ceirreps < 7

1.59+0.05 1.55+0.06
1.61+0.06 1.62+0.03
1

S0(2
SO J s 310000 Ldlioo1 146005
ELU, norm-ReLU - 323+008 138008 133003
ELU, shared norm-ReL.U  norm - 2.884+0.11 1.15+006 1.18+0.03
) shared norm-ReLU - 361000 1574005 1.88+005
ireps < 3
ELU : g 237006 1094003 110002
conv2triv
ELU - Lil+003 1122004
ELU, gate - 1.044001 1054006
norm
ELU, shared gate 5 1014003 1.03%003
ireps = 0 Yo,0 ELU = . 214029 3.98+0.04
imeps < 1 0.0 © Y10 - 331017 3372018 3.050.00
reps < 3 59 ] - 342:003 341010 3.86+000
f"CI‘* 0,0 ® V1,0 D ELU, norm-ReLU O(2)-conv2triv o . ! :
irreps < 5 0.0 © 91,0 D), 201 - 3.59+013 3781031 4172015
irreps < 7 0,0 © V1,0 Dy 21 = 3.84+025 390018 4.57+027
Ind-irreps < 1 D @ Ind ¢5°0 - 272005  2.70x011
9)  Ind-irreps < 3 Ind y5%® @?_, Ind 4 - 266007 2.65+012
0@) o O O o  ELU,Ind normReLU Ind-conv2triv >
Ind-irreps < 5 Ind ¢5°® @7, Ind v z 2714011 2844010 239009
Ind-irreps < 7 Ind y5°® @7_ Ind 470 - 280012 2.25£0.08
) 0(2)-com2uiv - 239005 2384007 228007
imeps < 3 b b, S 21 ELU, gate
¥ Y00 @ 1.0 Diy 21 = norm . 2215000 224%006 215003
oo Ind-conv2triv - 2132004 2094005 2.05£005

Ind-irreps < 3 Tnd ¢§°® @?_, Tnd v ELU, Ind gate

Ind-norm - 1.96+006 1.95+005 1.85+0.07




Emperical results

Dihedral point group Dy, @ @ @ @ @ @ @ @
group convolutions as drop in replacement

- same number of parameters : .E
- same training setup ; o r
- no hyperparameter tuning = \"w. ”»

A,

=

model CIFAR-10 CIFAR-100 STL-10
CNN baseline 2.6 +o0.1 17.1 +o.3 12.74 +0.23
GCNN 2.05+0.03 14.30+0.09 9.80 +0.40

Test errors on natural image datasets

exploiting local symmetries




Emperical results - reinforcement learning

On-Robot Learning With Equivariant Models

Dian Wang Mingxi Jia Xupeng Zhu Robin Walters Robert Platt
Khoury College of Computer Sciences
Northeastern University
Boston, MA 02115, USA
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Emperical results - equivariant convolutional Gaussian processes

Equivariant Learning of Stochastic Fields:
Gaussian Processes and Steerable Conditional Neural Processes

Peter Holderrieth "' Michael Hutchinson "' Yee Whye Teh ' 2

Table 3. Results on ERAS weather experiment trained on US data.
Mean log-likelihood = 1 standard deviation over 5 random seeds
reported. Left: tested on US data. Right: tested on China data.

convolutional GP with:

- mean = tangent vector field \

- covariance = symmetric tensor field &b DBRCLON0E 07t h0

CNP 0.001+0.017 -2.456£0.365
ConvCNP 0.898+0.045 -0.890£0.059

SteerCNP (Cy) 1.255+0.019 -0.578+0.173
SteerCNP (Cs) 1.038£0.026 -0.582+0.104
SteerCNP (C'16) 1.094£0.015 -0.550+0.073
SteerCNP (D4) 1.037£0.037 -0.429+0.067
SteerCNP (Dg) 1.032+0.011 -0.539+0.129

)z
/
® Model UsS China
|
~N

1
- ) ) =




Relation to group convolutions (correlations) &
convolutions on homogeneous spaces

(K *. f](g /K (g=*h) f(h) dX(R)



Group correlations

G-correlation can be thought of as patern matching with G-transformed templates (kernel)

conventional correlation on R? : <t>K ] f>Rd . RYT SR (feature map on Rd)

R? to Aff(Q) lifting correlation: (tg» K ‘ f>Rd . Aff(G) - R (feature map on Aff(G))




Group correlations

how to process lifted feature maps on Aff(G) further?

G-pooling: - pool over G-axis, i.e. the responses from kernels at the same position, but different G-pose
- maps back to scalar fields R — R

- G-invariant responses, can not encode G-pose of features




Group correlations

how to process lifted feature maps on Aff(G) further?

G-pooling: - pool over G-axis, i.e. the responses from kernels at the same position, but different G-pose
- maps back to scalar fields R — R

- G-invariant responses, can not encode G-pose of features




Group correlations

how to process lifted feature maps on Aff(G) further?

G-correlation: (tg» K | f>AH(G) . Aff(G) = R with kernel on Aff(G)

non-trivially equivariant

can be chained




Relation to steerable CNNs

group-correlation feature maps are scalar functions on  Aff(G) := (R 4) x G =, R* x G

equivalent to functions R? — {¢: G — R}
~————
reqular rep of G

~ s (the transformation laws match as well)

—_——

steerable feature field of type Preg

AfF(G) Zp RZx G | T




Relation to steerable CNNs

steerable CNNs allow for regular representation feature fields, but also other representations

they can in particular directly address irrep subspaces, which is not possible with group correlations

regular G-rep irrep subspaces

Fourier /
Peter-Weyl

AfF(G) Zp RZx G | | <




Equivariant convolutions on homogeneous spaces

group correlations and steerable CNNs generalize to arbitrary homogeneous spaces

Aff(SO(2) ) as SO(2)-bundle over R? SO(3) as SO(2)-bundle over S?

%
X
X

91%%%%
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