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Abstract. We introduce a fragment of multi-sorted stratified syllogistic, called 4L QS ¥,
admitting variables of four sorts and a restricted form of quantification, and prove that
it has a solvable satisfiability problem by showing that it enjoys a small model property.
Then, we consider the sublanguage (4LQSR)k of 4LQST, where the length of quantifier
prefixes (over variables of sort 1) is bounded by k& > 0, and prove that its satisfiability
problem is NP-complete. Finally we show that modal logics S5 and K45 can be expressed
in (4LQST)!.

1 Introduction

Most of the decidability results in computable set theory concern one-sorted multi-
level syllogistics, namely collections of formulae admitting variables of one sort only,
which range over the von Neumann universe of sets (see [6, 8] for a thorough account
of the state-of-art until 2001). Only a few stratified syllogistics, where variables of
several sorts are allowed, have been investigated, despite the fact that in many fields of
computer science and mathematics often one has to deal with multi-sorted languages.
For instance, in modal logics, one has to consider entities of different types, namely
worlds, formulae, and accessibility relations.

In [10] an efficient decision procedure was presented for the satisfiability of the
Two-Level Syllogistic language (2LS). 2LS has variables of two sorts and admits
propositional connectives together with the basic set-theoretic operators U,N,\, and
the predicates =, €, and C. Then, in [2], it was shown that the extension of 2LS with
the singleton operator and the Cartesian product operator is decidable. Tarski’s and
Presburger’s arithmetics extended with sets have been analyzed in [4]. Subsequently,
in [3], a three-sorted language 3LSSPU (Three-Level Syllogistic with Singleton, Pow-
erset and general Union) has been proved decidable. Recently, in [7], it was shown that
the Three-Level Quantified Syllogistic with Restricted quantifiers language (3LQST)
is decidable. 3LQS* admits variables of three sorts and a restricted form of quantifi-
cation. Its vocabulary contains only the predicate symbols = and €. In spite of that,
3LQST allows to express several constructs of set theory. Among them, the most com-
prehensive one is the set former, which in turn enables one to express other operators
like the powerset operator, the singleton operator, and so on.

In this paper we present a decidability result for the satisfiability problem of the
set-theoretic language 4L QS (Four-Level Quantified Syllogistic with Restricted quan-
tifiers). 4LQS® is an extension of 3LQST which admits variables of four sorts and a



restricted form of quantification over variables of the first three sorts. Its vocabulary
contains the pairing operator (-,-) and the predicate symbols = and €.

We will prove that 4LQS® enjoys a small model property by showing how one
can extract, out of a given model satisfying a 4LQS-formula 1), another model of
1 but of bounded finite cardinality. The construction of the finite model extends the
decision algorithm described in [7]. Concerning complexity issues, we will show that
the satisfiability problem for each of the sublanguages (4LQS R)k of 4LQST, whose
formulae are restricted to have quantifier prefixes over variables of sort 1 of length at
most k£ > 0, is NP-complete.

Clearly, 4LQS" can express all the set-theoretical constructs which are already
expressible by 3LQS. In addition, in 4LQS* one can plainly formalize several prop-
erties of binary relations also needed to define accessibility relations of well-known
modal logics. 4LQS™ can also express Boolean operations over relations and the in-
verse operation over binary relations. Finally, we will show that the modal logics S5
and K45 can be easily formalized in the (4LQS R)l language. Since the satisfiability
problems for S5 and K45 are NP-complete, in terms of computational complexity the
algorithm we present here can be considered optimal for both logics.

2 The language 4LQS®

Before defining the language 4LQS®, in Section 2.1 we present the syntax and the
semantics of a more general four-level quantified fragment, denoted 4L@QS. Then, in
Section 2.2, we introduce some restrictions over the quantified formulae of 4L QS which
characterize 4LQS®-formulae.

2.1 The more general language 4L QS

Syntax of 4LQS. The four-level quantified language 4L QS involves four collections
Vo, V1, Vs, and V3 of variables.

(i) Wy contains variables of sort 0, denoted by x,y, z, .. ;

(ii) V1 contains variables of sort 1, denoted by X', Y Z1 .. ;
(iii) Vs contains variables of sort 2, denoted by X?2,Y?2 Z2 .. ;
(iv) V3 contains variables of sort 3, denoted by X3, Y3 73 .. ..

4LQS quantifier-free atomic formulae are classified as:

level 0: =y, x € X!, for z,y € Vo, X' € Vy;

level 1: X' =Y! X'e X2 for X', Y eV, X% € Vy;

level 2: X2 = Y2 (z,y) = X2, (z,y) € X3, X% € X3, for X2,Y2 € V,, z,y € ),
X3 e Vs.

4LQS quantified atomic formulae are classified as:

level 1: (Vz1)...(Vz,)p0, with (¢ any propositional combination of quantifier-free
atomic formulae, and z, ..., z, variables of sort 0;



level 2: (VZ1)...(VZ})p1, with ¢; any propositional combination of quantifier-free
atomic formulae and of quantified atomic formulae of level 1, and Zi,...,Z}
variables of sort 1;

level 3: (VZ})...(VZ?2)pa, with @o any propositional combination of quantifier-free
atomic formulae and of quantified atomic formulae of levels 1 and 2, and Z3, ..., Zg
variables of sort 2.

Finally, the formulae of 4LQS are all the propositional combinations of quantifier-free
atomic formulae of levels 0,1, 2, and of quantified atomic formulae of levels 1, 2, 3.

Semantics of 4LQS. A 4LQS-interpretation is a pair M = (D, M), where D is
any nonempty collection of objects, called the domain or universe of M, and M is
an assignment over the variables of 4LQS such that

— Mx € D, for each x € Vy;

— MX' € pow(D), for each X! € Vy;

— MX? € pow(pow(D)), for all X2 € Vy;

— M X3 € pow(pow(pow(D))), for all X3 € V3.1

Moreover we put M (z,y) = {{Mz},{Mz, My}}. Let

- M = (D, M) be a 4LQS-interpretation,
- T1,...,Zn € Vo,

- X1 X ey,

- X%,...,X; € Vs,

- Uly... Uy €D,

- Ui,...,U} € pow(D),

- Uf,..., U} € pow(pow(D)).

By Mlz1/uy, ... & /un, X{ /UL, ..., XY /Us X2 /UE, ..., X2/U2], we denote the in-
terpretation M’ = (D, M’) such that M'z; = wu;, for i = 1,...,n, M’X; = Ujl,
for j = 1,...,m, M’X,f = U,?, for k = 1,...,p, and which otherwise coincides
with M on all remaining variables. Throughout the paper we use the abbrevia-
tions: M for Mlz1/uy, ..., 2 /un], MZ" for M[ZLJUL, ... Z} JUL], and MZ’ for
M[ZF U, ..., Z2U2].

Let ¢ be a 4LQS-formula and let M = (D, M) be a 4LQS-interpretation. The
notion of satisfiability of ¢ by M (denoted by M |= ¢) is defined inductively over the
structure of the formula. Quantifier-free atomic formulae are interpreted in the stan-
dard way according to the usual meaning of the predicates ‘=" and ‘€’, and quantified
atomic formulae are evaluated as follows:

1. ME (Vz1)...(Vzn)po iff Mlzi/u,. .., zn/un] E @o, for all uy,... u, € D;
2. M | (VZ1)...(VZL)p1 iff M[ZLJUL,... ZL JUL] | ¢, for all Uf,... UL €
pow(D);

! We recall that, for any set s, pow(s) denotes the powerset of s, i.e., the collection of all subsets of
s.



