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Motivations
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Motivations

Proof Assistant
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Proof Assistant

Computation

α× β → β × α

Compute prime 31.

= true

Proof

p ∧ q ⇒ q ∧ p

Check Euclid_dvdX.

∀m n p : nat,

prime p -> (p | m ^ n) = (p | m) && (0 < n)
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Proof Assistant

Formalizing 100 Theorems
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http://www.cs.ru.nl/~freek/100/


Outline

High S
hool Geometry

Gröbner Bassis

Geometri
 Algebras
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High S
hool Geometry
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High S
hool Geometry

Dedu
tive Reasoning : Geometry

Needs for Tools

Proof Assistant Not Yet Ready :

Pretty Printing

Intera
tion with Drawing

More Support for Help

Pragmati
 Approa
h
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Primitive Obje
ts

Parameter Po : Type.

Parameter Pp : Type.

Parameter consPp : R → Po → Type.

Parameter addPp : Pp → Pp → Pp.

Parameter multPp : R → Pp → Pp.

Definition vec p1 p2 :=
addPp (consPp 1 p1) (consPp −1 p2).
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Library
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Library
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Proving
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User Interfa
e
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http://www-sop.inria.fr/marelle/InterfaceGeo/demo1.htm


Gröbner Basis
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Nullstellensatz

∀X1, . . . , Xn ∈ R,

P1(X1, . . . , Xn) = 0 ∧ . . . ∧ Ps(X1, . . . , Xn) = 0

⇒ P (X1, . . . , Xn) = 0

cP r =
s∑

i=1

QiPi, (c 6= 0, r > 0)

,
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Polynomial Division

−
x4y + x2 − 1 x2 − z

x4y − x2yz x2y+ yz+1
−−−−−−−−−−−−−−

−
x2yz + x2 − 1

x2yz − yz2
−−−−−−−−−−−−−−

−
x2 + yz2 − 1

x2 − z
−−−−−−−−−−−−−−

yz2 + z − 1
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Gröbner Basis

Dividing x2y2 − y4 by {x2 + 1, xy − 1}

x2y2 − y4 / x2 + 1  −y4 − y2

x2y2 − y4 / xy − 1  −y4 + 1
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Gröbner Basis

{x2 + 1, xy − 1}

x2y / x2 + 1  −y

x2y / xy − 1  x

{x2 + 1, xy − 1, x+ y}
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Gröbner Basis

{x2 + 1, xy − 1, x+ y}

x2 / x2 + 1  −1

x2 / x+ y  −xy

{x2 + 1, xy − 1, x+ y}
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Gröbner Basis

{x2 + 1, xy − 1, x+ y}

xy / xy − 1  1

xy / x+ y  −y2

{x2 + 1, xy − 1, x+ y, y2 − 1}
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Integrating

Coq
Gb

Coq Gb

P, P1, . . . Ps

c, r,Q1 . . . Qs
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Generating Certifi
ate

P1 = x2 + 1, P2 = xy − 1 P = x3 − y

P1 = 0 ∧ P2 = 0 ⇒ P = 0

1© Redu
e P by the familly

R1 = P − xP1 = −x− y
R2 = R1 + P3 = 0

2© If it redu
es to 0, terminate

0 = R2 = R1 + P3 = (P − xP1) + (yP1 − xP2)

P = (x− y)P1 + xP2

3© Adds a new spolynomial, goto 1©

P3 = yP1 − xP2 = x+ y
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Certifi
ate Format

CR = [c1, . . . , cs+p]

C = [[a1 s+1, . . . , as s+1],

. . .

[a1 s+p, . . . , as s+p, . . . , as+p−1 s+p]]

CR = [−x, 0, 1]

C = [[y,−x]]
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Geometry Proving

Desargues

b
S

b
A

b B

b
C

b
A1

b
B1

b
C1 b

Q

b
P

b
R
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En
oding

point := {x : R, y : R }.

Definition collinear p1 p2 p3 :=
(p1.x− p2.x)(p3.y− p2.y)− (p1.y− p2.y)(p3.x− p2.x) = 0.

Definition parallel p1 p2 p3 p4 :=

(p1.x− p2.x)(p3.y− p4.y)− (p1.y− p2.y)(p3.x− p4.x) = 0.
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Coq Theorem

Lemma Desargues: ∀ABC A1 B1 C1 P QRS : point,

S.x = 0 ∧ S.y = 0

∧ A.y = 0

∧ collinear A S A1 ∧ collinear B S B1 ∧ collinear C S C1 ∧

collinear B1 C1 P ∧ collinear B C P

∧ collinear A1 C1 Q ∧ collinear A C Q

∧ collinear A1 B1 R ∧ collinear A B R

⇒

collinear P Q R

∨ A, x = B.x

∨ A.x = C.x

∨ B.x = C.x

∨ A.x = 0

∨ collinear S B C

∨ parallel A C A1 C1

∨ parallel A B A1 B1.
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Proving
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Geometri
 Algebras
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Geometri
 Algebras
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Geometri
 Algebras

. + ∨ ∧ • x y

Kn Gn
Cl

n
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Grassmann­Cayley Algebra

a

ve
tors: a, b, c, . . .

s
alar: λa
sum: a+ b
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Join Produ
t

a

b

a ∨ b

bi­ve
tor: a ∨ b

a ∨ a = 0 a ∨ b = −b ∨ a
λa ∨ b = λ(a ∨ b) (a+ b) ∨ c = (a ∨ c) + (b ∨ c)

Ex: (λa+ βb) ∨ (a ∨ b) = 0
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Duality

a

∗(a)

duality: ∗(a)

∗(a+ b) = ∗(a) + ∗(b) ∗(λ(a)) = λ ∗(a)

a ∨ ∗(a) = ±E ∗(∗(a)) = (−1)k(n+1)a
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Meet

b

a

meet: a ∧ b

∗(a ∧ b) = ∗(a) ∨ ∗(b) ∗(a ∨ b) = ∗(a) ∧ ∗(b)
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G

3

Grade 0: 1

Grade 1: e1, e2, e3

Grade 2: e1 ∨ e2, e1 ∨ e3, e2 ∨ e3

Grade 3: E = e1 ∨ e2 ∨ e3
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Grassman Algebra

Binary Tree: Gn+1 = Gn ×Gn

G0 = K
G1 = K ×K
G2 = (K ×K)× (K ×K)
G3 = ((K ×K)× (K ×K))× ((K ×K)× (K ×K))

Interpretation w.r.t (e1, e2, . . . , en)

[[(x, y)i]] = ei ∨ [[x]] + [[y]]
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G3

e1

e2 e2

e3 e3 e3 e3

e1 ∨ e3 e1e1 ∨ e2e1 ∨ e2 ∨ e3 e3 1e2e2 ∨ e3

Base of G3

:

{ 1, e1, e2, e3, e1 ∨ e2, e1 ∨ e3, e2 ∨ e3, e1 ∨ e2 ∨ e3 }
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Conjugate

X ∨ a = a ∨X

Ex: (e2 + e2 ∨ e3) ∨ e1 = e1 ∨ (−e2 + e2 ∨ e3)

Re
ursive definition

(X,Y ) = (−X,Y )

α = α
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Join Produ
t

(ei ∨X + Y ) ∨ (ei ∨X ′ + Y ′)

= ei ∨X ∨ Y ′ + Y ∨ ei ∨X ′ + Y ∨ Y ′

= ei ∨ (X ∨ Y ′ + Y ∨X ′) + Y ∨ Y ′

Re
ursive definition

(X,Y ) ∨ (X ′, Y ′) = (X ∨ Y ′ + Y ∨X ′, Y ∨ Y ′)

α ∨ β = αβ
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Hodge Duality

Re
ursive definition

*(X,Y ) = (*(Y ), *(X))

*(α) = α
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Meet Produ
t

Definition

X ∧ Y = *(*(X) ∨ *(Y ))
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Geometry of In
iden
e

points pi

elements of grade 1 (ve
tor)

p1 is a free point on line [p2, p3]
p1 ∨ p2 ∨ p3 = 0 and p2 ∨ p3 6= 0

p1 is the interse
tion of [p2, p3] and [p4, p5]
p1 = (p2 ∨ p3) ∧ (p4 ∨ p5)

p1 p2 and p3 are 
ollinear

p1 ∨ p2 ∨ p3 = 0

en
oding in G3
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Geometry of In
iden
e

Pappus
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Geometry of In
iden
e

∀ x1 x2 x3 x4 x5 x6 x7 x8 x9 : point K,
if x5 :=: free on [x1,x2] and

x6 :=: free on [x3,x4] and
x7 :=: [x2,x3] inter [x1,x4] and
x8 :=: [x3,x5] inter [x1,x6] and
x9 :=: [x4,x5] inter [x2,x6]

then collinear [x7, x8, x9]

GnCS’17 – p.44



Geometry of In
iden
e

∀ x1 x2 x3 x4 x5 x6 x7 x8 x9 : Kˆ3,
if x1 ∨ x2 6= 0 and x5 ∨ x1 ∨ x2 = 0 and

x3 ∨ x4 6= 0 and x6 ∨ x3 ∨ x4 = 0 and
x7 = x2 ∨ x3 ∧ x1 ∨ x4 and
x8 = x3 ∨ x5 ∧ x1 ∨ x6 and
x9 = x4 ∨ x5 ∧ x2 ∨ x6

then x7 ∨ x8 ∨ x9 = 0
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Proving
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Proving
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Proving
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Con
lusions

Plane Geometry : Ni
e Toy Example

Revisiting Standard Mathemati
s

Combining Proving and Computing

Certifi
ate
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