3. M [ (VZ})...(VZ2)ps it M[Z}JUZ,...,Z2/U2] |& o, for all U},...,U? €
pow(pow(D)).

Finally, evaluation of compound formulae plainly follows the standard rules of propo-
sitional logic. Let ¢ be a 4LQS-formula, if M | v, i.e. M satisfies 1, then M is
said to be a 4L(QS-model for ¢. A 4LQS-formula is said to be satisfiable if it has a
4L QS-model. A 4LQS-formula is valid if it is satisfied by all 4L QS-interpretations.

2.2 Characterizing 4LQS®

4LQS" is the subcollection of the formulae 1) of 4L QS for which the following restric-
tions hold.

I. For every atomic formula (VZ1),..., (VZ},)e1 of level 2 occurring in 1 and every
level 1 atomic formula of the form (Vz1)...(Vz,)po occurring in @1, ¢o is a
propositional combination of level 0 atoms and the condition

o \V=ez (1)

i=1j=1

is a valid 4LQS-formula (in this case we say that the atom (Vz1)...(Vzp)go is
linked to the variables Z{,..., ZL).

I1. Every atomic formula of level 3 occurring in v is either of type (VZ3), ..., (VZ5)<,02,
where 9 is a propositional combination of quantifier-free atomic formulae, or of
type (VZ2)(Z?% € X3 < =(V21)(V22) ({21, 20) = Z?).

Restriction (I) is similar to the one described in [7]. In particular, following [7], we

recall that condition (1) guarantees that if a given interpretation assigns to z1, ..., z,
elements of the domain that make g false, then such elements must be contained in
at least one of the sets assigned to Z{,...,Z}. This fact is needed in the proof of

statement (ii) of Lemma 5 to make sure that satisfiability is preserved in a suitable
finite submodel (details, however, are not reported here and can be found in [7]).

Through several examples, in [7] it is argued that condition (1) is not particularly
restrictive. Indeed, to establish whether a given 4LQS-formula is a 4LQS%-formula,
since condition (1) is a 2LS-formula, its validity can be checked using the decision
procedure in [10], as 4LQS is a conservative extension of 2LS. In addition, in many
cases of interest, condition (1) is just an instance of the simple propositional tautology
—(A — B) — A, and thus its validity can be established just by inspection.

Restriction (II) has been introduced to be able to express binary relations and
several operations on relations keeping low, at the same time, the complexity of the
decision procedure of Section 3.2.

Finally, we observe that though the semantics of 4LQS® plainly coincides with
the one given above for 4LQS-formulae, in what follows we prefer to refer to 4LQ.S-
interpretations of 4LQSR-formulae as 4LQS -interpretations.



3 The satisfiability problem for 4L QS%-formulae

We will solve the satisfiability problem for 4LQS*, i.e. the problem of establishing for
any given formula of 4LQST whether it is satisfiable or not, as follows:

(i) firstly, we will show how to reduce effectively the satisfiability problem for 4L QS -
formulae to the satisfiability problem for normalized 4LQS™-conjunctions (these
will be defined below);

(ii) secondly, we will prove that the collection of normalized 4LQS%-conjunctions
enjoys a small model property.

From (i) and (i), the solvability of the satisfiability problem for 4LQS% follows im-
mediately. Additionally, by further elaborating on point (i), it could easily be shown
that indeed the whole collection of 4LQS%-formulae enjoys a small model property.

3.1 Normalized 4L QS -conjunctions

Let ¢ be a formula of 4LQST and let ¥ pnp be a disjunctive normal form of ¥. Then
1 is satisfiable if and only if at least one of the disjuncts of ¢ pyF is satisfiable. We
recall that the disjuncts of ¥ pnF are conjunctions of literals, namely atomic formulae
or their negation. In view of the previous observations, without loss of generality, we
can suppose that our formula v is a conjunction of level 0,1,2 quantifier-free literals
and of level 1, 2,3 quantified literals. In addition, we can also assume that no variable
occurs both bound and free in v and that distinct occurrences of quantifiers bind
distinct variables.

For decidability purposes, negative quantified conjuncts occurring in 1 can be
eliminated as follows. Let M = (D, M) be a model for ¢, and let =(Vz1)... (Vz,)po
be a negative quantified literal of level 1 occurring in ¢. Since M = =(Vz1) ... (Vzn) o

if and only if M[z1/u1,...,2,/un] E —po, for some uy,...,u, € D, we can replace
—(Vz1) ... (Vzn)po in ¢ by =(¢o)? }zz, where 21, ..., 2], are newly introduced variables

of sort 0. Negative quantified literals of levels 2 and 3 can be dealt with much in the
same way and hence, we can further assume that v is a conjunction of literals of the
following types:

(1) quantifier-free literals of any level;

(2) quantified atomic formulae of level 1;

(3) quantified atomic formulae of levels 2 and 3 satisfying the restrictions given in
Section 2.2.

We call these formulae normalized 4LQS™-conjunctions.

3.2 A small model property for normalized 4LQS-conjunctions

In view of the above reductions, we can limit ourselves to consider the satisfiability
problem for normalized 4LQS-conjunctions only.

Thus, let ¢ be a normalized 4LQS -conjunction and assume that M = (D, M)
is a model for ).



We show how to construct, out of M, a finite 4LQS"-interpretation M* =
(D*, M*) which is a model of ¢ and such that the size of D* depends solely on the
size of 1. We will proceed as follows. First we outline a procedure for the construction
of a suitable nonempty finite universe D* C D. Then we show how to relativize M
to D* according to Definition 1 below, thus defining a finite 4LQS®-interpretation
M* = (D*, M*). Finally, we prove that M”* satisfies 1.

Construction of the universe D*. Let us denote by V), V;, and V} the collections
of variables of sort 0, 1, and 2 occurring free in v, respectively. Then we construct D*
according to the following steps:

Step 1: Let F = F; U Fs, where
— Fi ‘distinguishes’ the set S = {M X2 : X? € V!}, in the sense that K N F; #
K' N Fy for every distinct K, K’ € S. Such a set F; can be constructed by the
procedure Distinguish described in [5]. As shown in [5], we can also assume
that |Fi| < |S|— 1.
— F, satisfies [M X2 N Fy| > min(3, |M X?|), for every X? € V). Plainly, we can
also assume that |Fa| < 3-[V5].

Step 2: Let {Fy,....Fi} = F\{MX*: X' € V{} and let VI' = {X{,..., X} TV
be such that V' N V] = 0 and V{ N VP = 0, where VP is the collection of bound
variables in 1. Let M be the interpretation M[X]/Fy,..., X}/Fy]. Since the
variables in V¥ do not occur in 1 (neither free nor bound), their evaluation is
immaterial for v and therefore, from now on, we identify M and M.

Step 3: Let A = A; U Ay, where

— A distinguishes the set T = {M X' : X! € WV, uV)} and |A;| < |T| -1
holds (cf. Step 1 above).
— A, satisfies |J N Ag| > min(3, |J]), for every J € {MX! : X' € (V; UV}
Plainly, we can assume that |Aq| < 3- [V U V.
We then initialize D* by putting
D*:={Mz:xin Vj}UA.

Step 4: Let 1,...,%, be the conjuncts of 3. To each conjunct v; of the form
(VZZ-I’ h1) e (VZZ-I’ i, )i we associate the collection ¢; . .. s Pi ks, of atomic formu-
lae of the form (Vz1)...(Vz,)po present in the matrix of ¢, and call the variables
Zl.l’h17 .. .,Zil’hn” the arguments of @i, .. <5 Piky, - Let us put

QSZ{CPz‘,kjIléjé&andlgz‘gr},

Then, for each ¢ € @ of the form (Vz1)...(Vz,)po having Zi,...,Z} as argu-

ments, and for each ordered m-tuple (X ,1“, e X ,llm) of variables in V| U le , if
1 1
M(cpo))z(li )Z(’}}: = false we insert in D* elements uy,...,u, € D such that
100 m
zlt .., Z}
Mlz1/ur, ... zn/un)(po)h 77 = false,
Ry Ny,

otherwise we leave D* unchanged.



Relativized interpretations. We introduce the notion of relativized interpretation,
to be used together with the domain D* constructed above, to define, out of a model
M = (D, M) for a 4LQST-formula 1, a finite interpretation M* = (D*, M*) of
bounded size satisfying 1 as well.

Definition 1. Let M = (D, M) be a 4LQSE-interpretation. Let D*, V|, VI, and V}
be as above, and let d* € D*. The relativized interpretation Rel(M, D*, d*, V}, V' V})
of M with respect to D*, d*, Vi, VI, and V} is the interpretation (D*, M*) such that

« | Mzx, if Mx € D*
Mz = {d*, otherwise ,

M*X'=MX'nD*,

M*X? = (MX? N pow(D*) \ {M*X": X' e (V[UV)})
U{M*X Xt e WiuV), Mx! e MX?%),

M*(z,y) = {{M "z}, {M "z, M y}},

M*X? = ((MX® npow(pow(D*))) \ {M*X?: X* € V3}),

U{M*X?: X? €V, MX?c MX®}.

Concerning M*X? and M* X3, we observe that they have been defined in such a way
that all the membership relations between variables of 1) of sorts 2 and 3 are the same
in both the interpretations M and M*. This fact will be proved in the next section.

For ease of notation, we will often omit the reference to the element d* € D* and
write simply Rel(M, D*, V], VI V) in place of Rel(M, D*,d*, Vi, VI V}), when d*
is clear from the context.

The following useful properties are immediate consequences of the construction of
D*:

(A) if MX' # MY, then (MX' A MY')n D* #(),2

(B) if MX? # MY? thereisa J € (MX2AMY?)Nn{MX': X! € (V;UV})} such
that J N D* # (),

(C) if M(x,y) # MX?, thereisa J € (MX? A M{z,y)) N{MX': X' e (V;uVL)}
such that JND* # (), and if J € MX?, JND* # {Mzx} and JND* # { Mz, My},

for any =,y € V), X1, Y € V|, and X2, Y2 € V).

3.3 Soundness of the relativization

Let M = (D, M) be a 4LQS-interpretation satisfying a given 4LQS*-formula ),
and let D*, V], Vf , V4, and M”* be defined as above. The main result of this section is
Theorem 1 which states that if M satisfies ¥, then M* satisfies 1) as well. The proof
of Theorem 1 exploits the technical Lemmas 1, 2, 3, 4, and 5 below. In particular,
Lemma 1 states that M satisfies a quantifier-free atomic formula ¢ fulfilling conditions
(A), (B), and (C), if and only if M* satisfies ¢ too. Lemmas 2, 3, and 4 claim that

2 We recall that for any sets s and ¢, s A t denotes the symmetric difference of s and of ¢, namely
the set (s \ t) U (t\ s).



suitably constructed variants of M™* and the small models resulting by applying the
construction of Section 3.2 to the corresponding variants of M can be considered
identical. Finally, Lemma 5, stating that if M satisfies a quantified conjunction of ¥,
then M* satisfies it as well, is proved by applying Lemmas 1, 2, 3, and 4.

Proofs of Lemmas 1, 2, 3, and 4 are routine and can be found in Appendices A.1,
A2, A3, and A.4, respectively.

Lemma 1. The following statements hold:

(a) M*Ex=yif MExz=y, for all z,y € Vy such that Mx, My € D*;

(b)) M*Exc X' if MExc X!, forall X' €V and x € Vy such that Mx € D*;

(c) M*EX =Y if ME X! =Y forall X', Y €V such that condition (A)
holds;

(d) M= X'e X2 if ME X' € X2, forall X' € (VL UVL), X2 € Vs;

(e) M*EX?2=Y2if M= X?2=Y?2, for all X%,Y? € Vy such that condition (B)
holds;

(f) M* = (z,y) = X% iff M |= (z,y) = X2, for allz,y € Vg such that Mz, My € D*
and X? € Vy such that condition (C) holds;

(9) M* = (z,y) € X3 iff M = (z,y) € X3, for all z,y € Vy such that Mz, My € D*
and X2 € Vy such that condition (C) holds;

(h) M* = X% € X3 if M = X% € X3, for all z,y € Vy such that Mz, My € D*
and X? € Vy such that conditions (B) and (C) hold. O

In view of the next technical lemmas, we introduce the following notations. Let
Uy, ..., u, € D*, UL,..., UL € pow(D*), and Uf,...,Ug € pow(pow(D*)). Then we
put

M*’Z = M*[zl/ul, . ,zn/un],
M7= MHZEUL L 2 UL
M*Z = MHZR U, ..., 22 U2,

and

M** = Rel(M*, D", V[, V], V3),
M7 =Rel(MZ | D* Vi U{ZL,..., 2L}, VE V),
MZ = Rel(MZ D" F* ViV Vv u{z?,..., Z2)).
The next three lemmas claim that, under certain conditions, the following pairs of

4L QS -interpretations M*? and M>*, M*Z" and MZI’*, M52 and MZ** can
be identified.

Lemma 2. Let uq,...,u, € D*, and let z1,...,z, € Vy. Then, for every x,y € Vg,
Xt eV, X2 eV, X3 € Vs, we have:

(i) M**z = M**z,
(ii) M**X! = M** X1,



(iii) M**X? = M**X?,
(iv) M**X3 = M**X3, O

Lemma 3. Let Z{,...,Z} e Vi \ VUV and U}, ... UL, € pow(D*)\ {M*X" :
Xt e (V,UVE)}. Then, the ALQSE-interpretations M52 and MZ'* coincide.
O

Lemma 4. Let Z7,...,22 € Vo \ V4 and Uf,... U2 € pow(pow(D*)) \ {M*X? :
X2 € VY. Then the 4LQS%-interpretations M2 and MZ* coincide. O

The following lemma proves that satisfiability is preserved in the case of quantified
atomic formulae.

Lemma 5. Let (Vz1)... (Vzn)o, (VZ1) ... (VZY)p1, (VZ}) ... (VZ2)pa, and (VZ?)(Z? €
X3 & (Vz1, 20)~((21, 22) = Z?)) be conjuncts of 1. Then

(i) if M= (Vz1) ... (V2n)@0, then M* = (Vz1) ... (Vzn)w0;
(ii) ’lfM ): (VZl) e (VZm)(pl, then M* l: (VZl) e (VZm)(pl;
(iii) if M= (VZ3)...(VZ2)pa, then M* |= (VZ3) ... (vzﬁ)%
(iv) if M | (VZ2)(Z? € X3 < =(V21, 20)~((21,22) = Z7?)), then M* |= (VZ%)(Z?% €
X3 <~ —|(Vz1,z2)—|((z1,z2> = Z2)).

Proof. (i) Assume by contradiction that there exist uy, ..., u, € D* such that M™? [
¢o. Then, there must be an atomic formula ¢} in ¢ that is interpreted differently
in M** and in M?. Recalling that g is a propositional combination of quantifier-
free atomic formulae of any level, we can suppose that ¢} is X? = Y2 and, without
loss of generality, assume that M** = X2 = Y2, Then M**X? # M**Y?2, so
that, by Lemma 2, M**X? % M#**Y?2. Then, Lemma 1 yields M*X?2 # M?Y?, a
contradiction. The other cases are proved in an analogous way.

(ii) This case can proved much along the same lines as the proof of case (ii) of Lemma
4 in [7]. Here, one has only to take care of the fact that the collection of relevant
variables of sort 1 for ¢ are not just the variables occurring free in 1, namely
the ones in V{, but also the variables in V¥, introduced to denote the elements
distinguishing the sets M*X?2 for X2 € V).

(iii) The proof is carried out as in case (ii).

(iv) Assume by contradiction that there exists a U € pow(pow(D*)) such that M*Z ’ =
(2% € X3 < =(V21, 22)((21, 22) = Z?)). We can distinguish two cases:

1. If there is a X2 € V) such that M*X? = U, then M* £ (X? € X3 &

—(Vz1, 22) ({21, 22) = X?)) and either X2 € X3 or —(Vz1, 22)~({21, 20) = X?)
must be interpreted differently in M* and in M.
By Lemma 1, X? € X3 is interpreted in the same way in M* and in M.
By case (i) of this lemma, if M* | —(Vz1,22)— ({21, 22) = X?) then M |=
—(Vz1, 22)— ({21, z2) = X?). Thus, the only case to be considered is when M* =
(V21, 22) ({21, 22) = X?). Assume that M |= =(Vz1, 22)=((21, 22) = X?). Then
M X? must be a pair {{u}, {u,v}}, for some u,v € D. But then by the con-
struction of the universe D*, we have u,v € D*, contradicting the hypothesis
that M* = (Y21, 22) ({21, 22) = X?).



2. If U # M*X?2, for every X2 € V), either Z2 € X3 or =(Vz1, 22)~((21, 22) = Z?)
has to be interpreted in a different way in M*% * and in M7,
By Lemmas 4 and 1, and by case (i) of this lemma, Z? € X3 is evaluated in the

. .72 . 72 . .72 2

same way in M™“" and in M*" | and if M*?" = =(Vzq, 29)~((21, 22) = Z°)
then M7 = —(Vz1,22)= ({21, 22) = Z2%). The only case that still has to be
analyzed is when M*Z° |= (Vz1, 20)~((21, 22) = Z2). By Lemma 4, MZ?"* =
(Vz1, 22)=((21, 22) = Z?). Let us assume that MZ W (Vz1, 20)~((21, 22) = Z2).
Then U must be a pair {{u}, {u,v}}, u,v € D. Since U € pow(pow(D*)), then
u,v € D*, contradicting that MZ** = (Vz1, 22)~((21, 22) = Z2). |

Next, we can state our main result.

Theorem 1. Let M be a 4LQSE-interpretation satisfying 1. Then M* = 1.

Proof. We have to prove that M* |= ¢/ for each literal 1)’ occurring in . Each ¢
must be of one of the types introduced in Section 3.1. By applying Lemmas 1 or 5 to
every ¢ (according to its type) we obtain the thesis. [ |

From the above reduction and relativization steps, it is not hard to derive the following
result:

Corollary 1. The fragment 4LQST enjoys a small model property (and therefore its
satisfiability problem is solvable). O

3.4 Complexity issues

Let (4LQS®)* be the sublanguage of 4LQST in which the quantifier prefixes of quan-
tified atoms of level 2 have length not exceeding k. Then the following result holds.

Lemma 6. The satisfiability problem for (ALQS®)¥ is NP-complete, for any k € N.

Proof. NP-hardness is trivially proved by reducing an instance of the satisfiability
problem of propositional logic to our problem.

To prove that our problem is in NP, we reason as follows. Let ¢ be a satisfiable
(4LQST)k-formula. Let ppyr be a disjunctive normal form of . Then there is a
disjunct ¢ of ppyp that is satisfied by a (4LQST)*-interpretation M = (D, M).
After the normalization step, 1 is a normalized (4LQS)*-conjunction satisfied by M
and, according to the procedure of Section 3.2, we can construct a small interpretation
M* = (D*, M*) satisfying ¢ and such that |D*| is polynomial in the size of . This
can be shown by recalling that |Fi| < [S| — 1 < [V]| — 1 and that |Fa| < 3|V5]| (cf.
Step 1 of the procedure in Section 3.2). Thus, clearly, |F| < 4|V)| — 1. Analogously,
from Step 3, |A| < 4(|Vi| + (4]V5] — 1)) — 1, and |D*| (in the initialization phase) is
bounded by |Vj| + 4|V;| + 16|V5| — 5. Finally, after Step 4, if we let L,, denote the
maximal length of the quantifier prefix of p = (Vz1) ... (Vz,)po, with ¢ varying in @,
then |D*| < [Vj| +4|Vi| + 16|V — 5+ ((|V}] + 4|V4| — 1)*L,,)|®|. Thus the size of D*
is polynomial in the size of 1. Since M™ |= 1 can be verified in polynomial time and
the size of ¢ is polynomial w.r.t. the size of ¢, it results that the satisfiability problem
for (4LQST)* is in NP, and therefore it is NP-complete. [ |
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4 Expressiveness of the language 4LQS*®

As discussed in [7], 4LQS R can express a restricted variant of the set former, which
in turn allows to express other significant set operators such as binary union, inter-
section, set difference, the singleton operator, the powerset operator (over subsets of
the universe only), etc. More specifically, atomic formulae of type X' = {z : ¢(2)} or
X ={X"1: (X))}, for i € {2,3}, can be expressed in 4LQSE by the formulae

(V2)(z € X' ¢ (2)) (2)
VXTHX T e X' o p(XTT) (3)

provided that they satisfy the syntactic constraints of 4LQS™.

Since 4LQS™® is a superlanguage of 3LQS*, as shown in [7] 4LQS R can express the
stratified syllogistic 2L.S and the sublanguage 3LSSP of 3LSSPU not involving the
set-theoretic construct of general union. We recall that 3LSSPU admits variables of
three sorts and, besides the usual set-theoretical constructs, it involves the ‘singleton
set” operator {-}, the powerset operator pow, and the general union operator Un.

3LSSP can plainly be decided by the decision procedure presented in [3] for the
whole 3LSSPU.

Other constructs of set theory which are expressible in the 4LQS formalism, as
shown in [7], are:

— the literal X? = pow,(X?!), where pow.,(X!) denotes the collection of all the
subsets of X! having at most h elements;

— the literal X2 = pow_, (X!), where pow_,(X!) denotes the collection of subsets
of X! with exactly h elements;

— the unordered Cartesian product X? = Xl1 ®...0 X}

— the literal A = pow*(X1,...,X}), where pow*(X{,..., X}) is a variant of the
powerset which denotes the collection

{Zz:z2c|Jx! and Zn X} #0, forall 1 <i < n}
i=1

introduced in [1].

4.1 Other applications of 4LQS®

Within the 4LQS* language it is also possible to define binary relations over elements
of a domain together with several conditions on them which characterize accessibility
relations of well-known modal logics. These formalizations are illustrated in Table 1.

Usual Boolean operations over relations can be defined as shown in Table 2. Within
the 4LQST fragment it is also possible to define the inverse of a given binary relation
R3, namely R3 = (R$)™!, by means of the 4LQS"-formula (Vz1, 20)((21, 22) € R} ¢
<ZQ,21> S R%)

In the next section we will show how the 4LQS* fragment can be used to formalize
some normal modal logics.

11



VZ )(22 €ER & —\(Vzl,ZQ)—'(<Zl,22> = Zz)) ‘
Va1)((z1, 21) € RY)
Symmetric V21, 22) ({21, 20) € R® — (20,21) € R3)

[Binary relation |(
(
(
Transitive (Vz1, 22, 23)(((21, 22) € R3 A (20, 23) € R?) — (21, 23) € R?)
(
(

Reflexive

Euclidean V21, 22, 23)(((21, 22) € R3 A (21,23) € R?) — (29, 23) € R3)
Vzl,ZQ,Zg)((<Zl,2’2> € R3A <21,23> € R3)
— ((22,23) € R*V 23 = 3V (23, %) € RY))

Weakly-connected

Irreflexive (Vz1)~ ({21, 21) € R?)

Intransitive (V21, 22, 23)(((21, 22) € R3 A (22, 23) € R?) — (21, 23) € RY)
Antisymmetric  |(V21, 22)(({(21, 22) € R3 A (22,21) € R?) = (21 = 22))
Asymmetric (V21, 22)((21, 22) € R3 — = ({22, 21) € R?))

Table 1. 4LQS? formalization of conditions of accessibility relations

Intersection |R® = R} N R3|(VZ?)(Z2 € R3 <> (Z? € R{ ANZ? € R3))
Union R3=RIURS|(VZH)(Z? € R3 + (Z2 € R}V Z% € RY))
Complement |R} = R} (VZ%)(Z? € R} +» —(Z% € RY))
(VZ7)(

)

Set difference|R® = R \ R3 |[(VZ?)(Z% € R3 < (Z°? € R{ A—~(Z% € RY)))
Set inclusion |R} C R3 (VZ%)(Z* € R} — Z% € R3)
Table 2. 4LQS* formalization of Boolean operations over relations

4.2 Some normal modal logics expressible in 4LQS®

The modal language Lys is based on a countably infinite set of propositional letters
P = {p1,p2, ...}, the classical propositional connectives ‘=’; ‘A’ , and ‘V’, the modal
operators ‘0’ ‘0’ (and the parentheses). Ly is the smallest set such that P C Ly,
and such that if ¢, € Lz, then =@, 0 A, 0 Vb, Op, O € L. Lower case letters
like p denote elements of P and Greek letters like ¢ and v represent formulae of L.
Given a formula ¢ of Lys, we indicate with SubF(y) the set of the subformulae of ¢.
The modal depth of a formula ¢ is the maximum nesting depth of modalities occurring
in .

A normal modal logic is any subset of Ly; which contains all the tautologies and
the axiom

K: O(p1 — p2) — (Opy — Opa),

and which is closed with respect to modus ponens, substitution, and necessitation (the
reader may consult a text on modal logic like [9] for more details).

A Kripke frame is a pair (W, R) such that W is a nonempty set of possible worlds
and R is a binary relation on W called accessibility relation. If R(w,u) holds, we say
that the world wu is accessible from the world w. A Kripke model is a triple (W, R, h),
where (W, R) is a Kripke frame and h is a function mapping propositional letters into
subsets of W. Thus, h(p) is the set of all the worlds where p is true.

Let K = (W, R, h) be a Kripke model and let w be a world in K. Then, for every
p € P and for every ¢, € Ly, the relation of satisfaction |= is defined as follows:

12



Axiom|Schema  |Condition on R (see Table 1)
Op —p Reflexive

Op — OOp |Euclidean

p — OOp |Symmetric

Up — OOp|Transitive

Op — Op  |Serial: (Yw)(Fu)R(w, u)
Table 3. Axioms of normal modal logics

O & o H

— K,w [ piff w € h(p);

KwEpVvyiff K,wk ¢ or K,wE

- KwEeAyiff K,wE ¢and K,w = 1;

— K,wE —¢iff K,w }~ ¢;

— K,wEOpiff K,w' | ¢, for every w’ € W such that (w,w’) € R;
K,w = Qg iff there is a w’ € W such that (w,w') € R and K,w' = ¢.

A formula ¢ is said to be satisfied at w in K if K,w |= ¢; ¢ is said to be valid in K
(and we write K | ), if K,w | ¢, for every w € W.

The smallest normal modal logic is K, which contains only the modal axiom K and
whose accessibility relation R can be any binary relation. The other normal modal
logics admit together with K other modal axioms drawn from the ones in Table 3.

Translation of a normal modal logic into the 4LQS* language is based on the
semantics of propositional and modal operators. For any normal modal logic, the
formalization of the semantics of modal operators depends on the axioms that char-
acterize the logic. In the case of the logics S5 and K45, proved to be NP-complete in
[11], and introduced next, the 4LQS* formalization of the modal formulae Oy and
O turns out to be straightforward and thus these logics can be entirely translated
into the 4LQS* language. This is illustrated in what follows.

The logic S5. Modal logic S5 is the strongest normal modal system. It can be
obtained from the logic K in several ways. One of them consists in adding axioms T
and 5 from Table 3 to the logic K. Given a formula ¢, a Kripke model K = (W, R, h),
and a world w € W, the semantics of the modal operators can be defined as follows:

— K,wEOpiff K,v | ¢, for every v € W,
— K,wEQpiff K,v = ¢, for some v € W.

This makes it possible to translate a formula ¢ of S5 into the 4LQS* language.

For the purpose of simplifying the definition of the translation function 7s5 given
below, the concept of “empty formula” is introduced, to be denoted by A, and not
interpreted in any particular way. The only requirement on A needed for the definition
given next is that A A1 and ¢ A A are to be considered as syntactic variations of 1,
for any 4LQS-formula .

For every propositional letter p, let 7'515(p) = X;, where XI% € V1, and let 7'525 :
S5 — 4LQST be the function defined recursively as follows:
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- 7'525(19) = A,
— 7'525(—|<,0) = (Vz)(z € le —(z € X;)) A 7525(<,0),

— 725(p1 A pa) = (V2) (2 € X},

o1Aps (z € Xél Nz € XéQ)) A 7'525(4,01) A 7525(cp2),

— 725(p1V ) = (V2)(z € X},

o1Vis < (z € ijl Vze Xéz)) A 7'525(4,01) A 7525(cp2),

- 135(0p) =
(V2)(z € Xé) — (V2)(z € X&w) N=(Vz)(z € X;) — (V2)-(z € X&SD) A 7e5(9),

— 785(0p) =
—(Vz)(z € X;) — (V2)(z € X<1><p) A (Vz2)-(z € Xé) — (V2)-(z € X<1><p) A 7525(<,0),

where A is the empty formula and Xlso’ X;, X;lA@2,X;1v¢2,Xé1,X;2 €.

Finally, for every ¢ in S5, if ¢ is a propositional letter in P we put 7s5(¢) = 7'515(4,0),
otherwise 7s5(¢) = 735(¢).

Even though the accessibility relation R is not used in the translation, we can give
its formalization in the 4LQS® fragment. Let U be defined so that (Vz)(z € U), then
R can be defined in the following two ways:

1. as a variable of sort 2, R?, such that
(VZY)(Z' € R? « (Z! e pow_,(U) vV Z! € pow_,(U))),
2. as a variable of sort 3, R3, such that
(VZz)(Z2 €ER & ﬁ(Vzl,zg)ﬂ(<zl,22> = Z2)) A (Vzl)(<21,21> S Rs)
/\(Vzl,22,23)((<21,22> € R3A <2’1,23> S Rg) — <2’2,2’3> S Rs)

Correctness of the above translation is guaranteed by the following lemma, whose
proof can be found in Appendix A.5.

Lemma 7. For every formula ¢ of the logic S5, ¢ is satisfiable in a model K =
(W, R, h) iff there is a 4ALQST-interpretation satisfying x € Xo. |

It can be checked that 7g5() is polynomial in the size of ¢ and that its satisfiability
can be verified in nondeterministic polynomial time since it belongs to (4LQS%)!.
Consequently, the decision algorithm presented in this paper together with the trans-
lation function introduced above can be considered an optimal procedure (in terms
of its computational complexity class) to decide the satisfiability of any formula ¢ of
S5. Moreover, it can be noticed that if we apply the first definition of R, S5 can be
expressed by the language 3LQS™ presented in [7].

The logic K45. The normal modal logic K45 is obtained from the logic K by adding
axioms 4 and 5 described in Table 3 to K. Semantics of the modal operators [ and ¢
for the logic K45 can be described as follows. Given a formula ¢ of K45 and a Kripke

model K = (W, R, h),
— K EOp iff K,v = ¢, for every v € W s.t. there is a w’ € W with (vw',v) € R,
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— K E Opiff K,v = ¢, for some v € W s.t. there is a w’ € W with (v',v) € R.

It is convenient, before translating K45 into the 4LQS® fragment, to introduce the
4LQSR-formula which describes the semantics of the accessibility relation R of the
logic K4b:

(VZ2)(Z2 € R3 — ﬂ(Vzl)(Vzg)—'((zl,@) = Z2))
/\(Vzl,22,23)(((zl,22> € R3A <2’2,2’3> S Rg) — <2’1,2’3> S R3)
AN(Vz1, 22, 23) ({21, 22) € R3 A (z1,23) € R?’) — (29, 23) € R?’).

The transformation function 7kas : K45 — 4LQS™ is constructed as for S5. For
every ¢ € K45 we put Tkas(p) = Tis (), if ¢ is a propositional letter and 7kas(p) =
7‘%45(90) otherwise. 7&45(]9) = XI%, with X; € V1, for every propositional letter p, and
7',%45((;7) is defined inductively over the structure of ¢. We report the definition of
7'%45(90) only when ¢ = [y and ¢ = (1, as the other cases are identical to 7525(<,0),

defined in the previous section:

= Tias(OY) = (Vz21)((~(V22)=((22,21) € R?)) — 21 € X&,) — (V2)(z € X&w)
A=(Vz1)=((~(Vz2) ({22, 21) € R?)) A (21 € X)) — (V2)=(2 € Xby) A TiRas(¥);

— TRas(0¥) = ~(V21) (= (V22) ({22, 21) € R?)) A1 € X)) — (V2)(2 € X5y
AV21)(((V22)=((22, 21) € R?)) V (21 € X)) — (V2) (2 € X5y) A a5 ()

The following lemma, proved in Appendix A.6, shows the correctness of the transla-
tion.

Lemma 8. For every formula ¢ of the logic Tkas, @ is satisfiable in a model K =
(W, R, h) iff there is a 4ALQST-interpretation satisfying x € X, O

As for S5, it can be checked that 7ks5(¢) is polynomial in the size of ¢ and that its
satisfiability can be verified in nondeterministic polynomial time since it belongs to the
sublanguage (4LQS R)l of 4LQS™. Thus, the decision algorithm we have presented and
the translation function introduced above represent an optimal procedure (in terms
of its computational complexity class) to decide satisfiability of any formula ¢ of K45.

5 Conclusions

We have presented a decidability result for the satisfiability problem for the fragment
4LQST of multi-sorted stratified syllogistic embodying variables of four sorts and a
restricted form of quantification. As the semantics of the modal formulae Cy and Q¢
in the modal logics S5 and K45 can be easily formalized in 4LQS%, it follows that
4LQST can express both logics S5 and K45.

Currently, in the case of modal logics characterized by having a liberal accessibility
relation like K, we are not able to translate the modal formulae Cp and ¢ in 4LQSE.
The same problem concerns also the composition operation on binary relations and
the set-theoretical operation of general union. We intend to investigate such a question
more in depth and verify whether a formalization of these constructs is still possible
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in 4LQS® or if an extension of the language 4LQS® is required. In the same direction,
we aim at finding a characterization of the conditions that an accessibility relation has
to fulfil in order for a modal logic to be formalized in 4LQS*. We also intend to find
classes of modal formulae with bounded modal nesting and multi-modal logics that
can be embedded in the 4LQST framework. Finally, since 4LQS™ is able to express
Boolean operations on relations, we plan to investigate the possibility of translating
fragments of Boolean modal logics into 4LQS™.
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A Proofs of some lemmas

A.1 Proof of Lemma 1

Lemma 1. The following statements hold:

(a) M*Ex=yif MEx=y, for all z,y € Vy such that Mz, My € D*;

(b)) M Exc X' if MExc X!, forall X' €V and x € Vy such that Mx € D*;

(c) M*EX =Y if ME X' =Y forall X', Y €V such that condition (A)
holds;

(d) M* =X e X2 iff M= X' € X2, for all X* € (V; UV}), X2 € Vy;

(e) M*EX2=Y2 iff M= X%2=Y?2, for all X%,Y? € Vy such that condition (B)
holds;

(f) M* = (z,y) = X2 iff M |= (z,y) = X2, for allz,y € Vg such that Mz, My € D*
and X? € Vo such that condition (C) holds;

(9) M* = (z,y) € X3 iff M |= (x,y) € X3, for all z,y € Vo such that Mx, My € D*
and X? € Vo such that condition (C) holds;

(h) M* = X% € X3 if M = X% € X3, for all z,y € Vo such that Mx, My € D*
and X? € Vy such that conditions (B) and (C) hold.

Proof. (a) Let x,y € Vy be such that Mz, My € D*. Then M*x = Mz and M*y =
My, so we have immediately that M* Ex =y if Mz =y.

(b) Let X! € V; and let x € Vy be such that M2 € D*. Then M*x = Mz, so that
M*x e M*X'iff Mz € MX'ND*iff Mo € MX".

(c) If MX' = MY, then plainly M*X' = M*Y!'. On the other hand, if M X' #
MY, then, by condition (A), (M X' AMY?')N D* # () and thus M* X! £ M*Y*.

(d) If MX' € MX?, then M*X' € M*X?2. On the other hand, suppose by contra-
diction that M X' ¢ MX? and M*X'! € M*X2 Then, there must necessarily
bea Z! € (W, UVF) with MZ' € MX?, MZ' # MX*', and M*X! = M*Z1.
Since MZ! # MX! and (MZ' A MX') N D* # (), by condition (A), we have
M*X' 4 M*Z', which is a contradiction.

(e) If MX? = MY?, then M*X? = M*Y?2. On the other hand, if M X? # MY?, by
condition (B), thereisa J € (MX2AMY?)n{MX"': X! ¢ (V{UVF)} such that
JND* #0. Let J = MX?!, for some X' € (V] UVF), and suppose without loss of
generality that M X! € MX? and MX' ¢ MY?. Then, by (d), M*X' € M*X?
and M*X!' ¢ M*Y? and hence M*X? # M*Y?2.

(f) If M{z,y) = MX?, then M*(z,y) = M*X?. If M{(x,y) # MX?, then there is a
J e (MX?A M(z,y)) N {MX"': X! € (V; UV])} satisfying the constraints of
condition (C). Let J = M X!, for some X! € (V] UVF), and suppose that M X! €
MX? and MX' ¢ M{z,y). Then M*X' € M*X? and since M*X! # {Mux}
and M*X! # {Mx, My}, it follows that M*X! ¢ M*(z,y). On the other hand,
if MX! € M{x,y) and MX!' ¢ MX?2 then either MX! = {Mz} or MX! =
{Mxz, My}. In both cases M X' = M*X! and thus if MX! ¢ M X2 it plainly
follows that M* X! ¢ M*X?2.

(g) Let z,y € Vy and X3 € V3 be such that M(x,y) € MX3. Then M*(x,y) €
M*X3. On the other hand, suppose by contradiction that M (z,y) ¢ MX?> and
M*(z,y) € M*X3. Then, there must be an X2 € V} such that M*X? € M*X3,
M*X? = M*{x,y), and MX? # M(x,y). But this is impossible by (f).
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(h) If MX? € MX?3 then M*X? € M*X?3. Now suppose by contradiction that M X? ¢
M X3 and that M*X? € M*X3. Then, either there is a Y? € V) such that M X2
MY? and M*X? = M*Y?, which is not possible by (e), or there is a (z,y), with
x,y € Vo, Mxz, My € D*, such that M X? # M(z,y) and M*X? = M*(z,y), but
this is absurd by (f). |

A.2 Proof of Lemma 2

Lemma 2. Let uqy,...,u, € D*, and let z1,...,2z, € Vy. Then, for every x,y € Vg,
Xt ey, X2 eV, X3 € Vs, we have:
(i) M**x = M**x,
(ZZ) M*’ZXl — MZ’*Xl,
(iii) M**X? = M**X?,
(iv) M**X3 = M>*X3.
Proof. (i) Since uq,...,u, € D*, the thesis follows immediately.
(i) Let X! € Vy, then M**X! = M*X! = MX!' N D* = M*X!' N D* = M>* X!,
(iii) Let X2 € V,, then we have the following equalities:
M**X* = M*X? = (MX* npow(D*) \ {M*X"': X' e V[ UV[)})
U{M*X": X" e VUV), MX' e MX?},
= (M X* npow(D*) \ {M*>*X": X' e VuV[)})
u{M=*x': X' e (Vi uV), M* X" e M*X?}
= M X?.
(iv) Let X3 € V3, then the following holds:
M**X3 = M*X3 = (MX? npow(pow(D*))) \ {M*X?: X% € V}})
U{M*X?: X2 c VL, MX? € MX?3},
= ((M*X? npow(pow(D*))) \ {M**X? : X* € V,})
U{M>*X?%: X? €V}, M*X? € M*X3}
= M**X3.

A.3 Proof of Lemma 3

Lemma 3. Let Z{,...,Z} e Vi \ VUV and U}, ... UL, € pow(D*)\ {M*X" :
Xt e (V,uVE)}. Then, the ALQS -interpretations M52 and MZ'* coincide.

Proof. We prove the lemma by showing that M*Z " and MZHx agree over variables
of all sorts.

1. Clearly M2y = M*z = MZlv*x, for all individual variables x € V.
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2. Let X' e V. If X' ¢ {Z],...,Z}}, then
M7 XY= MZ X' ND* = MX'nD* = M*X' = M*7 X1
On the other hand, if X' = Z} for some j € {1,...,m}, we have
MZzl = M7 Z}nD* =U}nD* =U} = M*Z 7}
3. Let X2 € V5. Then we have
M7 X% = M*X? = (MX2 Npow(D*) \ {M*X': X' € (VUV}
U{M*xt: xt e W uvl), MX' e MX?},
1* 1 * 1*
M7 X% = (M7 X? npow(D) \ {MZ X" : X' e (VT uV)u{Z],...,Z,1)})
U{MZ X1 xt e (ViuvEyu{z)l,... Z Y, M7 XY e M7 X2y
= (MX2%npow(D*)\ ({M*X': X' e W UVI)Yu{U;:j=1,...,m}))
U{M*X: XY e W uvl), MXx!' e MX?}
U{U; :j=1,...,m} N MX?)).
By putting
Py = MX? N pow(D*),
Py ={M*X': X' c (V]uV},
PgZ{Uj Zj: 1,...,m},
Py={M*X': X' e (V,uV}), MX' e MX?},
P5:{Uj j: 1,...,m}ﬂMX2,
the above relations can be rewritten as
M*Z' X% = (P \ ) UP,
M7 *X?% = (P \ (P, UPs)) UP,UPs.

Moreover, it is easy to verify that the following relations hold:

PBNP=0
Ps=P NPk
PCPh.

Therefore we have
(PL\ Po)UPy= (P \ (PUP;))UPLU (PN Ps)
=P\ (PRRUP))UPLUP;s
i.e., we have M*Z' X2 = MZ'* X2,
4. Let X3 € Vs, then M*Z' X3 = M*[ZL /UL, ..., Z} JULIX® = M* X3 and
MZ X3 = (MZ' X3 N pow(pow(D*))) \ {MZ"*X? : X2 € V}})
U{MZ * X2 X2 eV, M? X2 e M7 X3}
= ((MX? N pow(pow(D*))) \ {M*X?: X* € V3})
U{M*X?: X? € V), MX? € MX?}
= M*X3.
Since M*Z' X3 = MZ"* X3 the thesis follows. [ ]
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A.4 Proof of Lemma 4
Lemma 4. Let Z7,...,Z2 € Vo \ V5 and U12,...2,U5 € pozv(pow(D*)) \ {M*X?
X% € Vi}. Then the 4ALQSR-interpretations M*Z" and MZ™* coincide.

Proof. We show that M*Z* and MZ** coincide by proving that they agree over
variables of all sorts.

1. Plainly M2y = M*z = MZ27*x, for every x € V.
2. Let X! € Vy, then M*Z° X1 = M*X! = MZ** X1,
3. Let X? € Vy such that X? ¢ {Z7,...,Z2}, then
M*Z X2 = M*[Z2JUR,..., 22 JUR)X? = M*X?,
and
M7 X2 = (M7 X2 npow(D") \ {MZ*X': X' € (V, UVF)})
U{MZ X1 X e W uVE), M7 X e MZ X%}
= (MX? N pow(DN\{M*X': X" e (Vi uV)})
U{M* X1t Xt e W uvh), MX!t e MX?)
= M*X2.
Since M*Z* X2 = MZ"* X2 the thesis follows. On the other hand, if X2 € {Z2,..., Zg
say X2 = 72, then M*#°X? = U2, and
MZ* X% = (M7 X2 npow(D)\ {MZ*X': X' e (V, UV
U{MZ X1 X e W uVE), M7 X e MZ X2}
= U\ {M* X" : X e Viuv})
U{M*X': X' e Vi uV),MX' €U}
=U;.

Clearly the thesis follows also in this case.
4. Let X3 € V3. Then we have

M7 X3 = M*X3 = (MX? N pow(pow(D*)) \ {M*X2: X2 € V}})
U{M*X?: X? eV}, MX? e MX?}
M7 X3 = (M7 X npow(pow(D*) \ {MZ**X2: X2 e ViU {Z2,...,22}})
UMZ X2 X2 e Vyu{zd,..., 22}, MZX? e M7 X%}
= (MX? Npow(pow(D*))) \ {M*X?: X* e Vy} U{U? : j =1,...,p}))

2

U{M*X?: X? e V), MX? e MX*YU({U? :j=1,....p} N MX?).

By putting
Py = M X3 N pow(pow(D*))
Py ={M*X?: X2 cV}}
Py={U?:j=1,...,p}
Py={M*X?:X? €V, MX?ec MX3}
Ps={U;:j=1,....,p}nMX?
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then the above relations can be rewritten as

M*? X3 = (P \ ) UP,
MZ*X3 = (P, \ (P,UPs))UP,UPs.

Moreover, it is easy to verify that the following relations hold:

PQﬂPgZ(D
Ps=P NP
PiCPh.

Therefore we have

(Pl \ Pg) UP,= (Pl \ (P2 U Pg)) UPU (Pl ﬂPg)
= (Pl \ (Pg U Pg)) U Py U Ps

. 2 2
i.e., we have M*%° X3 = M%"* X3, [ |

A.5 Proof of Lemma 7

Lemma 7. For every formula ¢ of the logic S5, ¢ is satisfiable in a model K =
(W, R, h) iff there is a ALQS-interpretation satisfying x € X,,.

Proof. Let @ be a world in W. We construct a 4LQS%-interpretation M = (W, M)
as follows:

— Mx = w,
- MX; = h(p), where p is a propositional letter and X; = 755(p),
— Mss(¢)) = true, for every 1 € SubF(p), where 1 is not a propositional letter.

To prove the lemma, it would be enough to show that K,w = ¢ iff M = z € X&.
However, it is more convenient to prove the following more general property:

Given a w € W, if y € Vy is such that My = w, then

KwEpifMEyeX],

which we do by structural induction on .

Base case: If ¢ is a propositional letter, by definition, K,w | ¢ iff w € h(p). But
this holds iff My € M X&, which is equivalent to M Ey € Xé.

Inductive step: We consider only the cases in which ¢ = [y and ¢ = ¢, as the

other cases can be dealt with similarly.

— If ¢ = O, assume first that K,w = Oy. Then K,w [ ¢ and, by inductive

hypothesis, M |y € X&). Since M = 755(0v), it holds that M | (Vz1)(z €

X}ﬁ) — (Vz2)(22 € Xéw). Then we have M|z /w, z2/w] |= (21 € X}ﬁ) — (22 €

Xéw) and, since My = w, we have also that M = (y € X;/l}) — (y € Xéw). By
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the inductive hypothesis and by modus ponens we obtain M = y € X&d}, as
required.

On the other hand, if K, w [~ Oy, then K, w [~ 1 and, by inductive hypothesis,
M}y e X}p. Since M |= 1s5(0), then M | —(Vz1)(21 € X}p) — (Vz9)—(29 €
X&d}). By the inductive hypothesis and some predicate logic manipulations,
we have M | —(y € Xi) — —(y € Xéw), and by modus ponens we infer
ME-(y € Xéw), as we wished to prove.

— Let ¢ = 09 and, to begin with, assume that K,w = (. Then, there is
a w' such that K,w' | ¢, and a y' € Vy such that My’ = w’. Thus, by
inductive hypothesis, we have M = ¢ € Xqi and, by predicate logic, M =
—(Vz1)—(z1 € X}p) By the very definition of M, M |= 755(0%) and thus M =
—(Vz1)—(21 € Xl}}) — (Vz2)(22 € X<1>¢). Then, by modus ponens we obtain
M E (Vz2)(22 € Xéw) and finally, by predicate logic, M |y € Xéw.

On the other hand, if K, w (£ O, then K,w' £ 1, for any w’ € W and, since
w' = My for any y' € Vy, it holds that M £y € X}p and thus, by predicate
logic, M = (Vz1)—(z1 € Xl}})

Reasoning as above, M = (Vz1)=(z1 € Xi) — (Vz2)— (22 € Xéw) and, by
modus ponens, M = (Vz2)— (22 € X <1>¢) Finally, by predicate logic, M £y €
X éw, as required. [ |

A.6 Proof of Lemma 8

Lemma 8. For every formula ¢ of the logic Tkas, @ is satisfiable in a model K =
(W, R, L) iff there is a ALQST-interpretation satisfying x € X

Proof. We proceed as in the proof of Lemma 7, by constructing a 4L QS -interpretation
M = (W, M) which has the following property:
Given a w € W and a y € Vy such that My = w, it holds that

K,wlchiﬁMlzyeXé.

We proceed by structural induction on ¢. As with Lemma 7, we consider only the
cases in which ¢ = iy and ¢ = (.

— Let ¢ = ¢ and assume that K,w = . Let v be a world of W such that there
is a u € W with (u,v) € R?, and let 21,75 € Vy be such that v = Mz and
u = Muzy. We have that K,v |= ¢ and, by inductive hypothesis, M | z; € X}ﬁ.
Since M = 7ka5(0), then M = (Vz1)((=(V22)—((22,21) € R?)) — 21 € Xl}}) —
(Vz)(z € X&d}). Hence M|z /v, z0/u, z/w] | ((20,21) € R> — 2 € Xi)) — z €
Xéw and thus M |= ({(w2,71) € R® — 11 € Xi) —yE Xéw. Since M = (x2,21) €
R} — 2 € Xi}}, by modus ponens we have the thesis. The thesis follows also

in the case in which there is no u such that (u,v) € R3. In fact, in that case
M = (x9,11) € R® = 21 € X}p holds for any zo € V.
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Consider next the case in which K,w [~ . Then, there must be a v € W such
that there is a u with (u,v) € R3 and K,v }£ 9. Let x1,22 € Vo be such that
Mz = v and Mxy = u. Then, by inductive hypothesis, M (£ zq € X&}.

By definition of M, we have M = —(Vz1)~((—(Vz2)({22,21) € R3)) A =(2 €
Xi)) — (Vz)-(z € Xéw). By the above instantiations and by the hypotheses,
we have that M = (((z2,21) € R3) A =(z; € X&})) — —(y € X&d}) and M =
((z9,71) € R¥) A —(z1 € Xi) Thus, by modus ponens, we obtain the thesis.

Let ¢ = Ot and assume that K,w | Q. Then there are u,v € W such that
(u,v) € R and K,v |= . Let x1,29 € Vy be such that Mz; = v and Mze = u.
Then, by inductive hypothesis, M = x1 € X}ﬁ. Since M = Tkas5(01), it follows
that M = —(Vz1)~((—(Vz2) ({22, 21) € R3)) A2z € X&)) — (V2)(z € Xéw). By the
hypotheses and the variable instantiations above it follows that M = (((x2,21) €
R) Nz € X&)) —y € Xéw and M = ((xg,21) € R¥) Az € X&}. Finally, by an
application of modus ponens the thesis follows.

On the other hand, if K,w £ (1, then for every v € W, either there is no u € W
such that (u,v) € R, or K,v [~ 9. Let z1,29 € Vy be such that Mz; = v and
Maxy = u. If K,v [~ 9, by inductive hypothesis, we have that M [~ y € X}ﬁ.

Since M = (Vz1)(((Vz2)=((22,21) € R3))V = (21 € X&))) — (V2)-(z € X<1>¢), by
the hypotheses and by the variable instantiations above we get M |= (=((z2,x1) €
R}V —(x; € X&))) — —(y € X<1>¢) and M = (—({z2,71) € R3) V =(z1 € X&}))
Finally, by modus ponens we infer the thesis. [ |
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